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Existence of the dielectric constant in rigid-dipole fluids: 
The functional-derivative approach * 

John D. Ramshaw 

Group T-3, Theoretical Division, University of California, Los Alamos Scientific Laboratory, Los Alamos, 
New Mexico 87545 
(Received 15 December 1976) 

In a previous article [J. Chern. Phys. 57, 2684 (1972)1 sufficient conditions were established for the 
existence of the dielectric constant E in rigid-dipole fluids. One of these conditions was an unrealistic 
restriction on the angular dependence of the direct correlation function c(12) at short range. Here it is 
shown that this restriction can be removed without altering the previous conclusions. Consequently, E 

rigorously exists if c(12) depends only upon relative positions and orientations of molecules I and 2, and 
becomes asymptotic to -</>d(l2)/ k T at long range, where </>d(12) is the dipole-dipole potential. The 
development is based upon the functional-derivative interpretation of c(l2) in terms of the response of the 
single-molecule distribution function to a single-molecule external field. The consequences of formally 
separating c(l2) and the total correlation function h(12) into short- and long-range parts are briefly 
explored. A relation between the angular moments of the short-range parts of c(l2) and h(l2) is derived 
in an appendix. 

I. INTRODUCTION AND SUMMARY 

This article is the third in a series dealing with di­
electric behavior and two-molecule correlations in rig­
id-dipole fluids. Here, as in the previous articles1•2 

(hereafter referred to as I and II, respectively), the 
term "rigid-dipole fluid" refers to a hypothetical fluid 
composed of axially symmetric unpolarizable polar mol­
ecules. The primary concern of this series of articles 
is with the question of whether the dielectric constant ~ 
exists (i. e., is well-defined), and with the relation of 
this question to the nature of the long-range intermolec­
ular correlations in zero applied field. For many years 
it was customary, in both macroscopic and molecular 
contexts, to simply assume without proof that ~ exists. 
A number of recent articles have been concerned with 
the molecular justification for this assumption in both 
polar and nonpolar fluids. 1-6 Considerable work has 
also been done in the area of long-range correlations in 
polar fluids,7-17 although most of this work does not 
bear directly on the existence of ~. 

In I the question of whether ~ exists was precisely for­
mulated, and the basic foundation was laid for a molecu­
lar investigation of this question in rigid-dipole fluids. 
By means of a density expansion, the existence of ~ to 
second order in the density was established. In II it 
was shown that the direct correlation function c(12) is 
of fundamental importance to dielectric behavior, and 
that sufficient conditions for the existence of ~ can be 
simply expressed in terms of it. A set of two condi­
tions on c(12), called conditions (a) and (b), was found 
which are rigorously sufficient to ensure the existence 
of 1<. Condition (a) is a condition on the asymptotic be­
havior of c(12) at long range, namely, 

c(12) - - M'd(12) for large I r 12 1 , (1) 

where ~ = (kTtl
, cf.>d(12) is the dipole-dipole intermolec­

ular potential, and 'r IZ' is the intermolecular separa­
tion. The term "large" in Eq. (1) refers to a molecu­
lar length scale; it is understood that c(12) approaches 
its asymptotic value very closely while 'rlz ' is still 
small in a macroscopic sense. The validity of condition 
Ca) is indicated by a number of independent treat-
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ments4.10ol3.14.17-Z1 and may therefore be regarded as 
reasonably well established. Condition (b), on the other 
hand, involves an unrealistic restriction on the angular 
dependence of c(12) at short range. This restriction is 
given by Eq. (36) of II. Condition (b) is satisfied for 
certain artificial modelsll ,17 but, as was emphasized in 
II, cannot be expected to be satisfied in general. 

A new expression for ~ in terms of c(12) was also ob­
tained in II as a byproduct of the development. This 
expression is 

(2) 

where y = (41T/9)j.I.~~p, j.l.o is the magnitude of the molecu­
lar dipole moment, P is the number density, r" and wit 

are the position and orientation of molecule k, and e" 
is the unit vector with orientation w", [Throughout this 
article we use the conventional shorthand notation of 
representing (rio' Wit) simply by (k); e. g., c(12) =c(rlo 

WI; r 2, wz)'] H!&ye and Stelll3 subsequently derived Eq. 
(2) without assuming condition (b), but not within a con­
text which permits a definite conclusion as to the ex­
istence of ~. 

