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To compare two multivariate random vectors of the same dimension, we define a
new stochastic order called upper orthant dispersive ordering and study its prop-
erties. We study its relationship with positive dependence and multivariate hazard
rate ordering as defined by Hu, Khaledi, and Shaked (Journal of Multivariate Analy-
sis, 2002). It is shown that if two random vectors have a common copula and if
their marginal distributions are ordered according to dispersive ordering in the same
direction, then the two random vectors are ordered according to this new upper
orthant dispersive ordering. Also, it is shown that the marginal distributions of two
upper orthant dispersive ordered random vectors are also dispersive ordered. Exam-
ples and applications are given.

1. INTRODUCTION

It is of interest to compare two random variables in terms of their variability. Although
this topic has been studied extensively in the univariate case, several attempts have
been made to extend it to the multivariate case. Important contributions in this case
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428 B.-E. Khaledi and S. Kochar

have been made by Giovagnoli and Wynn [8], Shaked and Shanthikumar [21], and
Fernandez-Ponce and Suarez-Llorens [7], among others.

Let X and Y be two univariate random variables with distribution functions F'
and G and with survival functions F and G, respectively. A basic concept for com-
paring variability in distributions is that of dispersive ordering. X is said to be less
dispersed than Y (denoted by X =, V) if

F 'Y B)—F "a)=G '"(B)—G '(a) whenever0<a=pg<1, (11)

where F~! and G~! are the right continuous inverses of the distribution functions
F and G, respectively. This means that the difference between any two quantiles of
X is smaller than the difference between the corresponding quantiles of Y. In case
the random variables X and Y are of continuous type with hazard rates r and rg,
respectively, then X =g, Y if and only if

r¢(G~'(p)) =re(F~'(p)), Vpe€EI[0,1]. (1.2)

For more details on dispersive ordering, see Shaked and Shanthikumar [20, Sec. 2B].

In analogy with the characterization (1.2) of the univariate dispersive order-
ing, we introduce a new order in the multivariate case, which we call upper orthant
dispersive ordering and study its properties. According to (1.2), X =g, Y if and
only if the hazard rates of X and Y at the quantiles of the same order p are ordered
for all values of p € [0,1]. To this end, we first recall the definition of hazard rate
(or hazard gradient) in the multivariate case. Consider a random vector X =
(Xi,...,X,) with a partially differentiable survival function F(x) = P{X > x}.
The function R = —logF is called the hazard function of X, and the vector rx of
partial derivatives, defined by

(1) (n) d J
rx(x) = (rx ' (x),...,rx (X)) = <; R(x),...,aR(x)>,

for all x € {x: F(x) > 0}, is called the hazard gradient of X (see Johnson and Kotz
[11] and Marshall [15]). Note that r’(x) can be interpreted as the conditional haz-
ard rate of X; evaluated at x;, given that X; > x; for all j # i; that is,

f( mx,->x,})

VEall
F; <x,»

X > x} )
JFi

where f; (- | {X; > x;}) and F;(-|N;{X; > x;}) are respectively the conditional

density and the conditional survival functions of X;, given that X; > x; for all j # i.

For convenience, here and below we set ' (x) = oo for all x € {x: F(x) =0}. Now,

we define upper orthant dispersive ordering.

(%) =




DEPENDENCE, DISPERSIVENESS, MULTIVARIATE HAZARD RATE ORDERING 429

DEFINITION 1.1: Let X = (Xl,...,_X”) and Y = (Yy,...,Y,) be two random vectors
with respective survival functions F and G. We say that X is smaller than Y accord-
uo-disp

ing to upper orthant dispersive ordering (denoted by X < Y) if for all u; €
[0,1Lj=1,...,nj#i

(Xi

fori=1,...,n

J#Fi

Q {X; > Ff](”j)}> Sdisp <Y,«

Ny, > G_;l(uj)}>, (13)

In case the distributions under consideration are absolutely continuous, the upper
orthant dispersive ordering can be equivalently expressed in terms of the hazard
gradients at the quantiles of the same orders of the conditional distributions. If we
denote by x;(B;u) and y;(8;u), the Bth quantiles of the conditional distributions
(X;INj2AX; > F7 ' (u;)}) and (Y;|N;2{Y; > G; ' (u;)}), respectively, then

uo-disp (i)

X < Y@rX (Fl_l(ul)"~'7Fiill(uifl)7xi(ﬁ;u)"-sz_l(un))
=1 (G )y, G (), yi(Biw), .., Gy (), (1.4)

forevery 8 €[0,1],u€[0,1]" !, andi=1,...,n, where r,((i) and r;((i) stand for the
ith components of the hazard gradients of X and Y, respectively.

The following slightly modified version of a theorem of Saunders and Moran
[19] provides a useful tool for establishing dispersive ordering among members of
a parametric family of distributions.

THEOREM 1.1: Let X, be a random variable with distribution function F, for each
a € R such that the following hold:

(i) F,is supported on some interval (x'“, x') C (—o0,00) and has density f,

that does not vanish on any subinterval of (x', x'?).

