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Abstract — In this paper, we provide a Schwarz preconditioner for the hybridized
versions of the Raviart-Thomas and Brezzi-Douglas-Marini mixed methods. The pre-
conditioner is for the linear equation for Lagrange multipliers arrived at by eliminating
the flux as well as the primal variable. We also prove a condition number estimate
for this equation when no preconditioner is used. Although preconditioners for the
lowest order case of the Raviart-Thomas method have been constructed previously by
exploiting its connection with a nonconforming method, our approach is different, in
that we use a new variational characterization of the Lagrange multiplier equation.
This allows us to precondition even the higher order cases of these methods.
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1. Introduction

The subject of this paper is a Schwarz preconditioner for efficiently solving linear systems
arising from the hybridized mixed method for the following Dirichlet problem:

—divaVu = f on Q,
u = g on 0.

(1.1)

Here Q is a polygonal domain in R?, f € L?(Q), and g € H'/?(09), and a(z) is a symmetric
2 x 2 matrix function of & € {2 that is uniformly positive definite and bounded in 2.

Efficient solution strategies for mixed methods have been investigated earlier by many
authors [3, 4, 6, 7, 11, 20, 22, 24] using a wide variety of techniques: V-cycle and W-cycle
methods were given in [4] and [3]. An equivalence of the mixed method with a nonconforming
method was utilized in [6]. In [24], it was shown that it suffices to precondition a spectrally
equivalent discontinuous Galerkin like bilinear form. All these works dealt with the non-
hybridized form of the mixed method. In contrast, in this paper we consider the hybridized
version of a mixed method. This paper also differs from other works that have dealt with
solution strategies after hybridization in the context of substructuring, notably [20]. The
situation we have in mind is one where hybridization is done at the element level, rather
than in a nonoverlapping domain decomposition method.
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There are a few earlier works on preconditioning the hybridized form of the mixed method
that we should note here. A balancing domain decomposition method for the hybridized
mixed method is discussed in [14]. More results on domain decomposition algorithms utilizing
the hybridization concepts can be found in [25]. While these works considered systems that
couple the so called Lagrange multiplier unknowns together with the primal variable, we
consider a system that involves only the Lagrange multiplier unknowns.

To precisely describe this system, we start by describing a hybridized mixed method.
The method is obtained by using Lagrange multipliers to enforce continuity constraints of a
vector finite element space in a standard mixed method. For the sake of definiteness let us
consider the hybridized version of the Raviart-Thomas (RT) mixed method [23]. As we shall
see, our considerations hold if the Brezzi-Douglas-Marini (BDM) mixed method [9] is used
instead. On any triangle 7, let P;(7) denote the set of polynomials (in the variable € R?)
of degree at most d on 7, and let Ry(7) = Py(7) + (Py(7))?. Let T}, be a triangulation of €2,
and &, be the set of its interior edges. Let c(z) = a(z)™!, and (-, -) 7 for any space Z denote
the duality pairing in Z. Define spaces

Ry, = {r:r|, € Ry(7) for all T € T}, },
T, ={p:pls € Py(r) for all T € T}, },
Sp={X:Alc € Py(e) for all e € &},

and operators A: R, — R}, B: R, — T, and C: R, — S} by
(Aq, )R, / cq-rdz
(Bg.p)r, = Z /pdlqul’

TETH

(Cq, 1) Z /

ec&y

Here, for any edge e € &, if 7,7 € T} are the triangles that share edge e with outward
normals ;. and n_ respectively, then [g] on e equals (q|,, - n4) + (q|, - n_).

The hybridized mixed method using the above spaces defines an approximate solution
triple (qy,, un, An) € Ry, x Tj, x Sy, as the unique solution of

A Bt ¢ q; 9
B 0 0| |u|=[F], (1.2)
¢ 0 0 Ah 0

where G and F are functionals on Ry and T}, respectively, given by

- ‘n)d
<97T>Rh /899(r n) S,
(F,p)r, = — | fpda.

As is well known [10], the variables g, and u; can be eliminated from (1.2) to yield an
equation involving just the multiplier \:

(CAT'C — CAT'BHBA'BY) IBACH)N,

1.
= CA'BY(BA'BHYY(BA'G-TF)+CA'S. (13)
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There are many reasons why one should design an implementation of the mixed method
that first solves (1.3). First of all, (1.3) can easily be proved to be a symmetric positive
definite system for \,. Therefore, it is more suited for modern iterative solution methods
(like the conjugate gradient method) compared to the indefinite system (1.2). Moreover, the
number of unknowns in (1.3) is clearly much less than that of (1.2). Yet another reason is
that once \;, is computed, the other components of the solution triple, namely g, and u; can
be computed inexpensively in a completely local fashion [10] (element by element). Finally,
let us also note that implementing (1.3) is preferred over implementing the non-hybridized
mixed method, because the former yields the Lagrange multiplier A, which can be used to
arrive at a locally post-processed solution of enhanced accuracy, as shown in [2]. Therefore,
it is of considerable practical interest to design efficient solution methods for solving (1.3).

