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Abstract. An effective and physically meaningful analytical predictive model is developed for 

the evaluation the lattice-misfit stresses (LMS) in a semiconductor film grown on a circular 

substrate (wafer). The two-dimensional (plane-stress) theory-of-elasticity approximation (TEA) 

is employed in the analysis. The addressed stresses include the interfacial shearing stress, 

responsible for the occurrence and growth of dislocations, as well as for possible delaminations 

and the cohesive strength of a buffering material, if any. Normal radial and circumferential 

(tangential) stresses acting in the film cross-sections and responsible for its short- and long-term 

strength (fracture toughness) are also addressed. The analysis is geared to the GaN technology.  

1. Introduction 

GaN is a binary III/V direct bandgap semiconductor commonly used in bright light-emitting diodes. 



interfacial shearing and peeling stresses were as important as the normal stresses acting in the cross-

sections of the GaN film. While the normal stresses in the GaN film cross-sections are responsible for 

the fracture toughness of the film material, it is the interfacial stresses that are responsible for the ability 

of the assembly to resist delaminations (interfacial cracking) and for the performance of the buffering 

(“bonding”) materials, if any. The objective of the analysis that follows is to develop a simple and 

physically meaningful predictive TEA based LMS model for a GaN film grown on a circular substrate. 

Our intent is to evaluate, using the developed model, the applicability and accuracy of the SMA (that 

addresses a bi-material elongated strip as a more or less suitable substitute for an actual circular 

assembly).  

 

2. Analysis 

2.1. Normal stresses in the assembly mid-portion 

The analysis carried out in this section proceeds from the major assumption that neither the circular 

configuration of the assembly nor its bow affect the normal LMS in the major mid-portion of a large 

size bi-material assembly. Let the lattice constants for the materials of the components #1 (film) and 

#2 (substrate) be a1 and a2 ≤ a1, respectively, and, as a result of joining these components into a single 

bi-material assembly, the final interfacial lattice constant is a. Then the interfacial strains experienced 

by the component materials are 1
1
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   in compression and 2
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    in tension. 

The induced stresses, in accordance with Hooke’s law for the two-dimensional state of stress, are 
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in compression and in tension, respectively. Here E1 and E2 are Young’s moduli, and ν1 and ν2 are 

Poisson’s ratios of the materials. The equations (1) reflect the following assumptions: these stresses are 

the same for all the points in the given cross-section of the given component; the assembly size (in the 

x-y plane) is significant and the assembly points of interest are sufficiently remote from the assembly 

edges. The corresponding forces are 
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  are the axial compliances of the assembly components, and h1 and h2 are 

their thicknesses. The condition T1 = T2 of equilibrium yields: 1 2
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The normal strains in the cross-sections of the assembly components are 1 1 0T  , 2 2 0T  , where 
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is the longitudinal force (whether T1 or T2). The corresponding normal stresses acting 

in the cross-sections of the assembly components are 0 1 2
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in compression and in tension, respectively. When the component #2 is a thick substrate, and the 

component #1 is a thin film, the axial compliance λ2 of the substrate becomes significantly smaller than 

the compliance λ1 of the film, and, if the Young’s moduli of the component materials are in the same 

order of magnitude such as GaN and SiC, the above formulas can be simplified as follows: 
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These formulas indicate that the normal compressive stress in the mid-portion of the component #1 

(thin film), as long as it is thin enough, is independent of its thickness, and that the normal tensile stress 

in the substrate is proportional to the  thickness ratio and is very low. 

2.2. Interfacial shearing stress 

2.2.1. Assumptions 

The following major assumptions are used in our analysis: 

 The assembly components (the film, and the substrate) can be treated as thin circular plates 

experiencing small deflections, and the engineering theory of bending of thin plates can be used to 

predict their physical behavior; 

 The peeling stresses do not affect the interfacial shearing stresses and need not be accounted for 

when evaluating the shearing stresses;  

 The interfacial compliances of the assembly in its plane is due to the joint interfacial compliances 

1
1

13

h

G
   and 2

2

23

h

G
   of the film and the substrate [2]; 

 The interfacial radial displacements, u1(r), of the component #1 (film) can be evaluated as the sum 

of the radial displacements, u(r), caused by the lattice-misfit-induced forces, and additional 

displacements, κ1τ0(r), of the interfacial point at the given radius r, with respect to the displacements 

u(r) of the inner points of the cross-section: 1 1 0( ) ( ) ( ).u r u r r    In this formula,  

τ0(r) is the interfacial shearing stress in the given cross-section, and κ1 is the interfacial compliance 

of the film layer. The displacements u(r) can be evaluated based on the Hooke’s law, and are 

considered the same for all the points of the given (circumferential) cross-section. The second term 

in this relationship is, in effect, a correction that considers the deviation of the given cross-section 

from planarity; 

 The interfacial radial displacements,. u2(r), of the substrate can be evaluated as 2 2 0( ) ( )u r r   .  

 Assembly bow has a small effect on the state of stress in the film and need not be accounted for. 