(ii) The derivative of F, with respect to a exists and is denoted by F,.
Then
X, Z4isp X+ fora,a” €R,and a > a”, (1.5)
if and only if,
F)(x)/f,(x) is decreasing in x. (1.6)
In the next example we identify conditions under which two bivariate normal

random vectors are ordered according to upper orthant dispersive ordering. More
examples are discussed in Section 4.
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Example 1.1 (Bivariate Normal Distribution): Let X and Y follow bivariate Nor-
mal distributions, each with mean vector (0,0) and with dispersion matrices

X af po,0> v af p'oyo;
3 = 5 and X' = ) 5 ,
poO102 03 pP 0102 03
respectively, with o; > 0 for i = 1,2. For the time being, we are assuming that the

marginal distributions of X and Y are identical. The general case is considered later.
We use Theorem 1.1 to prove that in case p and p' are of the same sign, then

uo-disp

lp'l=lpl=X <" Y.

Let us denote by G, the distribution function of {X;|X, > y} (we are suppress-
ing its dependence on y for the clarity of notation). Then

1 X “+oo
G,(x) = P =) fwfy fx,.x,(u,0) du dv

1 +oo
- mf P(X, = XX, = 0)fy, (v) do

X——v
1 f Foo <I> %) 1 é v p
- = = al =V
P(X;>y) J, o(1=p*)" ) o )
and the corresponding conditional density function is

R Ul POV
gp(x)_P(X2>y)0'|(1_P2)l/2 ) ¢ o (1—p2)"? Uzd) ) v

Now we compute

)
G, (x) = P G,(x)

_a _yey L NP (PO
oo 0_20(0-1(1 p ) )+ (l_pz)l/z X v

1
P(Xz>y)fy of(1—p?)

X— —VU

(2P} 1 v d
0'1(1_/02)1/2 Uzd) 03 v
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which simplifies to

poy
e —(x2/20'12) +o0 oy

P(X,>y)\N2m Jy \N2mo7 (1= p?)*?
1 PX05 \?

X - - d

exp( 2022(1—;)2)(“ o >> ’

e~ 20 1 pxo, \?
P(X,>y)2m (- p)2 P\ 2020 -V o ) )

1.7)

G, (x) =

Similarly, the conditional density function g,(x) can be written as

e*(x2/20'12) J‘Jroo 1
x) =
gp( ) P(X, > y) 1—277_0_1 : o, (1 — p2)1/2(2,n_)1/2

oxp [ P2y, (1.8)
P\ 2020 - o ) '

G, (x)

8p(x)

This gives

h(x) =

= 7020 rWX()’),

where ry, (.) denotes the hazard rate of W,, a normal random variable with mean
pxo, /oy and variance o7 (1 — p?). It is known that the family of normal random
variables with a fixed variance but with different means is ordered according to
hazard rate order and the one with the smaller mean has the greater hazard rate.
Using this fact, it follows that if p > 0, then A(x) is increasing in x. Hence, by
Theorem 1.1, 0 = p' = p = X ”‘2‘5" Y. If p < 0, then h(x) is decreasing in
x; hence, (X, X,) is increasing in p in the sense of upper orthant dispersive order-
ing. This proves the required result. u

The organization of the article is as follows. In Section 2 we study some prop-
erties of the upper orthant dispersive ordering as defined earlier. It is proved that if
two random vectors have the same dependence structure (copula), then they are
ordered according to upper orthant dispersive ordering if and only if their corre-
sponding marginals are ordered according to univariate dispersive ordering. In Sec-
tion 3 we consider the special case of nonnegative random variables (more generally,
if the conditional distributions have common left end points of their supports). It is
shown that if two random vectors have the same marginal distributions and they are
ordered according to upper orthant dispersive ordering, then their bivariate copulas
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are ordered, implying that one random vector is more dependent in the sense of
positive quadrant dependence than the other. We also study the connection between
upper orthant dispersive ordering and multivariate hazard rate ordering as intro-
duced by Hu, Khaledi, and Shaked [9]. The last section is devoted to some exam-
ples and applications. It is shown that if two univariate distributions are ordered
according to dispersive ordering, then the corresponding vectors of order statistics
from them are ordered according to upper orthant dispersive ordering.

2. PROPERTIES OF UPPER ORTHANT DISPERSIVE ORDERING

In this section we establish an interesting property of the upper orthant dispersive
ordering that if two n-dimensional random vectors X and Y have the same depen-
dence structure in the sense that they have the same copula, then dispersive order-
ing among the marginal distributions implies upper orthant dispersive ordering and
vice versa. The notion of copula has been introduced by Sklar [23], and studied by,
among others, Kimeldrof and Sampson [13] under the name of uniform represen-
tation and by Deheuvels [5] under the name of dependence function. A copula C is
a cumulative distribution function with uniform margins on [0,1]. Given a copula
C, if one defines

F(X) = C(Fl(xl)7F2(x2)9---Fn(xn))7 X & mn, (2'1)

then F is a multivariate distribution function with margins as Fi, F5, ..., F,. For any
multivariate distribution function F with margins as Fj, F»,..., F,, there exists a
copula C such that (2.1) holds. If F is continuous, then C is unique and can be
constructed as follows:

C(u) = F[Fl_l(ul)’F_IZ(u2)7”-7Fn_l(un)]7 uec [071]n~ (2'2)

It follows that if X and Y are two n-dimensional random vectors with margins as
(Fi,F»,...,F,) and (G|, G,,...,G,), respectively, and if they have the same copula,
then

(F\(X)), F2(X5),...F,(X,)) £ (G,(%)),Gy(Y),...G, (Y,)). (2.3)

For i = 1,...,n, let us denote by H,?fu the cumulative distribution function
(cdf) of the conditional distribution (X;[;+;{X; > F;"'(u;)}) and by H, that of
(Y;|N;2:4Y; > G; ' (u;)}). To prove the next theorem, we first prove the following
lemma, which may be of independent interest.

LeEmMA 2.1: If two n-dimensional random vectors X and Y have the same copula,
then, fori =1,...n,

cHX ' (B)=G,°HL (B), BeEI01,uel0,1]" " (2.4)
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PROOF: Proving (2.4) is equivalent to proving that fori =1,...nand u € [0,1]""!,
Hi),(quiil(v) = Hiz/qurl(U)’ VU E[O’l]

@P[xi > F'(v)

N> (uj)}]

= P[1= 6| N> 6 W], vee o]
j#i
o PR > 0| V5 > w)]
J#L
=p[c,.(y,.)>v ﬂ{G,(Yj)>u,-}], v € [0,1],
J#i
which is true because of (2.3), since X and Y have the same copula. n

THEOREM 2.1: Leth and Y be two n-dimensional random vectors with the same
uo-disp

copula. Then X < Y ifand only if X; =4, Vi, i = 1,..., 0.

ProoF: By definition,

uo-disp

X <SP Yo Y, (B)— HY, '(B) is increasing in B € [0, 1],
wel01]"", fori=1, ..., n. (2.5)

It follows from (2.4) that if X and Y have the same copula, then for i = 1,...n and
ueo1]" !,

HY(B) —HY (B) = G Yo F(HY, '(B) — HX'(B), (2.6)

fori=1,...n and for every B8 € [0,1].

It is easy to see that the right-hand side of (2.6) is increasing in 8 if and only if
G; ' F;(x) — x is increasing in x (i.e., if and only if X; <4, ¥;, i = 1,...,n). This
proves the desired result. u

Recently, Miiller and Scarsini [16] have investigated some other multivariate
stochastic orders for which results parallel to Theorem 2.1 hold for those orders.
The following interesting property of the upper orthant dispersive ordering imme-
diately follows from Theorem 2.1.

COROLLARY 2d..l: LetY = (a; X, + by,a,X> + bs,...,a,X, + b,). Then for a; =1,
uo-disp

b,eR X <" Y.

Proor: Since X and Y have the same copula, the required result follows immedi-
ately from Theorem 2.1. u
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Example 2.1 (Multivariate Normal Distributions): Let X follow the p-variate multi-
variate Normal distribution with mean vector g and dispersion matrix 3 = ((03;)),
with o; = p;jo;04, p; =1, 0, > 0,and i,j = 1,...,p. Let Y follow the p-variate
multivariate Normal distribution with mean vector g’ and dispersion matrix 3" =
((a)), with o= p;o/ 0/, 0/ > 0,and i,j=1,..., p. 1I,t issknown that X and Y have
the same copula. It follows from Theorem 2.1 that X <1 Y if and only if 0; = o/
fori=1,..., p. This result in conjunction with Example 1.1 leads us to the follow-
ing result for comparing two bivariate Normal distributions.
Let X and Y follow bivariate Normal distributions with dispersion matrices

2 12 [y
3 gi po102 3 (281 p o102
= , =

2 [y 2
PO 0 03 p ooy o>

uo-disp

respectively. If 0 < o; = g/ fori =1,2 and |p'| = |p| < I,then X < Y.

It will be interesting to find necessary and sufficient conditions under which
two multivariate normal random vectors will be ordered according to upper orthant
dispersive ordering in the general case.

It follows immediately that if two random vectors are ordered according to
upper orthant dispersive ordering, then so are their corresponding subsets. In par-
ticular, their marginal distributions will be then ordered according to univariate dis-
persive ordering.

THEOREM 2.2: Let X and Y be two n-dimensional random vectors such that

uo-disp

X < Y. Then

Xluogsp I
where I =iy, is,...,05} C{1,2,...,n}, X; = (X, ,....X,;), Y, = (Y;,,....,Y,), and
k=1,...,n.

The proof of the next result is also immediate.