Equation (2) has been criticizedl3•zz on the basis that 
its original derivation in II was limited by the obviously 
unrealistic condition (b). This criticism is certainly 
valid, but its focus is too narrow. The essential point is 
that condition (b) was not adopted merely to derive a 
new expression for ~, but rather in order to investigate 
the existence of ~. The result of this investigation was 
that conditions (a) and (b) constitute a set of rigorous 
sufficient conditions for the existence of I< in rigid-di­
pole fluids. Prior to this demonstration no such suffi­
cient conditions were known, and conditions (a) and (b) 
have remained the only proven set of such conditions up 
to the present time. Thus not only Eq. (2), but the very 
concept of a dielectric constant, has been limited by 
condition (b). A desire to alleviate rigorously this 
stringent restriction was the impetus for the present 
work. 

The preceding remarks are at variance with the views 
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expressed in a recent review article by Adelman and 
Deutch23 (AD). This article implies that Nienhuis and 
Deutch4 (ND) and also Wertheim12 have established the 
existence of E: under less restrictive conditions than 
those of II. However, an examination of the work in 
question shows that this implication is incorrect. The 
development of ND is limited by the approximation made 
in replacing their Eq. (3.28) by their Eq. (3.29). [Al­
though AD do not say so, precisely the same type of ap­
prOximation is made in replacing their Eq. (1. 21) by 
their Eq. (1.22).] ND do not identify any well-defined 
conditions under which this approximation becomes ex­
act and hence do not obtain sufficient conditions (re­
strlctive or otherwise) for the existence of E:. In dis­
cussing Wertheim's work, AD state that Wertheim has 
established the existence of E: for fluids composed of 
polarizable polar molecules. However, this aspect of 
his work is presented only as a conjecture and not as a 
proven result. Wertheim does claim (in agreement 
with the present article) that the rigid-dipole results of 
II can be derived without using condition (b), but he does 
not give a proof. 

With the above background, we are now in a position 
to describe the contribution of the present article. We 
originally suspected that conditions (a) and (b) are nec­
essary as well as sufficient for the existence of E:. As 
has already been indicated, this suspicion was incor­
rect. We show here that the results of II are unchanged 
if condition (b) is replaced by the much weaker condi­
tion that the Short-range part of c(12) depends only upon 
relative positions and orientations of molecules 1 and 
2. We thereby establish a new and far less restrictive 
set of sufficient conditions for the existence of E: in ri­
gid-dipole fluids. These conditions may be summarized 
by the following statement: If c(12) satisfies Eq. (1) 
[condition (a)] and if it depends only upon relative posi­
tions and orientations of molecules 1 and 2 at short 
range, then E: rigorously exists and is given by Eq. 
(2). 

The derivation of this result is given in Sec. II. The 
development exploits the functional-derivative interpre­
tation of c(12) as the inverse kernel associated with the 
response of the single-molecule distribution function to 
a single-molecule external field. This interpretation 
is rigorous and allows one to avoid condition (b), as 
well as approximations of the NienhuiS-Deutch type, by 
focusing attention on the Single-molecule distribution 
function itself, rather than on the angular moment of it 
which determines the polarization P(r). Ultimately 
p(r) emerges naturally at a later point in the deriva­
tion. 

In Sec. III we briefly consider the implications of for­
mally separating c(12) and the total correlation function 
h(12) into short- and long-range parts in the spirit of 
Lebowitz, Stell, and Baer. 19 It is shown that Eq. (2) 
can be directly converted into an expression for E: in 
terms of the Short-range part of h(12). The conversion 
is performed by using a simple relation between the 
first angular moments of the Short-range parts of c(12) 
and h(12). This relation is a special case of a general 
angular moment relation derived in the Appendix. 