 The interfacial shearing stress τ0(r) increases with an increase in the film thickness and with an 

increase in the shearing stress gradient 
( )xz r

z




in the through-thickness direction; in an 

approximate analysis the interfacial shearing stress τ0(r) can be sought as a product 1

( )xz r
h

z




 of 

the film thickness h1and the through-thickness gradient 
( )xz r
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of the shearing stress at the given 

radius. This means that the through-thickness gradient 
( )xz r

z




of the shearing stress can be sought 

in the approximate form: 0
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.  

2.2.2. Basic equation and its solution 

The taken assumption and the condition u1(r) = u2(r) of the displacement compatibility result in the 

following formula for the radial interfacial displacements of the film: 

 0( ) ( )u r r  , (4) 

where κ = κ1 + κ2 is the total interfacial compliance of the assembly. The formula (4) and the Cauchy 

formulas  [7] 
( )

( ),r

u r
u r

r
    for the normal radial, εr, and the normal circumferential 
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(tangential), εθ, strains yield:  0
0
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       . The corresponding  normal stresses in the 

film can be evaluated, using Hooke's law equations 1 1
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Introducing the obtained formulas into the equilibrium equation 0rr rz

r z r

    
  

 
, the 

following basic equation of Bessel type for the shearing stress function, τ0(r) can be obtained: 
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     , (6) 

where 1
1(1 )k





   is the parameter of the interfacial shearing stress, and λ1 is the radial compliance 

of the film. Note that when the SMA is used and the film is significantly thinner than the the substrate, 

the longitudinal axial compliance λ of the assembly is due primarily to the compliance λ1 of the film, 

and the parameter of the shearing stress is 1
*k k




  .The difference should be attributed to the 

circumferential loading in circular assemblies.  

The equation (13) has the following solution: 

 0 1 1( ) ( )kr C I kr  . (7) 

where C1 is the constant of integration, k is the parameter of the interfacial shearing stress, and I1(kr) is 

the modified Bessel function of the first kind of the first order [8]. The Bessel function in (7) obeys the 

following rules of differentiation: 1
1 0
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r
   0 1( ) ( ),I kr kI kr  where  I0(kr) is the 

modified Bessel function of the first kind of zero order. The function I1(kr) is anti-symmetric with 

respect to the origin and plays the same role as the hyperbolic sine plays in the SMA solution for an 

elongated strip [2]. Introducing the solution (7) into the formulas (5), we have: 
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Then the equilibrium equation, with consideration of the the solution (7), yields: 

 01 1 1
1 2

1 1

( ) ( ) ( )
2

1

r I krE I kr I kr
C k

r r r h






   
    

    
 (9) 

This equation can be also written as 
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By integration, we find 
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where 𝑓(z) is an arbitrary function of the coordinate z . Since the radial normal stress in the film does 

not change in its through-thickness direction, one should put (z) = C0 , where C0 is thus far unknown 

constant of integration. Thus, 
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There are no external loads acting on the assembly edges, and therefore the boundary condition 

σr(r0) = 0  should be fulfilled. This condition and the expression (12) yield: 
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so that 
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For small radii r the following approximations can be used [8]: 0 ( ) 1,I kr   1( ) .I kr kr  Then the  

expression (14) yields: 
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Comparing this formula with the first formula in (8), we conclude that the constant C1 is expressed as 
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This formula indicates particularly that while the radial normal stress is proportional to the 1

1

C

kh
 ratio 

and is, hence, film thickness independent, the interfacial shearing stress is proportional to the C1 value 

and increases linearly with an increase in the film thickness. 

Using the solution (7) and the formula (16) for the constant of integration 1C , the following  formula 

for the interfacial shearing stress can be obtained: 
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is the maximum shearing stress that occurs at the 

assembly edge, and the function  

                                           

 

1 0
0

1 0
1 0 0

0

( )
( )

( )
1 1 ( ) 1

I kr
kr

I kr
I kr

kr






 

    
 

                                              (18) 

considers the effect of the product kr0 of the parameter k of the interfacial shearing stress and the 

assembly size (radius) r0 on the maximum interfacial shearing stress. Thus,   the maximum interfacial 

shearing stress at the assembly edge increases with an increase in the effective Young’s modulus of the 

material of the film, with an increase in the parameter k of the interfacial shearing stress and with the 

increase in the thickness h1of the film. The stress increases, of course, with an increase in the lattice 

misfit 2

1

1
a

a
  that plays the role of the “external loading”. The maximum shearing stress is inversely 

proportional to the longitudinal (axial) compliance 1
1

1 1

1

E h





  of the film. The function (18) is tabulated 

in the second line of Table 1 for ν1 = 0.25. As evident from the calculated data, the maximum shearing 

stress increases with an increase in the parameter kr0 when this parameter changes from zero to about 

kr0 ≈ 10.0, and then remains constant, i.e., assembly size independent. 

2.2.3. Theory-of-elasticity (TEA) vs. strength-of-materials (SMA) solutions 

Let us compare the TEA solution with the SMA solution for the interfacial shearing stress. One can 

write the SMA solution as [2] 
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