THEOREM 2.3: Let X,,...,X,, be a set of independent random vectors for which the
dimension of X; is k;, i = 1,...,m. Let Yy,...,Y,, be another set of independent
random variables for which the dimension of Y; is k;, i = 1,...,m. Then

-dis . -dis
X< Y= Leom) = (X0 X)) T (YY) @)
Remark 2.1: A consequence of (2.7) is that if X,..., X,, is a collection of indepen-
dent univariate random variables and Yi,...,Y, is anothedr set of independent ran-
: . . . uo-dis]
dom variables, then X; =4, ¥, i = 1,...,n implies X < Py,

In general, there does not seem to be any direct connection between upper
orthant dispersive ordering and the multivariate dispersive ordering as introduced
by Fernandez-Ponce and Suarez-Llorens [7]. According to their definition, X =,
Y may not imply that X; <, ¥; for i = 1,...,n. Also, the multivariate dispersive
ordering as defined by them may not be preserved under permutations of the vari-
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ables. On the other hand, the upper orthant dispersive ordering is invariant under
the same permutation of the two vectors and their marginals are also ordered accord-
. . . . . . . . uo-dis;

ing to univariate dispersive ordering. Obviously, if X < Y, then tr Sy =triy,

where Xy and X, denote the dispersion matrices of X and Y, respectively.

3. THE CASE OF NONNEGATIVE RANDOM VARIABLES

In this section, we will restrict our attention to the case in which the random vectors
under consideration are nonnegative or, more generally, they have a finite common
left end point of their supports. We will see that certain results hold in this case that
may not hold in the general case. The following assumption will be made at some
places in this article.

ASSUMPTION  A: The random variables {X;|N:{X; > F'(u;)}} and
Ny, > G; '(u;)}} have a finite common left endpoint of their supports for
allu and fori=1,...,n.

In the univariate case, for nonnegative random variables, there is an intimate
connection between hazard rate ordering and dispersive ordering and which is made
more explicit in the following result of Bagai and Kochar [1]. We use this theorem
to prove some of the results of this section.

THEOREM 3.1: Let X and Y be two univariate random variables with distribution
functions F and G, respectively, such that F(0) = G(0) = 0. Then the following
hold:

(a) IfY =y X and either F or G is DFR (decreasing failure rate), then Y =g, X.
(b) IfY =4sp X and either F or G is IFR (increasing failure rate), then Y <y, X.

For a bivariate random vector (S, T), we say that T is right tail increasing in S
if P[T > t|S > s] is increasing in s for all ¢, and we denote this relationship by
RTI(T|S). If S and T are continuous lifetimes, then 7 is right tail increasing in S if
and only if r(s|T > t) =< r(s|T > 0) = r¢(s) for all s > 0 and for each fixed ¢. The
RTI property is weaker than the RCSI (right corner set increasing) property, but
stronger than PQD (positive quadrant dependence). In the next theorem, we study
the effect of positive dependence on upper orthant dispersive ordering for nonneg-
ative random vectors.

THEOREM 3.2: Let X = (X, X,) be a bivariate random vector such that the left end
point of the support of {X;|X; > F;'(u)} is finite and independent of u € [0,1] for
i,j =1,2. Let X! = (X, X2) be a random vector of independent random variables
such that X; = X!, i=1,2.

(a) If X; is RTl in X;, i # j, and X; is DFR for i,j = 1,2, then

uo-disp

(X, X)) <™ (Xi,X2). 3.1
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uo- dls
(b) If (X1,X,) "<
i#ji,j= 1,2.

(X{,X3) and X; is IFR for i = 1,2, then X; is RTI in X,

PrOOF:
(a) Note that RTI(X;|X;) if and only if, for all u =0,
XX, > F'(u)} =, X 3.2)

It follows from Theorem 3.1(a) that if, in addition, X; is DFR, then

(XX, > F ()} =g Xi = X7 (3.3)

Since this hdolds for i,j = 1,2, the required result follows.
(b) (X1,X,) "< (X!, X}) implies for all u = 0,

(XX, > F' ()} Zap XI 2 Xo, i#j,0,j=1,2.
P

This together with the assumption that X, and X, are IFR implies (3.2) by
Theorem 3.1(b). This proves that RTI(X;|X;), i # j, i,j = 1,2. u

THEOREM 3.3: Let X and Y be two n-dimensional random vectors satisfying Assump-
tion A and such that X; = Y,, i=1,...,n. Then X "~ ISP Y implies that

Cl)’(/SC:,/ fOri,jzl,...,n,i7Ej, (3.4)
where C}X; (C;) denotes the copula of (X;,X;) (Y;,Y))).

PRrROOF:

uo- dlsp

X

uo- dlsp
(

Y= (X,,X)) Y,,Y;), i#j,i,j €{1,...,n}, 3.5)
from which it follows that

{X:1X; > F ')} =ai {Yi]Y, > G M (w))},  w; €10,1],
and which, in turn, implies

{Xi|Xj > F}_](”j)} =g {Y1|Y/ > Gj_l(uj)}, u; € [0,1] (3.6)

under Assumption A since dispersive ordering implies stochastic ordering when the
random variables have a finite common left end point of their supports. If we denote
by F; (G, ;) the joint survival function of (X;, X;) ((¥;,Y;)), then (3.6) can be writ-
ten as
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Fi,j(-x’ F}il(uj)) = G_zlj(x’ Gjil(uj)) forx =0, u; € [0,1]
< F[,j(F_]i(ui), Fj_l(uj)) = Gi.j(F_li(ui)a Gj_l(uj)) for all Ui, u; € [0,1]