II. THE MAIN DEVELOPMENT 

As usual, we consider a finite volume V of arbitrary 
shape containing N rigid polar molecules. The number 
density N /V is denoted by p. We begin by summarizing 
some of the basic results from the functional-derivative 
approach to the theory of fluids. An excellent revi€w 
of these results is given by Rushbrooke. 24 Although 
Rushbrooke is concerned with spherical molecules in­
teracting via Short-range forces, most of his relations 
are of more general validity. It is easy to verify that 
the relations we will use continue to hold for a finite 
sample composed of molecules having angular degrees 
of freedom and interacting via long-range forces. It is 
merely necessary to interpret the shorthand notation 
(k) in the generalized sense (rk , wk ) and to replace 
Rushbrooke's p by p/n, where 0, = J dw,.. For the axially 
symmetric molecules of interest here, 0, = 41T. 

Suppose that the sample under consideration is sub­
jected to a single-molecule external field 4>(1), by which 
it is meant that the field adds a term 

N 

L 4>(k) 
k=1 

to the total potential energy of the system. The single­
molecule generic distribution function n(1) will then dif­
fer from its zero-field value of p/n. To first ortier in 
4>(1) this deviation is given by 

6n(1) =n(1) - pin = f d(2) Y(2) 6n(l)/Oy(2) , (3) 

where y(1) = - {34>(1). The functional derivative 6n(1)/ 
OY(2), which is understood to be evaluated in zero ap­
plied field, is given by 

6n(1 )/Oy(2) = (p/n) [(p/n) h(12) + 0(12)] , (4) 

where h(12) is the total correlation function, defined in 
the usual way, and 0(12) is the Dirac delta function. 
Equation (3) can be formally inverted to give 

y(1) = f d(2)6n(2) Oy(1)/6n(2) • (5). 

The kernel Oy(l)/6n(2), which is the inverse of the ker­
nel 6n(1)/Oy(2), is related to the direct correlation 
function by 

Oy(l)/6n(2) = - c(12) + (0,/ p) 0(12) , (6) 

where c(12) is defined in terms of h(12) by the Ornstein­
Zernike equation, 

h(12) = c(12)+ (p/n) f d(3) c(13) h(32) • 

Combining Eqs. (5) and (6), we obtain 

-{34>(1)=(n/p)6n(1)- f d(2)6n(2)c(12). 

(7) 

(8) 

Historically, the definition of c(12) by Eq. (7) was intu­
itively motivated. However, the above consequences of 
this definition are perfectly rigorous. In fact it may 
be said that the fundamental Significance of c(12) as a 
defined quantity is that embodied in Eq. (6). This equa­
tion is closely analogous to the fluctuation-dissipation 
theorems, as it provides a relation between zero-field 
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correlations and the response of the system to an exter­
nal field. This aspect of c(12) has received little em­
phasis in previous work, where the external field has 
usually been regarded as a purely formal device rather 
than a physical perturbation. 

We now proceed to apply these results to the problem 
of dielectric polarization. The external field </1(1) is 
given by 

(9) 

where Eo(r) is the externally applied electric field. The 
polarization P(r) is given by 

P(rl ) =)J.o f dWI e1 On(1) • (10) 

To begin with, we substitute Eq. (9) into Eq. (8), multi­
ply the resulting equation by PiJ.o e1, and integrate over 
WI' The result is 

3yEo(r1) = 41TP(r1) - PiJ.o f d(2) dWI On (2) c(12) e t • (11) 

Next we assume that c(12) satisfies the condition given 
in Eq. (1); i. e., that 

(12) 

where cs (12) is a Short-ranged function of (12), rIa =r1 
- r a, To(r) =H( Ir 1- 0) VV Ir I"t, and H(x) is unity if x 2: 0 
and zero otherwise. It is understood that the limit 0 - 0 
is to be taken after the performance of any spatial inte­
gral in which To(r) appears. Substitution of Eq. (12) 
into Eq. (11) yields 

3yE L (r1) =41TP(r1) - PiJ.o f d(2)dw 1 On(2)cs (12)e 1 , (13) 

where the Lorentz electric field EL(r) is defined by 

(14) 

Since cs (12) is short-ranged, the integral over rz in Eq. 
(13) can be extended over all space instead of just over 
the volume V. 

