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Data Envelopment Analysis with Integral Targets

Timothy R. Anderson Gunter P. Sharp

Engineering Management Program School of Industrial and Systems Engineering
Portland State University Georgia Institute of Technology

Portland, OR 97207-0751 USA Atlanta, GA 30332 USA

Abstract-Data Envelopment Analysis (DEA) inherently gasoline pumps was considered as a possible input. In this
assumes that the feasible targets for inputs and outputs are application, it was meaningless to develop a performance
continuous. This paper develops and illustrates extensions to target for a gas station based upon a fractional number of
DEA that allow f(_)r ir_m_eger value_d inputs a_md outputs. It is pumps such as 6.5. On the other hand, labor may not
found that DEA's implicit assumption of continuous targets can  necessarily be required to take on integer values. Full-time-
be significant in certain applications. equivalents could be used to include part-time employees. In
situations where it might not be possible to hire people such as
managers on a part-time basis, it may still be possible to have

Data Envelopment Analysis (DEA), is a technique fof Manager split time between several stores, effectively

analyzing the relative efficiency of different decision makin@PProximating continuous values. While it may be useful to
units (DMUs), operating in complex environments wit etermine targets based on these continuous valued factors as a

multiple inputs and/or multiple outputs. It is a linea®V@y Of encouraging people to seek novel solutions to their
programming based approach which therefore has both prifRéPPlems, it should also be recognized that this may be an
and dual formulations. A brief introduction to DEA jsunfair comparison. In an application where an input or an

provided in [3] which defines the basic models, variables, aytPut cannot be accurately modeled as having continuous
extensions. A definitive reference for DEA can be found i¥alues, @ model that explicitly recognizes the integral nature of
[10]. the application should be used.

Since the basic formulation of DEA was introduced in [12% This issue of integer valued inputs and outputs (or
there have been many extensions to the basic DEA model vaersely, the issue of av0|d|r)g fr.act|onal targets) is relevant
account for different types of inputs and outputs. Tw SOMe high technology applications. For example, certain
important areas of extensions in the primal formulation includg@®Pensive pieces of semiconductor manufacturing equipment
restricting the ranges of multipliers, varying discretion leveldiat may be needed might not be possible to “share” so as to

over certain inputs or outputs, and categorical inputs @PProximate continuous values. In this paper, we will provide
outputs. new formulations that account for integer valued inputs and

The issue of restricting ranges of multipliers in the dudutputs. A numerical example will illustrate the use of this

formulation has been well examined by for example [2, 7, 1T1odel.
14, 19, 20, 22]. Restricting ranges of multipliers in the primal
formulation involves more subtle complications but has also
been studied [4, 8, 23, 24]

For example, it was realized that DMUs do not always haveThe key to i'nporporatin'g inte'gral inputs and outputs is to
' (ﬁeate an explicit set of virtual inputs and outputs and then to

full control over the level of each input and output. One suc : . » .
case could be location in a model of convenience StOzé)nstram these to integral values. Traditionally, the primal

management performance. A store manager does not h oré"nulation Of. DEA_a_ssumes atwo phase approach. In the first

control over where the store is located and must make the z%rzei’naugi?rlgnegll\;&fa?]cdyastc:sr;:n Ciﬁuﬁtsegswg&?mﬁgg no

of their current location. Therefore a model that assumed tﬁg? ondp hase. the sum of the slayck ir? uts and outouts are
managers should have performance targets based USSaﬁximizepd ive:n that the efficiency score ICr)'nust be e urfl to the

different store locations could be unrealistic. This issue led 9 y q

extensions allowing nondiscretionary and partiallfg iciency score obtained ‘F‘ the first phase. This is a ba_sic
discretionary inputs and outpy 9, 15, 18]. reemptive goal programming app(oa}ch. Rather than writing
The issue of categorical inputs and outputs has be%?t twp separate Imea_r programs this is commonly .represented
using a non-Archimedean approach. The primary goal

examined by a number of researchers [6, 13, 16, 17, 21 empts the secondary goal by the multiplication of the sum of

Categorical variables are those having a type such as “goga L pb finitesi ylg N y hat it h P b d d

better, or best” rather than a quantifiable value. N cls thy tatr;]m_lr}l_te_?lma. | ote { att'tt. asl een e_monstrat((ej
In some applications, it is important to restrict the inputs (%y [1] that the infinitesimal is a notational convenience an

the outputs to be integers. This situation was first encounter. é‘h'.s shquld not be solve_d by using a Sm?‘" numper I_|ke
. With this warning, we will follow the concise notation in

by the authors in discussions concerning an application of gas manner of the non-Archimedean formulation as shown in
station and convenience store operations where the numbe (1§f

