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To see if these observations are reasonable we can compare them to
observations found in Adamson ( 21 ). By extrapolating his graph on

surface energy vs. concentration for the NaCl-H, O system we get a free

2

enexrgy for pure water of 73 dyne and for saturated 83 dyne . The
‘ cm cm

following relationship for contact angle as a function of surface energy
is provided by the same author:

(20) Yoy €08 @ = Ygu©

ov° = Yor Yiy = surface free energy.of

liquid-vapor interface.

Ygy© = surface free energy of
surface-vapor interface
at saturated Qapor
pressure.

Ygr, = surfacé frge energy of

surface-liquid interface.
During saturation Y gy° will not change and if we further note

that Y1, is approximately 3 erg/cm2 (21) then we say that:

(21) cos 0 = K K

= constant
Yiv - _
and
(22) (cos © ) SATURATED _ (Y,,) PURE
(cos © ) PURE “(yy) SATURATED

Assuming a value of 110° for pure water we get:

73.0

872.0 €°S llOo = ,300

(cos ©) SATURATED =

O SATURATED = 112.5°
Therefore:

(23) © SATURATED - @ PURE = 2.5°
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Considering experimental uncertainty this value compares favorably
. with obsexrved results for contact angle measurements.

‘ fhe droplet solﬁtion changes from saturation concentrations of NaCl
to often less than half saturation upon reaching equilibrium. As the
‘contact angle is relatively insensitive to such changes, an approximate
value of 112° was assuméd to hold during the experiment. The error
introduced in such an assumption is substantially less than other sources
insofar as this experiment is concerned.

With the above value for contact angle we can evaluate correspon-—
ding droplet volumes and areas.
Referring to Figure 32 we get .the following expression for an

element of surface area.

(24) ds = (27r cos¢) (rd¢) - S = surface of spherical cap
ds =,2ﬂr2d(sin $) ‘ So=,surface of sphere of equal
200 /2 radius
S E'Z”rf d sind
il @ = contact angle =,112o
2
- ‘
S = 2rr” [sin(0 - w/2) + 1]
S = 0.68S
)

Figure 32. Spherical Cap



67

Similarly we can describe an element of volume:

(25) av = nrz coszcb d (r sin ¢) ’ V = volume of spherical cap
v = 12> cos® $d ¢ : V = volume of sphere of equal
: ° radius
6 - w/2: .
-V = ﬂr3 3 .
: cos” ¢dd
-r/2
v ='wr3 2 o-m/2
~§—{sin ] (gos ¢ + 2)]_ﬂ/2
2 ,
v = % wr’[sin(e - 7/2) {°°S 26 - n/2), —12-} + 1/2]
V =0.,78 V
(o]

Thus we can define multipliers to obtain actual surface and

volumes in terms of spheres having the observed diameters:

(26) MS =S =0.68 surface multiplier -
So
27) . M§ =V =0.78 volume multiplier

o

Precaution must be taken in the appiication of the above multi~
pliers to particles that have not yet formed a spherical envelope. The
same is true for evéporating droplets, for which the contact angle will
be much different from the growing droplets (Figure 30).

For the first case one does not expect growth to be symmetric
until an envelope'exists of sufficient size to enclose the crys?al. A
lower limit for this to happen can be estimated for cubic crystals by
referring to the contact angle measurements. Using an-approximate geo-
metrical construction we can obtain a relationship between a cube and

the size of a spherical cap (sc) needed to enclose it. This is illus-
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trated in the following Figure 33. Note that the corners of the cube have
been rounded in accord with experimental observations.

From direct measurements we get:

(28) dSc = 1.5 dS
) e d 5
sc
where: ////,_—~§\\\\
a =

e diameter 9f spherical cap ?;;j;i;zgz;/ )

diameter of salt particle //

Vs - ;;22;/// /// ©

[N
I

il

volume of spherical cap

7 P A A R A S e AV A A A A A e A
[ ~t

volume of salt particle N ) i
: Figure 33. Salt Crystal and
its Spherical Cap.

<
1l

In terms of volume this yields:

3
Vsc = MVE (dsc)
6
- 3.
(29) v = (-.78)1r_(dsc) = 1.4V

6

Hence the volume of the envelope (Ve)

(30) v. =V -V =0.4vV
e sc s s

As the only salt particle diameter we have measurements on are
prior to hydration, we should estimate the partial dissolution of NaCl

in the envelope.

As saturation requires 0.36 gm NaCl we get:-
cc

\'4 = vyolume of NaCl dissolvéd

0.36 gm V, =V 40 cd

‘¢ceC

0.36 Ve = Vcd(2.165) Ve volume of the envelope only

density of NaCl

I

(31D VCd = 0.17 Ve oy
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Therefore, the original salt particle had a volume (VSQ) such that

(32) VSO = Vcd + Vs =.0.17 Ve + VS = (0.17) (0.4)VS +AVS = 1.07VS

Thus there is 6nly a 7%‘change in the salt volume or approximately
a ZZ\change in diameter due to dissolution in the just-formed spheridal
" cap. As this is less than the uncertainty in diameter measurements, it
will not be considered here. For our purposes, the criteria for theA
formation of a complete envelope will be that mentioned above (i.e.
_dsc = 1.5 ds)' ' Points at which this should occur are indicated on the
appropriate graphs with a solid square.

" In a éaléulation similar to above one can determine the point at
which the particle can be expected to dissolve completely into the water

envelope.