The external electric field Eo(r) is assumed to vary 
slowly with r, in the sense that variations in Eo(r) over 
distances of molecular magnitude are negligible. Be­
cause the system is a fluid, On(1) and p(r) will also be 
slowly varying functions of position. Therefore, since 
cs (12) is Short-ranged, we can Simplify the integral in 
Eq. (13) by evaluating the slowly varying function on(2) 
= On (ra, wa) at the point ra = r l and taking it outside the 
integral over ra. Equation (13) then becomes 

3yE L (r1)=41TP(r1)-piJ.oj dWaOn(r1 , wa) f dradw1cs (12)e l • 

(15) 
We next assume that cs (12) depends only upon relative 
positions and orientations of molecules 1 and 2. Then 
it is clear from the symmetry of the problem that 

(16) 

where Q' is a constant, independent of r 1 and wz• The 
value of Q' is determined by taking the dot product of ea 

with Eq. (16). (We also integrate over wa to make the 
result look more symmetrical.) One obtains 

(17) 

Since e1 0 ea is orientationally orthogonal to </1a(12), 1.2 

Eq. (17) can be rewritten as 

C\'=(41Trlf dradwldwac(12)el,eZ . 

Combining Eqs. (15) and (16), we obtain 

3yE L (r1) = (41T - pC\') P(r1) • 

(18) 

(19) 

According to the discussion given in II, Eq. (19) implies 
that the dielectric constant exists and is given by 

3 (E: -1) 3y 
41T E: + 2 = 411 - pC\' ' (20) 

which combines with Eq. (18) to give Eq. (2). This 
completes the proof that if c(12) has the form given in 
Eq. (12), where cs (12) is a short-ranged function which 
depends only upon the relative positions and orientations 
of molecules 1 and 2, then E: exists and is given by 
Eq. (2). 

It is instructive to contrast the present approach to 
that previously followed in I and II. In the previous ap­
proach, Eq. (3) was multiplied by iJ.o e1 and then inte­
grated over WI to yield 

p(r1) = f dra K(rt. ra) 0 Eo(ra) , 

where the dyadic kernel K is given by 

(21) 

K(rt. ra) = (3Y/41T>[ o(r1a) U + (3p/161T a) J dWl dWah(12)e1e2] , 

(22) 
and U is the unit dyadic. The development of II then 
proceeded by inverting Eq. (21) to obtain 

where the inverse kernel L is defined by 

f dr3 K(rt. r 3) 0 L (r3 , r z) = U 0(r12) . 

(23) 

(24) 

However, when this approach was pursued it was found 
necessary to adopt condition (b) in order to demonstrate 
the existence of E:. In the present approach this difficul­
ty is avoided by inverting the equation that expresses 
the response of the fluid to the external field before per­
forming the integration over WI' In this way one ob­
tains, instead of Eq. (23), the more useful Eq. (11), 
which involves c(12) directly and from which P(r) 
emerges naturally in due course. 

Although the inverse kernel L does not playa central 
role in the present approach, an expression for it can 
readily be derived. To do so, we introduce the tensor 
C(r, r') utilized in II: 

(25) 

By combining Eqs. (25) and (12) and making use of the 
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assumed behavior of cs (12), one can show that 

f dr2C(rt. r 2) 0 p(r2) = (a/121T)P(r1) 

+(J..I.~i3/9) f dr2 TG(r12) 0 p(r2). (26) 

Combining Eqs. (26), (19), and (14), we obtain 

EO(r1) = (41T/3y) f dr2 [Uli(r 12 ) - 3pC(r1, r 2)] 0 p(r2). (27) 