In this paper, we will construct a Schwarz preconditioner for efficiently solving (1.3). In
the next section we will show that (1.3), without any preconditioner, gives rise to badly
conditioned systems for small mesh sizes. When the Schwarz preconditioner is used, the
preconditioned system is uniformly well conditioned.

Schwarz preconditioners, sometimes known as overlapping domain decomposition pre-
conditioners, have been adapted to various applications ever since the early works of [16, 17]
showed its suitability for some standard applications. In adapting it to precondition (1.3),
one of the difficulties that we are faced with is that the multiplier spaces on refinements of
a mesh are not nested. In this paper we will overcome this difficulty in the context of an
“additive two-level” method, by introducing an intergrid transfer (or prolongation) operator
(see Section 3, and further examples in Section 5). We use a strategy for analysis similar to
that in [24], which in turn is based on techniques introduced in [16, 17].

Another difficulty is that the spectral nature of the operator in (1.3) is not obvious. It
is perhaps this difficulty that has thus far prevented the design of preconditioners for the
hybridized mixed method in the higher order case. In the case of the lowest order hybridized
RT method, it is possible to conclude from [2] that (1.3) is equivalent to a system arising from
the P;-nonconforming method. Then, it suffices to precondition the latter. This has been
exploited in earlier papers [6, 12, 19]. Nonetheless, the nature of the left hand side of (1.3)
in the higher order case remained unclear. However, we can now overcome this difficulty
because of a recently developed variational characterization of (1.3). We will briefly review
this characterization in the next section.

2. Equation for the Lagrange multiplier

In this section we investigate the equation determining the Lagrange multiplier, namely (1.3),
further. We will recall a recently developed variational characterization of (1.3) in terms of
certain lifting maps, provide a norm equivalence for the resulting bilinear form, and prove a
condition number estimate for (1.3).

Suppose we are given a nodal basis for Sy, say {n;}},, such that each #; is supported on
a single edge of €. For example, 7; is one of the first d + 1 Legendre polynomials on one
edge and is zero on all the other edges. Equation (1.3) then yields a matrix equation for the
vector of coefficients of \j in the {n;}-basis, which we denote by A:

EA = b. (2.1)

Obviously, the M x M matrix E can be computed once the matrices of the operators A,
B, and C are computed. However, there is an easier way to compute E. It turns out to be
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the stiffness matrix of a mesh dependent bilinear form ay (-, -) defined below. After defining
an(+,-), we will estimate the condition number of E.

Define lifting operators Q : S, — Ry, and U : Sy — T}, element by element: On each
7€ Ty, (QN)|> and (UN)|, are defined by

/C(Q)\) -qdr — /(U)\) divgdr = —/ Ag - n,ds (2.2)

T T oT\oN

/pdiv(Q)\) dx =0 (2.3)

T

for all g € Ry(7) and p € Py(7), where n, denotes the outward unit normal vector on Or.
Let

an(h i) = / ¢(QN) - (Qp1) de.

The following theorem shows that the nature of the discrete linear system (2.1) that deter-
mine )\, is intimately related to the nature of the bilinear form ay(+, ). A proof can be found
in [13].

Theorem 2.1. The Lagrange multiplier component of the hybridized mized method so-
lution, namely Ay, is the unique element of Sy, that satisfies

ah(Ah,u)szuu+/ 9gQu-mn  forall p € Sh, (2.4)
Q [2)9]

where m denotes the outward unit normal vector on 0S). Moreover, E;; = an(n;,m;) and
b; :foUm—l—fanQm~n, foralli,j =1,2,...., M.

In particular, it follows from this theorem that E is a sparse matrix. Indeed, the liftings
of n; are supported only on the two triangles that share the edge which forms the support
of n;. In the lowest order case, this means that the matrix E has at most four nonzero
off-diagonal entries. In the general case, E is a matrix of (d + 1) x (d + 1) blocks with at
most four off-diagonal blocks in each block column.