S F‘i,j(Fili(ui)’F‘jil(uj)) = Gi.j(Gili(ui)’Gjil(uj)) for all Ui, Uj € [0,1]

(sinceX; = Y,,i=1,...,n)
& CX(uu;) = CYi(uy,u;)  for all u;,u; € [0,1]
© CN(upu;) = C(uy,u;)  for all u;,u; € [0,1],
where C(u,v) =1 —u — v + C(uw). |

If (3.4) holds and the margins of (X;, X;) and (Y;,Y;) are equal, then we say that
(Y;,Y;) is more PQD than (X;, X;) (cf. [10, p. 36]). Note that C;(u;,u;) = u;u; in
the case X; and X; are independent and C/*;(u;,u;) = u;u; for all u;,u; € [0,1] in the
case X; and X; are PQD. Thus, according to Tgleorem 3 3,if Assumptlon A holds
and if X and Y have the same margins and X . mp Y, then the Y;’s are more depen-
dent than the X;’s according to PQD ordering. We obtain the following result as a
special case.

COROLLARY 3.1: Let X = (X, X,) be a bivariate random vector such that the left
end point of the support of {X;|X; > F; ' (u)} is finite and independent of u € [0,1],
fori#jandi,j=1,2. Let XI (x1, X{) be a random vector of independent ran-
dom variables such that X; = X!, i = 1,2. Then

uo- dlsp
(

(X, X5) X1, X1 = X is POD. 3.7)

Contrast this result with Theorem 3.2(b), which is a stronger one since RTI
implies PQD. However, here no assumption on the monotonicity of the hazard rates
is made in the second case.

Remark 3.1: Assumption A is very crucial for Theorem 3.3 and Corollary 3.1 to
hold. As a counterexample, let ¥; and Y, be two independent U(0,1) random vari-
ables. Let X; = X, be uniformly distributed over (0,1) also. Note that X; and X, are
strongly positively dependent, as they satisfy the Frechet upper bound. Let us com-
pare (X, X,) with (Y;,Y,) according to upper orthant dispersive ordering. The rel-
evant conditional distributions to compare are

[X,|X,>u] and [Y,|Y,> u], 0<u<l.

The left-hand conditional distribution is U(u,1) and the right-hand conditional dis-
tribution is U(0,1). Hence, (X, X,) - ISP (Y},Y5), but C{¥, = C,, contradictory to
(3.4). The reason for this contrad1ct10n is that unless Assumption A is satisfied,
dispersive ordering may not imply stochastic ordering.
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THEOREM 3.4: Let X and Yd‘ be two n-dimensional random vectors satisfying Assump-
uo-disp

tion A and such that X < Y. Then
w=CY=C), i,j=1,...,n,i#]j, 3.8)
implies
COV(hI(Xi)ahZ(Xj)) = Cov(hl(yi)ahZ(Yj)) 3.9

for all increasing convex functions h| and h, for which the above covariances exist.

Proor: Without loss of generality, let i = 1 and j = 2. The survival functions of
(h(X)), h2(X5)), hy(X,), and hy(X,) are, respectively, H(x,,x,) = F(h;'(x,),
hy'(x,)), H(x,) = F,(hy'(x,)), and H,(x,) = F,(h; '(x,)). Similarly, the survival
functions of (h,(Y}), h,(Y5)), h,(Y,), and h,(Y,) are, respectively, K(x,,x,) =
G(hy ' (x1),hy ' (x2)), Ki(x1) = Gy(hy'(x)), and K>(x3) = G, (hs ' (x,)). Covari-
ance between h,(X,) and h,(X5,), if it exists, can be expressed as

COV(h1(X1),h2(X2))=J (I'_I(xl,xz)_Hl(xl)ﬁz(xz))dxldxz
=f (F(hy'(x1),hy " (x2))
— Fi(hy "(x))) F>(hy ' (x,))) dx, dx,

=f (F(FT (), F' () — (1 = u)(1 —v))

y <hi(F1‘(u)))<h’z(Fz‘(v)))dudU

RO YAVAD)
=££<6§2(u,v>—<1—u><1—v)>

B (FT ) \ (15 (F5 (0)
: (fl(Fl‘l(u)) )(fm;'(v)) ) dudv. (3.10)

uo-disp

where h;'(x;) = Fy '(«) and hy'(x,) = F> '(v). The assumption X < Y
implies that X; =g, ¥;, from which it follows that f;(F;"'(«)) = g;(G; ' (u)) and
F7'(u) = G '(u), i = 1,2, under Assumption A. Now A/(x) is increasing in x since
h(x) is convex. Combining these facts, the required result follows from (3.8). H

THEOREM 3.5: Let X and Y be two n-dimensional random vectors satisfying the
Assumption A and let ¢, ..., P, be increasing convex functions on IR*. Then

uo-disp

X < Y:(¢1(X1)a""¢n(xn)) uogsp (¢1(Yl)a""¢n(yn))-
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Proor: Note that the cdf of ¢;(X;) is Fy (x) = Fi(¢; '(x)), with its inverse as
F(;fl(u) = ¢;(F; '(u)). We have to prove that fori = 1,...,n,u; € (0,1),j=1,...,n,
J#i,

(¢,»(x,-> DB > F3 1)} = (mm Nis0) > G;;(uj)}>;
that is,
(¢f<x,»> N1 > ¢,<b71<u,))})
= (¢,-<Y,-> D160 > ¢,—<G;1<u,->)}>,

which is equivalent to

(¢,-<x,~>

Nix,> F;l(u»}) = o (¢,-<m

J#Fi

N, > G;l(u,)}).