A comparison of Eqs. (27) and (23) leads to the identifi­
cation 

(28) 

which is just the result obtained in II by assuming con­
dition (b). The fact that condition (b) is not necessary 
for this result was first stated, without proof, by 
Wertheim.12 This fact must be qualified, however, by 
the statement that L as given by Eq. (28) is the inverse 
of K only in a coarse-grained or macroscopic sense 
(that is, when used in conjunction with slowly varying 
test functions), and not in a molecular or microscopic 
sense. If one were to substitute Eqs. (28) and (22) into 
the left member of Eq. (24), one would obtain not 
UO(r12 ), but rather a short-ranged dyadic function of 
r 1a whose spatial integral is U. Fortunately this is all 
that is needed in the present context, a fact that the 
present development implicitly takes into account but 
one that was not fully exploited in ll. 

III. SUBSIDIARY DEVELOPMENTS 

In this section we consider some of the consequences 
of separating c(12) and h(12) into short-range and long­
range parts in the manner of Lebowitz, Stell, and 
Baer. 19 The separation is performed as follows. One 
first writes 

(29) 

where co(12) is a short-ranged function of (12); i. e., 
I r 1a l3 co(12) - 0 as I r 12 1 - 00. One then defines ho(12) in 
terms of co(12) by the Ornstein-Zernike equation: 

ho(12) = co(12) + (p/41T) f d(3) co(13) ho(32) . (30) 

Clearly ho(12) is also Short-ranged. Finally, h1 (12) is 
defined by requiring that 

(31) 

The above separation is clearly not unique because co(12) 
is arbitrary except for the constraint that it be short­
ranged. 

In the case of present interest c(12) is given by Eq. 
(12). Thus we can write 

(32) 

(33) 

where 8(12) is a short-ranged function which is assumed 
to depend only on the relative positions and orientations 
of the pair (12) but is otherwise left arbitrary. Com­
bining Eqs. (32) and (17), we obtain 

(34) 

where 

(35) 

We now wish to eliminate co(12) in favor of ho(12). This 
can be done by setting k =1 in Eq. (A5) of the Appendix 
and using the result to eliminate the integral in Eq. 
(34). One then obtains 

a = 41T[(1 +p7J)"l 7J + 0"] , (36) 

where 

7J = (41T)"a f dra dW1 dW2 ho(12) e1 • ea 

Combining Eqs. (36) and (20), we find 

3 (E -1) 3y (1 )-1 
41T E + 2 = 41T 1 + P7J - pO" , 

(37) 

(38) 

which, together with Eq. (37), expresses E in terms of 
ho(12) instead of c(12). 

Two special cases of Eq. (38) are of interest. The 
first case is defined by taking 8(12) =0, which seems 
the simplest and most natural choice. Then cr=O and 
Eq. (38) becomes 

(E -1)/(0 2) =y [1 + (p/161T a) J drz dw1dw2 ho(12)e1 • e2] • 

(39) 
Equation (39) bears a striking similarity to the usual 
expression for E derived by considering a spherical 
sample and assuming the existence of E. a5 This expres­
f"ion may be written in the form 

(E-1)/(02)=y[ 1 + (p/161T 2V) f d(l)d(2)h(12)e1 0 ea], 

(40) 
where the spatial integrals are of course extended over 
the spherical sample volume. A comparison of Eqs. 
(39) and (40) shows that for the case of a spherical sam­
ple and the choice 8(12) = 0, h1 (12) does not contribute to 
the integral in Eq. (40). 

The second speCial case we shall consider is defined by 

(41) 

This case does not appear to be of intrinsic interest, 
but it deserves mention here as the choice implicitly 
made by Nienhuis and Deutch4 (ND). Although the ND 
theory was not originally formulated with c(12) in mind, 
Adelman and Deutch23 subsequently showed that Eq. 
(3.28) of ND is rigorously equivalent to the much sim­
pler statement: 

c1(12) =i3J..1.~e1 0 T ND(r12) 0 ea • (42) 

However, the tensor T ND(r1a) used by ND implicitly con­
tains a delta function at the origin; in our notation, this 
tensor is given by 

(43) 

Equations (42) and (43) combine with Eq. (33) to give 
Eq. (41). Thus Eq. (41), together with Eq. (33), is 
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rigorously equivalent to Eq. (3.28) of ND. 