At this point, let us note that the definition of a(-,-) depends only on the divergence
free members of the RT-space. Specifically, the lifting operator Q in the definition of ay(-, )
can be given solely using RY(7) = {r € Ry(7) : divr = 0} as follows: (Qu)|, for every
7 € T), is the unique element of R)(7) satisfying

/cQu-rdx:—/ pr-n.ds forall » € RY(T).
T oT\oN

It is well known that the divergence free subspaces of the vector BDM space and the vector
RT space (which we denoted by RY(7)) on one triangle coincide. This means that the bilinear
form ay(+,-) and the left hand side matrix in (2.1) are identical to the corresponding ones
arising in hybridization of the BDM-method. Therefore, for the purposes of preconditioning
the Lagrange multiplier equation, we can ignore the differences between the BDM and RT
methods.

We now clarify the nature of the norm generated by an(-,-). For any domain D we
denote by || - ||r2(p) the L*(D)-norm (or the (L?(D))*-norm, as appropriate). We identify
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A € S, with its extension by zero to edges on 02 for simplifying notation, so that e.g.,
faf\ag Ads = [, Ads. Define

1
mT()\) = Ta_ )‘7

|87—| or

1/2
1

Mo =1 > IA=mWliengy |+ and

€T, TCD

1/2

Mo ={ D IAIF20n07]

T€TH, TCD

When the domain under consideration is € we use || ||, and ||-||5 to denote || ||n.q and || |0
respectively. The following theorem shows that the norm generated by (-, ) is equivalent
to the more transparent norm || - ||5.

Theorem 2.2. For any triangle K, there are positive constants Cy and Cy depending
only on d, ¢, and the minimal angle of K, such that

CllALEx < [ cloN?de < GalMix,  for all A€ S

Before we prove this theorem, we state one other theorem that we will prove in this sec-
tion. Although the main use of Theorem 2.2 is in the analysis of our Schwarz preconditioner,
as one of its immediate applications, we can estimate the condition number of the stiffness
matrix E when no preconditioner is used. It is generally accepted that the condition number
of (1.3) must be O(h™2) on a quasiuniform mesh on mesh size h, although we have not been
able to locate a precise statement to this effect in the literature. The following heuristic
argument is often given: Since the Lagrange multipliers approximate the exact solution on
the edges of the mesh [2], Equation (1.3) should be a discretization of the elliptic second
order equation in (1.1), and hence should exhibit the same growth in condition number that
other discretizations suffer. We give a precise bound in the following theorem. We adopt the
convention of denoting by C' (with or without subscripts) a generic constant independent of
h. In general, its value differs at different occurrences.

Theorem 2.3. Suppose Ty, is a quasiuniform mesh of mesh size h. Then, there are
positive constants C's and Cy independent of h such that

Cs|A|IE < an(MN) < Cuh72||N|)2 0 for all A € Sy, (2.5)
Consequently, the spectral condition number of E in (2.1) is O(h™2).

In the remainder of this section we prove Theorems 2.2 and 2.3. The proof of Theorem 2.2
is based on the following lemma.

Lemma 2.1. The function QM is zero on K € T if and only if \ is constant on OK.
Proof. From the definition of QA, note that

/ ¢(QN)-(Q\) dz = — / M(QA) - ds. (2.6)

oK
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By integration by parts, the right hand side above equals —\ [, div(Q\) dz, whenever X is
constant on JK. Since div(QA\|x) = 0, the right hand side vanishes, so Q\ is zero on K.
Conversely, suppose QA is zero on K. Then (2.2) becomes

/(U)\)divrdas:/ Ar-ng ds, forall r € Ry(K),
K oK

After integrating by parts,

—/KT~V(U)\)dx+/8K(r~nK)U)\dS:/ Ar-ng ds, (2.7)

oK

for all r € Ry(K). In this equation, we can choose r such that
/ r-p, dv=0, forallp, , € P;(K)? and
* rng=A—(UN)|sx, onIK.
Then, (2.7) gives
/ (A —UN)2ds = 0,
oK

so UA coincides with A on the boundary 0K. Resorting to (2.7) again, and using the fact
(UX — N)|ox = 0, we find that

/ r-V(UN) dr =0, forall r € Ry(7),
K

so U\ is constant on K. Since A coincides with U\ on K, this implies that A is constant
on 0K. O

We can now prove Theorem 2.2 using this lemma.

Proof. (Proof of Theorem 2.2.) Let us first prove the upper bound of the theorem.
From (2.6), we have

/ch\?dm _— /M()\ (V) (i -QN) ds

It follows by a scaling argument using the Piola map, a trace theorem on a fixed reference
triangle, and Cauchy-Schwarz inequality that

[ 19AP d < ClOKI A = N o | 9N
K
thus proving the upper bound.