J#Fi

Using Assumption A, for i =1,...,n,u; € (0,1),j=1,...,n,j # i,

<X,-

N x> F,fl(uj)}) <o (K»

J#Fi

N, > G;‘(u_,-)})

implies
(Xi|{Xf > F/il(ul)}) =g (YzHYj > Gfl("i_,')})-

Now the required result follows from Theorem 2.2 of Rojo and He [18] since
¢,’s are increasing convex functions. u

Hu et al. [9] gave the following definition of multivariate (weak) hazard rate
ordering.

DEFINITION 3.1: Let X and Y be n-dimensional random vectors with hazard gra-
dients rx and ry, respectively. We say that X is smaller than Y according to weak
hazard rate ordering (written as X =, Y) if

(X,- MNix > xj}> = (Y,-

J#i
fori=1,2,...,n,x € IR"; that is, if

Ny >x,-}>,

J#Fi

WX = (x),  i=12,...nxER.

In the next theorem we establish results analogous to Theorem 3.1 between
upper orthant dispersive ordering and multivariate weak hazard rate ordering under
Assumption A.
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THEOREM 3.6: Let X and Y be two n-dimensional random vectors satisfying Assump-
tion A.

(a) IfY <y ()]( and either 1 (x) or 1 (x) is decreasing in x, fori=1,...,n,
then Yduo X
(b) IfY < X and either ry (x) or r(x) is increasing inx, fori=1,...,n,

then Y =, X.
PRrROOF:

(a) Under Assumption A, Y <, X implies that ¥; =, X;, i =1,...,n, which is
equivalent to G; '(u) = F; '(u), foru €[0,1],i= ,...,n.Agam, Y =, X
implies that for i = 1,...,n, (Y;[N;21Y; > x;}) =g (X;|N;24X; > x;}).
Taking x; = F; '(u;),j =1,...,n,j # i, we find that this implies y/(B;u) =
x;(B;u), where y/(B;u) is the Bth quantiles of the conditional distribution
(Y:|N;2Y; > F;7'(u;)}) and x;(B;u) is as defined earlier. On the other
hand, 7\ (x) decreasing in x implies that

<Yi N1y, > x_,-}) = (Yi

JFi
forx; =x/,j=1...,n,j# i. This, along with G; ' (u;) = F;"'(u,), implies
that

Ny, > x_;}),

JFi

yi(Biw) = yi(Bw) =x;(Bw),  i=1...,n
Using these observations, we obtain
X (F ), FE (), 5 (Bsw), o, By )
= ”s((i)(Ffl(Ml),---,Fi:ll(uiﬂ),xi(ﬁ;u)’---,F;l(un))a

since Y =, X. The right-hand side of this inequality is less than or
equal to

ry (G ), G (i), yi(Biw), ., Gy (1))

since rY)(x) is decreasmg én x. This completes the proof of (a).
(b) From the assumption ' X, it follows that

r)((i)(Fl_l(ul)?'"’F'i:ll(uifl)’xi(ﬁ;u)y---7Fn_l(un))
= (G )y, G (), i (Biw), .., G () (3A1)
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(Xi

which implies that x;(;u) = y;(B;u) and F; ' (u;) = G; '(u;),j =1,...,n,
J # i. Using these facts and the assumption that (%) is increasing in x, it
follows that, for i = 1,...,n, the right-hand side of (3.11) is less than or
equal to

and

N> F_,-*‘(u»}) =, (n

N, > G;l(u,-»),

J#Fi

mFT )y F2 (i), (B, o Fy M u,)) = 1y (%)
that is, we have shown that fori = 1,...,n,
(%) =1y (x)
and hence the required result. u

Remark 3.2: If r,g)(xl,...,xi,...,x,l) increases in x; for i = 1,...,n, then we say
that the random vector X has a multivariate increasing hazard rate distribution (cf.
Johnson and Kotz [11]). The condition r,((i)(xl,...,x,,...,xn) increasing in x;, j =
I,...,n, j # i, i =1,...,n describes a condition of positive dependence that is
equivalent to saying that the random vector X has RCSI; that is,

! !
P[X,>x,....X,>x,|X, > x{,...,X, > x}]
increases inx/, i = 1,...,n.

We will now study some preservation properties of the upper orthant disper-
sive order under random compositions. Such results are often referred to as preser-
vations under “random mapping” (see Shaked and Wong [22]), or preservations of
“stochastic convexity” (see Shaked and Shanthikumar [20, Chap. 6] and Denuit,
Lefevre, and Utev [6], and references therein).