By combining Eqs. (41) and (35) we find that pa==- y. 
Equation (38) then reduces, after a little algebra, to 

E - 1 = 3y [ 1 + (p/161T 2) f dr2 dWl dW2 ho(12) el • e2J, (44) 

which is the formula for E obtained by ND as a conse­
quence of their approximate Eq. (3.29). Thus we di­
rectly confirm that this approximation did not lead to 
an error in E, a conclusion reached earlier by H!&ye and 
Stell. 13 

Although the separation of c(12) and h(12) into short­
and long-range parts is often formally advantageous and 
enlightening, one must keep in mind that the separation 
is not unique; thus formulas which depend, for example, 
on ho(12) but not on hi (12) must be applied with caution. 
We have introduced the arbitrary short-ranged function 
s(12) partly for convenience but also partly to emphasize 
this nonuniqueness. It is of interest to note that in the di­
polar case the nonuniqueness appears to be related to 
the dependence of improper integrals involving the sin­
gular tensor vv I r 1-1 upon the shape of the cavity ex­
cluded at the singularity. 17 That is, one can effectively 
vary the cavity shape by varying s(12). From this point 
of view, the ND choice of s(12) corresponds to the use 
of a needle-shaped cavity, instead of the spherical cavity 
which is built into T G (r12). 

It is also well to emphasize the important fact that, 
although we may loosely speak of ho(12) and hi (12) as 
the "short- and long-range parts" of h(12), this does 
not mean that h(12) ~ ho(12) at short range. The func­
tion hi (12) is in general neither zero nor negligible at 
short range, and must be included in evaluating h(12) 
at short range as well as at long range. 

APPENDIX: ANGULAR MOMENT RELATIONS 
BETWEEN SHORT-RANGE DIRECT AND TOTAL 
CORRELATION FUNCTIONS 

Consider the case in which both c(12) and h(12) are 
short-ranged and depend only upon relative positions 
and orientations of molecules 1 and 2. The spatial in­
tegral in the Ornstein-Zernike equation, 

h(12) =c(12) + (p/41T) f d(3)c(13)h(32) , (A1) 

can then be extended over all space even for a finite 
system, provided that neither r l nor r2 is in a region 
of negligible volume near the walls. Now it is clear 
that 

f dr2 h(12) and f dr2 c(12) 

can depend only on the orientation of molecule 1 relative 
to molecule 2; i. e., on el 'e2 • The functional depen­
dences of these quantities on el ' e2 can be expanded in 
terms of Legendre polynomials: 

f dr2 h(12) = ~ h~ Pk(el • e2) , 

J dr2 c(12) = ~ ckPk(e1'~) • 

(A2) 

(A3) 

The Legendre polynomials satisfy the following angular 
convolution relation: 

f dW3 p~(e1 • e3) p/e3, e2) ==41T(2k +1)"1 ()~j p~(el • e2) , 

(A4) 
where ()~j is the Kronecker delta. Equation (A4) is eas­
ily verified by means of the addition theorem for spheri­
cal harmonics. 26 From Eqs. (A1)-(A4) it follows im­
mediately that 

(A5) 

which can readily be solved for either c~ or hk as de­
sired. The coefficients c~ and hk are essentially angu­
lar moments of the quantities f dr2 c(12) and f dra h(12): 

hk == (41T)"2(2k + 1) f dr2 dWl dW2 h(12) Pk(e1 • e2) , (A6) 

ck == (41T)"2(2k + 1) f dr2dwldw2 c(12)Pk(e1 • ea) • (A 7) 

Equations (A6) and (A7) follow directly from Eqs. (A2)­
(A4), with the special chOice of e2 =e1 in Eq. (A4). 
Equations (A5)-(A7) generalize a well-known relation 
between the spatial integrals of c and h in a simple 
fluid. 24 Equation (A5) can be written in the alternative form 
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