To prove the lower bound, we use Lemma 2.1, and a scaling argument. Let K denote

a fixed reference triangle. For any symmetric positive definite 2 X 2 matrix valued function
a(@) on K, define liftings Q) € Ry(K) and UgA € Py(K) on K by

/Aa(ﬁaj\)wdac—/(ﬁa;\)divr dx:—/Aj\rﬂn,k ds,
K K oK
/vdiv(ﬁ A)dz =0,
K
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for all » € Ry(K) and v € Py(K). By Lemma 2.1, Q. = 0 implies that \ is constant on
OK . Therefore, o R R
[ 29 ||L2(f<) 2 C(a) }%& A= “||L2(af<)> (2.8)

for some constant C (ax) independent of A. We now relate the liftings on K with these liftings
on the reference element. Let & — @& = D& + di be the affine isomorphism that maps K
one-one onto K. For scalar valued functions pu(x), we define (&) = u(x), while for vector
valued functions r(x), we define #(%) = |det Dy | Dy r(). Then, it is easily seen that if we
set ¢(2) = | det Dg| ' Dt-c(x) Dy, we have

Q:\ = O (2.9)
In view of (2.8) and (2.9), we get by a scaling argument that
CllQAl z2(x) = ||Q>\||L2(K = 11QeA |l 12

2 C(@) inf 1A = &l 2oy

Mapping back, we have

é(a)? _O@?
|8K| 1nf IA = &ll720x) = TOK| IA = mae (M2 05)-

CllQAIIZ>(x

Thus, the estimate of the theorem will follow provided we can show that C' (€) is bounded
uniformly away from zero. It is easily seen that we can choose C (+) to be a positive continuous
function. Moreover, all ¢ obtained by transforming c¢(x), lie in a compact set {a : C5 <
|||z < Cg}, because a(x) is uniformly positive definite and bounded on €. Taking the
minimum of the function C (av) over this compact set, we have the required result. O

Next, we prove Theorem 2.3. We shall use the inverse estimate

AR < |||)‘Hh77 (2.10)

|0t

which immediately follows from the definition of our norms:

1
IAN- = o7 |||A me (M Z2or)

2 1
<o (HAHLz ot (i [ ) I8ﬂ> 7

Proof. (Proof of Theorem 2.3.) The upper bound is a direct consequence of (2.10) and
Theorem 2.2. To prove the lower bound, define uy for any A € S} element by element as
follows: On any 7 € Ty, uy|, € Pyi1(7) satisfies

1
u v ds = Avds  for all v € Py (7). (2.11)

/VU)\ Vuvdr + —
|a7-| or

|87-| or

Obviously, given any A € Sy, such a u, is uniquely defined. In the remainder of this proof
we show that
||)\||h < CHU)\HLQ(Q) < Cl”)\mh fOf all )\ c Sh. (2.12)
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Clearly this will prove the required lower bound.
The first inequality of (2.12) follows easily from a local scaling argument, so we will only
prove that ||uy| 2 < C||A|s. Choosing v = 1 in (2.11), we have

/ar(u/\_ A)ds = 0.

This implies that
1

o] aT(UA —\)?ds = —/T|VuA|2d:v + \(91 ] AMuy — ) ds
/|VuA| dx + \(‘31 | aT()\ —m.(A))(uyr — ) ds
< \(‘3—17'| aT()\ —m,(N))(uy — \) ds.
Therefore,
il = Mson < 1AL (213

Now, it is readily verified that when A is constant on 07, uy is constant on 7, so a scaling
argument shows that

IVurllZai < CIAIG - (2.14)

Moreover, on an interior edge e shared by two triangles 7, 7 € T}, the jump of u) across e,
denoted by [u,], satisfies

1 2 1 2 2

@H [ur] 72y = @H(UAH —A) = (ualrm = Mz < ClIM 707

because of (2.13). Thus,

1/2
(Zuwnm + 3 il o s ) < Cl .
TETH

ec&y,

The left hand side of the inequality above defines a norm previously studied [24]. In par-
ticular, the following Poincaré inequality is well known (see [24, Theorem 3.1], [18], [1,
Lemma 2.1], or [8]):

Clluallfag < D IVualgei + Z [ [ua] 1Z20)-

T€TH eeﬁh

This, together with the estimates above, yields (2.12), and the lower bound of the theorem
follows.
The assertion on the spectral condition number of E follows from (2.5): Expand A\ € S,

in the basis {n;} as
M
i=1

The vector of coefficients £ = ({1, 0y, ..., 0y)" € RM satisfies C(¢- )R < ||A||2 < C(£- 0)h?,
because the basis functions 7; are local. Consequently, Ch*(¢ - ) < E¢-¢ < C(£ - () for all
(e RM, O
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3. A Schwarz preconditioner