Let {F,, 8 € X’} be a family of n-dimensional survival functions, where X'is a
subset of the real line. Let X(6) denote a random vector with survival function F.
For any random variable ® with support in X and with distribution function H, let
us denote by X(®) a random vector with survival function G given by

G(x) = f Fy(x)dH(0), x € R".

THEOREM 3.7: Consider a family of n-dimensional survival functions {F,, € X}
as above. Let ©, and ©, be two random variables with supports in X and distribu-
tion functions H, and H,, respectively. Let Y ; and Y, be two random vectors such that
Y, =4 X(0;),i=1,2; that is, suppose that the survival function of Y; is given by

G (x) = f F,(x)dH,(0), XER,i=12.
X
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If
(a) X(0) =, X(0') whenever 6 = 0/, 3.12)
(b) ©, and ©, are ordered in the univariate hazard rate order; that is,
0, =, 0,, 3.13)
(c) r,((i()e)(xl,...,x,,) is decreasing in x;, j = 1,...,n, i =1,...,n,
then
Y, “S7y,. (3.14)
ProoF: Hu et al. [9] proved that assumptions (a) and (b) imply that Y| =<, Ys.
Now, we show that fori =1,...,n, r‘((’l)(xl,...,xn) is decreasing in x;, j = 1,...,n,

then the required result will follow from Theorem 3.6(a). Assumption (a) is equiv-
alent to F,(x) being TP, (recall from Karlin [12] that a function f: R? — R is said
to be totally positive of order 2 (TP,) 1ff(x1,y1)f(x2,y2) = f(x1,y2)f(x2,y1),
for x, = x; and y, = y,) in (0,x;), j = , . r,(((g)(x,, ,X,) decreasing in
ni=1..,nj#1iis equivalent to Fe(xl, X,) being TP, in (X3, %)), i,j =
1 N, # i. Using these observations, it follows that G,(x) is TP, in (xi, X)),
i,j = 1 ,n (cf. Karlin [12]), which is equlvalent to rY)(xl, ,X,) decreasing in
X, j = 1 ,n, j # i. It is worth noting that rx(g)(xl, ,X,) decreasing in x; is
equivalent to the fact that {X;|M;{X; > x;}} is a DFR random variable, i =
1,...,n. Now, G,;(x) can be written as

G,(x) = ng (X,» > x,

N x; >)c_j}>Pg<ﬂ X, >x}j=1,....,n,j # i) dH,(9);

JFi JFi
that is, (Yy,...,Y,) is a sort of mixture of DFR random variables; therefore,
—dlog G;(x)/dx; is decreasing in x;, which is equivalent to r‘(('])(xl,...,x,,)

decreasing in x;. This completes the proof.

4. EXAMPLES AND APPLICATIONS

Example 4.1 (Multivariate Pareto Distributions): Fora>0,letX, = (Xatr-ees Xan)
have the survival function F, given by

F,,(xl,...,xn)=<2x,»—n+l> , x;>1,i=12,...,n
i=1

see, for example, Kotz, Balakrishnan, and Johnson [ 14, p. 600]. The corresponding
density function is given by

fixi,.esx,) =ala+1)...(a+n~— 1)<éx,- —n+ 1>“ ",

i=1

x; >1,i=12,...,n
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Hu et al. [9] showed that X, = X,, whenever a; = a,. On the other hand,
O (x) = a/(2j-ix; — n + 1), is decreasing in x;, j = 1,...,n. Then from Theo-

rem 3.6(a) it follows that X, oL X,, whenever a; = a,.

Example 4.2 (Bivariate Farlie-Gumbel-Morgenstern Distributions): For a €
(=1, 1), let X, = (X,.1, X4.2) have the survival function F,, given by

Fa(xl’XZ) = FI(XI)FZ(X2)[1 +a(l— Fl(xl))(l - Fz(xl))]
and Y, = (Y,,,Y,.,) have the survival function G, given by
Ga(xl’XZ) = G_I(X])GZ(X2)[1 +a(l - 61(361))(1 - Gz(xl))],

where F|, F,, G,, and G, are arbitrary univariate survival functions (which hap-
pen to be the marginal survival functions of X, |, X, 2, Y, 1, and Y, », respectively,
independently of «). Assume that X,, =dgisp Ya,i» I = 1,2. It is easy to see that

uo-disp

CXa(u,v) = CY¥«(u,v). Then, from Theorem 2.1, it follows that X, =< Y,.