At saturation we have from above the condition for dissolution:

Vsc(0.36 gm/cc) VS(2.165 gm/cc)

(33) \Y

SC

6.01 Vv
s

or in terms of the diameters:

‘(ds)3 2.165 gm/cc

i

(0.78) %-(dsc)3 (0.36 gm/cc)

(34) a

il

e 2.45 dS (for cubic particles)

Thus, for a cubic,parficle undergoing hydration, it is expected to

dissolve into a growing spherical cap of water (at saturation) when the

following condition is satisfied:

(35? 1.5d < d,. < 2.45 dg

'This region is indicated on the appropriate graphs as that portion

included between the solid square and the open circle.



APPENDIX C

A. Elementary Derivation of Kelvin Equation.

Consider two spherical surfaces as illustrated: .

Pressure difference over

Surface = AP

Area Change = AA =(x + dx)

(y + dy) - xy

Figure 34. Diagram for Kelvin Equation. AA = xdy + ydx
Work to .create surface = W = (AP)Adz = (AP)xydz

From Thermodynamics we can write:

Constant and

1l

Molecular free energy = AG = fvdp for T

\'

I

Molar Volume

From the concept of surface tension the work required to generate
new surface is given by the surface tension times the change in area.
WS.= Y 1ldx = ydA where ¥y can be interpreted as surface tension per unit
length or as a surface energy per unit area.

Referring to the illustration we have from similar triangles:

1 1 R M
oY
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As W = Ws we can write:

(37) AP =ydA =¥ (% +%{-)
xydz 1 2

Hence we obtain the following form known as Young's Equation:

(38) AG = VAP = vV (—1-’ +l)
: R, R,

From the ideal gas law (Eqn. 11) where V is now the molar volume, we
get upon differentiation (at constant T):

(39) pdv + Vdp = 0

As AG = — [pdV and substituting dV = - E%-dp (from the ideal gas law)

P

we obtain:

(40) AG = RT 1n % '
Q

Therefore

P _AG _ 2yV \
Ang =377 %7

C% ) where R, = R, for a sphere
) 1

1 2

This is the well known Kelvin Equation. It can be rewritten for

convenience in the following form: .

Pd 4‘Vm
(41) " In o= = 112
PS dPRT . v = surface energy
Vm = molar volume
Pd = vapor pressure over drop
PS = saturation vapor pressure
d = droplet diameter
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This equation is presented in a paper by Orr (6) and expresses the
equilibrium droplet activity as a function of particle diameter and

bulk solution activity as follows:

D gD = 2D

Ab pRT

for NaCl we get§
A
1n (—g) = 3.6 x 10 / cm C% )

A p

which yields some typical values:

1.0036 for dp 1y

o |

it
I

1.036 for Adp dlu

o o>

It

1.36 for dp = ,01l u

g

As the activity ratio is equivalent to the vapor préssure
lowering above the droplet, it is'clear that smaller particles will
tend to hydrate atVIOWer relative humidities than larger particles.
However, as indicated above, this effect will not be significant

until particle diameters are less than 0.1 um.
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B. "Effect on non-volatile solute. (Friedlander [3])
From Raoult's Law we obtain the expression for vapor pressure

reduction over a surface

]

(42) P = aXPs . " & = activity coefficient

X = mole fraction of solvent

Droplet volume can be written

3 ) .
(43) . ﬁdg = nlvl + n2v2 ny & n, moles /1 solvent and solute
6 .

V, & V. partial molar volume of solvent
1 .
and solute respectively

This can be rewritten in terms of mole fractions

a.v v,
R i~ bk sl
1 11 g_dp ~ 0,7,

Combining the above with the Kelvin Equation yields

: 4 vy ‘ n,V
(43). 1n Bd = 1 tine, -~1n |1 +_2
Ps_ d RT 1. ad 3/en ¥
R p 1622
For dilute droplets with ey = 1 and néVé << ﬁdp3/6 we get
, 4yV. 6n,V
(46) 1nPd - 1 .21
Ps d_RT 3
o P jdp

The first term on the right reveals the Kelvin effect while.the
second refers to vapor pressure lowering.of the solute. This equation
reveals that for small droplets solute effects are dominant and oppesed
to curvature (Kelvin Eqn.) effects that take place at iﬁcreased fadius.
With further increase of radius both'effects become negligiﬁle. The
'above equation does not include the effect of small solute particle

diameters on the equilibrium solution concentration in the envelope.



APPENDIX D

PARTICLE DIAMETER MEASUREMENTS

TABLE 1

PARTICLE DIAMETERS FOR EXPERIMENT A
MEASURED AGAINST TIME
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sec
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p3

p4

TABLE III
AGAINST TIME
p3

EXPERIMENT C MEASURED
p2

PARTICLE DIAMETER MEASUREMENTS
PARTICLE DIAMETERS FOR

pl

tine
sec

p3 péd  pS

TABLE II
AGAINST TIME

EXPERIMENT B MEASURED
el

PARTICLE DIAMETERS FOR

b-1:48

PARTICLE DIAMETER MEASUREMENTS
time
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PARTICLE DIAMETER MEASUREMENTS

TABLE IV

PARTICLE DIAMETERS FOR EXPERIMENT D
.. MEASURED AGAINST-TIME

tire pl - @2

sec

X 1()]41
8.66 .21 8.24
1.33 8.26 = 8.32
2.66 8.31 0,38
3 . 8,34 8.4
3.33 8.38 8.48
3.66 8.39. 8.46
4 8.43 8.5
4.33 .41 8.34
4.66 8.42  €.38
5.33 0.47 8.6
6 .43 8.59
6.66 9.42 8.57
7.33. 8.4%  0.61
8 8.5 8.68
8.66 8.54 8.69
9.33 8.56 0.67
i0 8.54 08.69
18,66 B8.52 0.67
i1.33 8.51 8.67
14.66 8.52 08.69
16.66 0.5 8.69
17.33 8.45 0,68
18.66 ©.51 6.7
20 8.52 0.69
28.66 90.54 8.79
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