A basic assumption in Schwarz algorithms [16, 17] is that the mesh wherein solution is
sought, namely T, is a refinement of a coarser mesh, say Ty, consisting of coarse elements
{Q;}N,. We assume for the purposes of analysis that 7, is quasiuniform of mesh size h,
and that Ty is quasiuniform of mesh size H (H > h). Schwarz algorithms use solutions on
overlapping subdomains @i, i=1,..., N, that cover 2. The closure of each Q; is a union of
triangles of Ty, and contains the coarse triangle €2;. (By definition, Q and (2; are open sets.)
We assume that there are fixed numbers d and p such that

dist (0 N Q,0%NQ) > 6H foralli=1,...N, and (3.1)

every point of € is in at most p subdomains in {Q;}Y,. (3.2)

The preconditioner we describe in this section uses solutions on the coarse mesh Ty using
the lowest order space of multipliers S%. The generally accepted intuitive reason for using a
coarse space is that it helps global propagation of information during an iterative solution
process. It is therefore intuitive to set a coarse space based on the lowest order space S,
although the fine space S}, is not in general of lowest order.

The main difficulty in incorporating information from coarse solutions into the precon-
ditioner arises from the fact that SY ¢ S,. We overcome this by introducing intergrid
transfer operators I, : S% +— Sj,. To this end, we exploit a relationship between the P1-
nonconforming space V! and the lowest order space of multipliers Sp. Recall that Sj = {
At Al is a constant for every e € €.}, and V2 = { v : v|, is linear for all 7 € Tj, v is
continuous at midpoints of all e € €;, and zero at midpoints of edges e C 92}. We establish
an isomorphism between these spaces, namely X, : SY +— V| by

(Xh)‘) ($e) = /\|ea

where z. denotes the midpoint of edge e. Obviously X, V0 — SV is well-defined, and
actions of both X}, and X, I are easily implementable in computations. Define a seminorm

|l by
|w|§11(7h) = Z ||Vw||%2('r)'

TETH

The following lemma is established easily by means of scaling arguments, so we omit its
proof.

Lemma 3.1. For allw € V}? and X\ € SY,

I1X,  wlln < Clw|gy,),
1X;, wlln < Cllwll 2,
| X5\ () < CIAG-

We can now define an intergrid transfer operator I, : S% +— S, by
I, =X, ') Xu, (3.3)

where I} : V3 — V) is an intergrid transfer operator for Pl-nonconforming spaces (see
Fig 1) defined as follows: Let z;, i = 1,... My, denote the interior vertices of Ty, and let
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|4
Vi
X Xy Xl | X,
SY Sy 5
I

Figure 1. Operators connecting various spaces

7(2;) be one of the triangles of Ty which has z; as a vertex. For every w € VJ, I/ w is the
continuous function that is linear on every 7 € Ty, vanishes on 02, and satisfies
(IYw)(z) = lim w(z). (3.4)

z—z;

z€7(25)

In general w can have different limiting values at a vertex z;, depending on from which
triangle we approach z;. We have set Iw at z; to equal (any) one of such values. Note that
IYw is a continuous function that is linear on each triangle of the fine mesh Tj,. In particular,
it is in VY. (We will give more examples of intergrid transfer operators in Section 5.)

Let ay(+,-) be defined analogously to ay(-, -), but with respect to Ty. Define S; ={\ € S}, :
support of \ is contained in ﬁz} We denote by (-, )n, (-, "), and (-, -); the duality pairing
in spaces Sy, S% and S; repectively. We identify functions in S; by their extension by zero,
so we will often use (-,-), for (-,-);. Denoting dual spaces by primes, let the operators
Ay Sp— S, Ay = SY — (SY), A S — S, Qi : S, — S, and Qg : S} — (5%) be
defined by

(A, ) = an(\ p)  for all A\, u € Sy,
(AgA, pyg = ag(\,p)  forall A\, € SY,

(AN ) = ap(A, ) forall \,pe S,

(Qic, whyp = (o, )y, forall o € S),u €S,

(Quo, Wy = (a, L), forallae Sy pue SY. (3.5)

The additive Schwarz preconditioner By, : S; +— Sy, is given by

N
By =Y A7'Qi+ LAy Qu, (3.6)
=1

where [, is as defined by (3.3) and (3.4). A functional g € S} is completely represented
by its action on a nodal basis of Sy, say {n,}. Indeed, in computations, g is represented
by a vector whose components are (g,7;), (just as the right hand side of stiffness matrix
equation (2.1) represents the functional in the right hand side of (1.3)). In iterative solution
of (2.4), say by the preconditioned conjugate gradient method, one is required to compute
Byg, given the vector with components (g, 7;),. From (3.6), it is clear that to compute Byg,
we need to solve subdomain problems as well as a coarse grid problem, i.e., we need to solve
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for v; € S;, and vy € SY, given by

a'h(vinu“) = <gvlu>h for all He Si> and
aH(UHnU“) = <.gv]hlu“>h for all He SH

Then Bpg = le\il v; + Inpvg. The expense of such a computation is justifed whenever the
subdomain and coarse problems are small enough to permit their fast solution. Note that
implementing the action of operators @); and Qg in (3.6) do not require Gramm matrix
inversions.