Example 4.3 (Multivariate Gumbel Exponential Distributions): For positive param-
eters A = {A;: 1 C{1,2,...,n},] # O}, let X, = (X}, Xa,..., X,) have the survival
function F given by

el

F/\(xl’x27"'7xn) = exp{_z /\1 Hxi}’ (x17x27"'7xn) = (0’07""0);
1

see Kotz et al. [14, p. 406]. For another set of positive parameters A* = {_/\”} 1 C
{1,2,...,n},1 # I}, let Y, = (Y},Y>,...,Y,) have the survival function G,:. Let
X, =qY,i=1,...,n;thatis, A; = A5. We show that if A = A", then fori=1,...,n,

(x,-

Since X; = Y;, i = 1,...,n, (4.1) is equivalent to

<x,-

Let X; = (X1,..., Xi—1,X;41,---,7) . The survival function of (X;|Mz:{X; > x;}),
denoted by F;(x;;x;), is

Nix,>F! <u,->}) <o (Y,-

JFi

ﬂ{Yj>G,-“(u,-)}>, u, €[0,1].  (4.1)

JFi

ﬂ X, > xj}> =disp <Yi

J#Fi

ﬂ{Yj>xj}>, i=1,...n. 4.2)

J#Fi

Fi(x;;x;) = exp{—xi {)\,- + 2 Ajx;+ 2 AjpX; X+ oo+ A, Hx]}}. 4.3)
J JFk JFi
Similarly, the survival function of {Y;|Y; > x;, j# i}, denoted by G:(x;:xy), is

G, (x;:x;) = exp{—xi {)\i + DN D N+ e+ A Hx]}}. 4.4)
J JFk

J#Fi
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Now, the ratio

(_;i(xi;xi)
= 4.5)
Fi(x;5%;)
is increasing in x;; that is,
(Xi ﬂ {Xj > xj}> =pr <Yz ﬂ {Yj, > Xj}>, i=1,...,n. 4.6)
JFi JFi

On the other hand, the random variable {X;|X; > x;, j # i} has an exponential
distribution that is DFR. Combining this observation with (4.6), it follows from
Theorem 3.1(a) that (4.2) holds. Now, applying Theorem 3.3 to this example, we
get that C?; is decreasing in A, where C}; denotes the copula of (X;, X )

Application 4.1 (Order Statistics): Let Xy,...,X, (¥,,...,Y,) be a random sample
from a univariate distribution with strictly increasing distribution function F (G).
Bartoszewicz [3] has shown that F =<;,, G implies X;.,, <gisp Yi:p, i = 1,...,n, where
X;., (Y;.,,) is the ith-order statistic of the X sample (¥ sample). We will strengthen
this result to prove that F' =g, G implies

uo-disp

(Xl:na""Xn:n) =< (len,a'--,Yn:n)' (4'7)

We first show that in the case of random samples from continuous distribu-
tions, the copulas of order statistics are independent of the parent distributions. Note
that ¥;., = G 'F(X;.,), i = 1,...n. Since the function G~ 'F is strictly increasing, it
follows from Theorem 2.4.3 of Nelsen [17] that C(X,.,, X;.,) = C(Y..,,,Y}.,), for
i,j=1,...,n. It now immediately follows from Theorem 2.1 that F' =g, G implies
(4.7).

Since the order statistics from a random sample are positively associated (cf.
Boland, Hollander, Joag-Dev, and Kochar [4]) and since (X|.,,..., X,.,) and (Y}.,,,.. .,
Y,.,) have the same copula, the conditions of Theorem 3.4 are satisfied. Hence, for
i,j €1{1,...,n},

COV(l’ll (Xi:n)’ h2(Xj:n)) = COV(/’!] (Yln)’ h2(Yi:n))’

for all increasing convex functions /, and &, for which the above covariances exist.
This result was originally proved by Bartoszewicz [2] using a different method. A
similar result can be established for record values.

Application 4.2 (Record Values): Let X,,...,X,,... (Y,...,Y,,...) be a sequence
of random variables from a univariate distribution F (G). It is known that F <, G
implies R), =g, Ry, Where R (R),) is the mth record value of the X sequence (Y
sequence). We first show that in the case of random sequences from continuous
distributions, the copulas of record values are independent of the parent distribu-
tions. Then it will immediately follow from Theorem 2.1 that F =gy, G implies
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uo-disp

(Rys-n RS ) < (R),,...,R), ). 4.8)

Let M(x) = —log F(x); then the distribution function of RX can be expressed as
Frx(x) = G,,(M(x)), where G,,(x) is the distribution function of a Gamma random
variable with scale parameter one and shape parameter m. Similarly, let N(x) =
—log G(x); then the distribution function of R, is Fgr(x) = G,,(N(x)). Now, both
M(X,),...,M(X,),... and N(Y;),...,N(Y,),... are sequences of independent and
identically distributed (i.i.d.) exponential random variables with mean one. Using
this observation, it follows that

(RX,,...,RX ) = (M~ (R},),.... M~ (R},))

and

(RY, ... ,RL )= (NTHRE), o, NTHRS, ),

where R;, is the mth record value of a sequence of i.i.d. exponential random vari-
ables with mean one.

C® uryeeyuy) = Fre(Fd (un)s o, Fd ()
= PRy, = ,;%“(ul),...,Rf;n = F,;Ix”‘n(un))
=PM 'R, )=M"'G™",, (uy),...,M""(R},)
=M"'G,'(u,))
= P(R;, =G, (u),....,R;, =G, (u,))
=P(N"'(R;,)=N"'G, (uy),....,N"" (R, ) =N"'G,, (u,))

m

:P(RY = gﬁll(ul)’-"’R};nSFI;I);I(Mn))

=C® (uy,...,u,).

This proves the desired result.
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