|. INTRODUCTION

Il. MODEL
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min 6-gs -¢3§, slacks. Another infinitesimalg’, is used to denote this
6,4, 8,8 secondary goal in formulatiqd).
st YA-¥%-S =0,
0 h—g = (1) min De—sls —els-e?t-£%1,
Xo—XA-s =0, or s 5 XY
A s, §=20. o,
s.t. YA-Y-1 =0,
A similar approach is used to incorporate integer targets. 5_ o
Rather than using two steps (or phases), this approach will use %-s =0,
three steps. The first change from the basic radial model [3] is XA - )D<+ - 4
to declare explicit sets of variables representing the target t =0 (4)
input and output levels with the additional requirement that the 0% — )'3(_ - _o
targets must be integers. This is illustrated2)y 0 s =0
O O
min 6 X andY are vectors of integers
0.1, X, Y A, st s=0.
0
s.t. YAZY, Ill. OTHERMODELS
O
Y=Y, Similar modifications can be easily made to other primal
O DEA models to allow for integral inputs or outputs.
XA € X, 2 Many applications that have integral inputs and outputs will
0 also have continuous input or output factors. Since the models
X <6 X, developed earlier can be considered to be generalized version
0 0 of the standard DEA model, accounting for mixed models can
X andY are vectors of integers be readily accomplished by simply specifying that the specific
10 target variable corresponding to the continuous input or output

is continuous rather than being a general integer. For example,

The first formulation will yield an optimal radial efficiencya two output model W_'th the first output being contlrjuous and
score but does not necessarily indicate the best integer valtle® second one being integral would then have be
target level of performance. The second phase maximizes tinyous andv, be a general integer.
sum of the slacks between DMEnd the target while still
achieving the same efficiency score. An infinitesimal is used to

: ; IV. RESULTS
denote this secondary goal in formulat{@i.

A. Example with Integral Inputs and a Continuous Output

g An example would help to illustrate the effects of the new
Y integral DEA model. The first example includes two integral
$ inputs and a continuous output. The data set used for this is

s.t YAZY, given in the following Table I.
U +
Y-¥%-s =0,
% TABLE |
XA < )D( (3) DATA SET WITH INTEGRAL INPUTS
I’ZI Inputs Output
6 Xg—- X-s =0, X1 Xz Y
Py 1 9 1
X andY fi P > . :
an are vectors of integers P, 6 1 1
A S+ S$>0. P4 4 9 1
3 1 = PS 3 6 1
) . ) Ps 7 4 1
The second phase still may use “weakly efficient” DMUs in P, 7 3 1
forming a target. The third phase maximizes the sum of the Ps 2 9 1

slacks between the targets and the virtual DMU built with ) ) . ) . )
while still achieving the earlier radial efficiency score and First, we will consider the graphical solution with
continuous inputs as given in Fig. 1. The DEA model used is a
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standard input-oriented DEA model with constant returns to
scale.

Fig. 2. Feasible targets for DMUs.

P, is clearly inefficient with 6=3/4. It has several
possible targets includingg =3 and % =4, 5, or 6. In
general though, we il assume that slacks will be maximized,

Three of the DMUs lie on the efficiency frontier and thevhich leaves just one possible target,=X3 and % = 4, or
other five are radially inefficient. The numerical results ar®. Similarly, although P is radially efficient it has extra

Fig. 1. Graphical analysis with continuous inputs.

summarized in the following table. consumption of X and therefore it also has a target Rof
Also, Ps is considered to “weakly efficient” but not “strongly
TagLE I efficient.”

NUMERICAL RESULTS WITH CONTINUOUS INPUTS

X
Inputs Targets Efficiency

X1 X2 X1 X2 0
P 1 9 1 9 1
P, 3 4 3 4 1
P; 6 1 6 1 1
P, 4 9 2.42 5.45 0.61
Ps 3 6 2.56 5.11 0.85
Ps 7 4 4.45 2.55 0.64
P; 7 3 4.90 2.10 0.70
Ps 2 9 1.64 7.39 0.82

Notice that the target inputs for all five of the inefficient
DMUs are non-integral. Now we impose the assumption that
target inputs must be integral. Fig. 2 illustrates some of these
feasible targets with integral inputs. A new efficiency frontier
can then be drawn by connecting the lower leftmost feasible
solutions. The new efficiency frontier can be described as
taking on a staircase shape.

Once the new efficiency frontier has been determined, the
radial efficiency scores can be examined graphically in the
same manner as in standard DEA. The radial efficiency is n@y. 3, Graphical analysis with integral inputs.

calculated the same as in Section 2 with just a change in the , ) )
efficiency frontier. The radial efficiency scores are easily Ps @nd P are interesting for several reasons. First, they both

calculated in Fig. 1. using ratios or similar triangles. Theave identical efficiency scores now 8t 5/7, but in the
target for each DMU is more difficult to determine. continuous input case they had efficiency scores different from
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