The following theorem proves that By, is a uniform preconditioner. The next section is
devoted to a proof of this result.

Theorem 3.1. The spectral condition number of the preconditioned operator BpAy is
bounded independently of h and H.

4. Analysis of the preconditioner

In this section we prove Theorem 3.1. We use tools from previous analysis of Schwarz
algorithms (cf. [16, 17, 24]), but a number of changes are necessitated due to our nontrivial
intergrid transfer operator and mesh dependent bilinear form. The following four lemmas
allow us to prove Theorem 3.1.

Lemma 4.1. Bgl : Sy S}, exists and for all X € Sy,

Ais A H Y

N
<B}:1)\, >\>h = min (Z CLh()\Z', >\2) + (IH()\H, AH)) s

where the minimum is taken over all decompositions of X of the form
A=A+ X +...+ v+ g,
with \; € S; and A\g € SY.

Lemma 4.2. For any A € S}, there exists a decomposition X = Zf\il A with \; € S;

such that
N

O an(Ai M) < H2(IA + an(A, ).

i=1
Lemma 4.3. For all A € SY,

ah(IhA, Ih>\) < C(ZH()\, )\)
Lemma 4.4. For any A\ € S}, there exists a \g € S% such that

IA = InAu]

n < CHap(MN)Y2, and (4.1)
ag(Am, Am) <

Can(\ ).
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Before we prove these lemmas, let us show how the theorem follows from them.

Proof. (Proof of Theorem 3.1.) First let us prove that the smallest eigenvalue of By Ay, is
uniformly bounded away from zero. Let A\ € Sj,, and Ay be as given by Lemma 4.4 applied
to A. Furthermore, let 7; be as given by Lemma 4.2 applied to A\ — I Ag. Then

N
A=Indg =
i=1

and by the estimates of Lemmas 4.3 and 4.4,

N
Y (A min < C (HIA = Ddalli + an(A = InAm, A = Inda)

i=1

< Cap(\, ).

Thus we have found a decomposition \ = Zf\il n;i + In\g, with n; € S;, and Ay € SY such

that
N

Z<Ai7}i7 Niyn + ag( A, ) < Cap(AN).

i=1

Consequently by Lemma 4.1, (B; '\, A}, < C{Ap\, A}y, and the assertion on the minimum
eigenvalue of By A;, follows.

It now remains to prove that the spectrum of By Aj, is bounded independently of h and
H. We prove this by establishing that

ah(BhAh)\, )\) < C’ah()\, )\) for all A € S},. (43)
Introducing operators P; : Sy — .S; and ﬁH S, +— Sy defined by

an (P, p) = ap(A\, ) forall A €Sy, ueS; and
aH(ﬁHA,u) = ap(A\, Iyp), forall A € Sy, u€ Sy,

and observing that Q;A;, = A; P; and @ uAp = Ag Py we get that
N ~
ByAy =Y P+ 1,Py. (4.4)
i=1

The required upper bound involving By A, will follow if we show that ]BH and P, are
bounded in ay(-,-)/? and a(-,-)*? norms respectively. Since

aH(ﬁH)\, ﬁH)\) = ah()\, ]hﬁH)\)
< ah()\, A)l/Qah(IhﬁHA, IhﬁH)\)l/z,

by Lemma 4.3 it follows that

ap(PgX, Py)) < Cap(\,\). (4.5)
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A similar bound also holds for P;. Indeed,

cQ(PN) - Qldx

Q;

ah(PZ-)\, PZ)\) = /

1/2
< Cap(PA, PA)Y? </~ c|Q)\|2dx> :
Q;

so by Theorem 2.2 we get
an(PiX, PA) < CIAI &, (4.6)

Now, by usual arguments involving Assumption (3.2), the estimates (4.5) and (4.6) together
with the identity (4.4) implies (4.3). O

In the remainder of this section, we prove Lemmas 4.2, 4.3, and 4.4. Proof of Lemma 4.1
involves only minor modifications of well known arguments and we omit it (cf. [5, 16, 21, 22]).
The proof of Lemma 4.2 we now give is based on the standard Schwarz analyses [15, 16], so
we will be brief.

Proof. (Proof of Lemma 4.2.) There exists a partition of unity {6;(z)}, 0 < 6;(z) < 1,
such that the support of 6; is contained in €2;, 6;(x) is infinitely differentiable,

N
D (@) =1, and ||Vb]|;~@q, < CH.
i=1

It is well known that the last inequality bounding the L*(2;)-norm of V6, holds due to
Assumption (3.1). Furthermore, there exists a nodal interpolant of Sy, which we denote
by I, satisfying Iy Ao, = Als, for all A € Sy, and ||ILu||p, < C|lu||p,- for all continuous
functions v on d7. Define \; € S; by

Clearly, Zf\il Ai = A. We will now show that this decomposition satisfies the estimate of the
lemma.

Let 07 denote the average of 0; on any 7 € Ty, i.e., 0] = |7|7! [ 6; dx. Then, using (2.10),
the identity IT;(0°\)|a, = M ar, and the approximation properties of averages,

I, (O M) . < T4 (0; — O7) Al + T4 (G2 0) 1.~
Ch™H1(8; = 07)Mllnr + IMInr
Ch™H6: = 07 (| oo o) 1M [ r + DM 17
Ch™ (RlIV0i [ o () [IA ][ + M,
CH ™ Nnr + M

/

NN NN

Squaring and summing over triangles 7 € T, we obtain the required estimate. O

To prove Lemmas 4.3 and 4.4, we first establish separately the following estimates for /.
Lemma 4.5. The operator I} : V) — V}, satisfies

1) wlg g,y < Clwlgigy), and (4.7)

||],‘L/w - UJHLZ(Q) < CH|w|H1(‘J'H)> fOT’ all w € VI—OI
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Proof. We first show the second estimate. Let z; be an interior vertex of Ty, and 7 be a
triangle connected to z;. (In general, 7 # 7(z;).) Then,

(IWw=w)p(z) = Jim V(=) - w(z)

z€7(2;)

can be expressed as a telescoping sum of jumps of w across a few of the edges connected to
z; evaluated at z;. Let [w].(y) be the function defined for all y € e as the jump of w across e.
(Its sign will not matter in the ensuing arguments.) Let [w].(z;) = lim,_.,, [w].(y). Then,

(1) w — w) ()] C’Z‘

ec&(7)

where £(i) is the set of all edges connected to z;. Consequently,

1w = wlF2) < CH* > | [wle(z

ec&y,

as cardinalities of £(i) are bounded independently of H.
Now, since w € V3, the jump [w].(y) has zero average for all edges e € &. If 7, (e) and
7_(e) are the two triangles that share the edge e, then

| wlliZao) < CH (1900, ) + V0l o)

(+(e))

Therefore,
11} w — wllfz0) < CH Z I wlellZ2e) < CH?|w|}1(,),

ec&y
thus proving (4.8).
Estimate (4.7) follows from (4.8) as we now show:
LY wlF g,y = I} wlin g,

<Y 2(IV w0 = w0y + 1 Vwllss))

TGTH
< CH?|| I w — 7~U||L2 +2|w|H1(frH)
< Clwlin gy,
by using a standard inverse inequality and (4.8). O]

Proof. (Proof of Lemma 4.3.) For any n € S%, using Lemmas 3.1 and 4.5, we have

I 2unll = X5 1) Xl
< O Xenlin g,y < ClXunltng,,
< Clnll-

To prove Lemma 4.4, we need the following additional result.
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Lemma 4.6. The L?-orthogonal projection QY into V) satisfies

|QHw|H1(TH < C|w|H1 (Tr) and (49)
lw— Qpwllr2@) < CH|w|m,) for allw € V. (4.10)

Proof. Let W), ={ v : v is continuous on €2, v is zero on Jf), and v is linear on every
T € T,}. By a straightforward modification of the proof of Lemma 4.5 we can prove that
there is a w € W), such that

|lw — w20y < Chlw|gi(g,)
<

IVwlloe < Clwlm,)

It is easy to see, e.g., by using the well known properties of the L?-orthogonal projection
into Wy, that there exists a wy € Wy such that

lw — @ || 20y < CH||V@| 120
IV@ulliz@) < Ol V]2

Therefore,
lw — Qw2 < lw—al 2@
< fJw = 0| 2(9) + |0 — Wil L2
< CH|w|H1(g'h).
Moreover,
|ng|H1(‘J’H < |Qpw — wg|m Tu) T 1 0H| (70
< CHY|Qpw — Wl z20) + Clw|m (g,
< CH M ([|Qpw — wll 20 + lw — Wl 12(0)) + Clwl|m,)
< C|w|H1 (Tn)-

O

Proof. (Proof of Lemma 4.4.) For any A € S}, we set Ay = X;QEX;ZQ?O)\ where Qg’o
is the L*-orthogonal projection into SP. We will now show that the Ay so defined satisfies
both the estimates of the lemma, namely (4.1) and (4.2). First, note that the Q3 satisfies

€25 Al
I = @y Alln

ClIAMlr,  and (4.11)
ChlIAI, (4.12)

VASV/AN

for all A € S),. Both these estimates follow from straightforward scaling arguments and the
observation that whenever X is a constant along the perimeter of a triangle 7 € Ty, Qs’o)\
coincides with A on 0.

To prove (4.2), we use Lemmas 4.6 and 3.1, and (4.11):

INetllr < ClQYXn@3 Moy
< C1XnQ0 "N,
< ONQ° Al < ClMn-
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Estimate (4.2) now follows from Theorem 2.2.
To prove (4.1), we start by using (4.12)

IA = TiAmlln < 1A = @y Mlla + 1A = I A ln
< ChIAL + 1Q5°A = InAu

We now estimate the last term. By Lemma 3.1,

QRN = Tdarlln = (12X, (Xh @A = 1Y X hu) |l
< O XnQ7°N = IV XA |-
Moreover, applying Lemmas 4.6, 4.5, and 3.1,
1X0@ A = 1Y XA |n < 1X0 @A = Xudalln + [ XA — I Xu A
= (1 = Q) Xa @y Mn + I = L) XAl
< CH|X0Qy "Ny + CH| X | o)
< CHIQy M+ CHIAulu

An application of (4.11) and (4.2) now completes the proof. O

5. Concluding remarks

We now briefly mention a few corollaries of our analysis. The I we introduced in this paper
can be used as an intergrid transfer operator in an additive Schwarz algorithm to define a
preconditioner for the Pl-nonconforming method. It can be proved, either by the general
strategy here, or by verifying conditions stated in [7], that the resulting preconditioner is
uniform with respect to fine and coarse mesh sizes. The critical estimates involved are those
given by Lemma 4.5.

We have shown how the intergrid transfer operator I} between the Pl-nonconforming
spaces can be combined with the isomorphism X to yield intergrid transfer operators suit-
able for the hybridized mixed method. The analysis continues to hold if our I} is substituted
with some other intergrid transfer operators for the P1l-nonconforming method developed
elsewhere. More precisely, abstracting the properties of I}” used in our analysis, we have the
following theorem:

Theorem 5.1. If I, = X; IV Xy for some IV : V3 — V{0 satisfying
|1} wln @, < Clwlma,), and (5.1)
HE‘L/w — w2 < CH|w| gy,  for allw € V), (5.2)

and if Qg is as defined by (3.5), then the operator By, defined by (3.6) is a uniform precon-
ditioner for Ay,.

To consider a few applications of this theorem, let w € VJ}, and let z; be a vertex of Ty.
In general, on different triangles 7 € Ty connected to z;, the limit
lim w(z)

z—z;
ZET

will differ. Let us denote by w; the average of these limiting values.
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Example 5.1. The following I} was defined in [7]: IVw is the unique function in V;?
whose values at the midpoints of e € &, coincide with those of the function w that is
continuous on €2, zero on 0f), quadratic on every 7 € Ty, equals w at midpoints of e € €,
and equals w; at vertices z; of Ty. It is proved in [7] that it satisfies (5.1) and (5.2).

Example 5.2. The following intergrid transfer operator was defined in [3] for use in a
multilevel algorithm: I)w is the unique function in V; satisfying

/(j;‘l/w)vh = / wvy dr for all v, € V.
Q Q

It follows from Lemma 4.5 that I satisfies (5.1):

1w = 0l = [ (o= w)@v-w)ds
Q
< CH| L w = w2y [wl -

Proof of (5.2) is similar to that of (4.7). Note that implementation of this intergrid transfer
operator requires Gramm matrix inversions.

Example 5.3. The I} we have introduced (see (3.4)) is computationally less expensive
than the intergrid transfers of the previous two examples. However, it does not use informa-
tion from all available coarse grid degrees of freedom. Therefore, we introduce the following
modified operator: I} w is the unique function in Wy which equals w; at all interior vertices

z; of Ty. By arguments essentially similar to those in the proof of Lemma 4.5, we can prove
that (5.1) and (5.2) holds for this I}V

Unfortunately, it is difficult to assert using the analysis of this paper, that any one of
the intergrid transfer operators above is better than another. Such a comparison is probably
best done computationally.

It is possible to consider higher order coarse spaces instead of S%. Obviously, in such
cases, the isomorphism with lowest order nonconforming space that we used here will not
suffice. An analysis in the higher order case of a multilevel algorithm can be found in a
sequel.
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