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Abstract

During the initid stages of a Buchner funnel or specific resistance test, gravity drainage occurs prior to
goplication of the pressure differentid. Some dlow time for a smal cake to form by gravity drainage.
Filtrate data from the gravity drainage period can be used to determine condtitutive properties of the
cake under a hydrogtatic pressure gradient. The congtitutive properties that define the structure of the
cake include the permesability and porosity as functions of the gpplied stress. Equations governing the
drainage rate during a gravity filtration experiment assuming a constant and a non-congtant average cake
permesbility and cake porosity were developed. Numerica solutions were shown predicting the gravity
drainage rate given known conditutive relationships. Also, a procedure was shown illustrating how
congtitutive relaionships could be determined using gravity drainage data.



I ntroduction

During the initid stages of the Buchner Funnd test, gravity drainage occurs prior to gpplication of the
pressure differentid.  Some researchers recommend alowing time for a thin cake to form by gravity
prior to gpplication of the pressure differentia (Vesilind, 1979). Christensen and Dick (1985a, 1985b)
and Wells and Dick (1988) evauated the impact of dlowing a gravity drainage period (or cake
formation period) on computed values of specific resstance.

This research note explores the theory and gpplication of gravity filtration data prior to gpplication of the
pressure differentia in a Buchner funnd tedt.

Governing Equations. Constant Average Cake Permeability and Porosity

For flow through a series of cake layers of varying permesbility, Greenkorn (1982) showed that
Darcy’s Law could be written as
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where  Q:flow rate through cake
A :cross - sectiond areaof filtration cell
Dp : applied pressure differenti al across entire cake
r’ :inverse permesbili ty of layer i

L :length of layeri

m: dynamic viscosity

L :total cakelength =SL,

k : average permesbili ty of cake

For gravity filtration, the applied pressure differentia and the cake length is a function of time, such that
Darcy’s Law can be written as

where h:distance from top of cake tofree water surface

Using mass conservation, the relationship between L(t) and h(t) can be determined as follows:

For gravity drainage, the rate of filtrate production is equd to the change of volume of the initid durry
(assuming no solids are logt through the filter medium), i.e,
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where Dh:change in height of durry
Dt : change intime

Theinitid mass of lidsinthedurry is

I\/Iasslnitial =" C = hAC (4)

where h :initid height of durry
C, :iniid concentration of durry
" volume of durry added to filtration cdl

If the cake is formed at an average concentration of G , then the initid mass is equd to the mass of
solids in the durry (at concentration G) and the mass of solids in the cake (at concentration G), such
that

hAC, = hCA + LCA (5)
Smplifying and solving for L,
C
L= —=—(h-h 6
o (h-h) (6)

Also, note that C, can be described by the porosity of the cake, e, as

C,=r,(-T1,) ©)
where r . s0lid density
Also, theinitia concentration of suspended solids can be determined using theinitid porogty, e, as
C=r (1)) ®)
Then subgituting Egs. 3 and 6 into Eq. 2 and smplifying,
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Using aninitid conditionthat h=h; a t = 0, thesolutionto Eq. 9 assuming k and C, are not af(t) is
an implicit equation of the form
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where a =-
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Hence, if data of h(t) are determined from experimenta results, the vaue of kand T, can be
determined assuming they are congtant as af(t). Note that Eqg. 10 can be rearranged as

fnaEhQ- ﬂ+1
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There is dso aminimum vdue of hy, or conversdy a maximum vadue of L. These can be determined
from amass baance asin Eq. 6 such as

C
L = - h ) 13
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or
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The relationship between L and his shown in Figure 1.




Figure 1. Reationship between cake length L and height of durry in filtration vessd.

Governing Equations. Non-Constant Aver age Cake Permeability and Por osity

The average cake permesbility and porosity (k and T ) can be assumed to be functions of time by
assuming appropriate condtitutive relationships. For example, the permeability can be described as a
function of porosity, i.e, k = f(1 ), and the relationship between pressure differentia and cake porosity
can be defined using the definition of the average cake coefficient of volume compressibility, m,, such
that

1m _ 1
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where p: pure water pressure
s " effective stress=Dp,.,, - P

(15)

Any functional rdaionships for k and m, can be chosen, but for mathematical convenience and
according to data from Wells (1990a), the following forms were chosen:

k=aexp (bl ,) (16)
m = cexp(di,) (17)

wherea [LF, b[-], c[ML™T?, d[-]: empiricd constants.
Subgtituting Eq. 17 into Eq. 15, integrating, using Dp =r g(h - h ) ,and solving for T _,

;== <l cdrg(n- h)+ep(-dl ) (18)

Then, rewriting Equation 8 by substituting Eq. 7 and Eq. 16,

dh  -krgh _-aep(bl Jrgh(t-1 )r,
& o€ T e )
o/ (- h) i
Then subgtituting Egs. 18 and 8 into Eq. 19, we have the find differentid equation for h,
- arhggapg? %En{- cdrg(h- h)+exp (- di ,)}%H%ﬁn{ cdrg(h- h)+exp (- di ,)}E
_ g€ e

dt m (- T ) - h)
(20)



This non-linear ordinary differentia equation can be solved numerically.



Numerical Results

Egs. 12 and 20 were solved for a given set of condtitutive relationships for kaolin clay shownin Table 1.
Eq. 12 was solved implicitly for h asaf(t). Eq. 20 was solved usng a Runge-K utta numerica technique.
Figure 2 shows the resulting height of fluid in a column or Buchner funnd and Figure 3 shows the
expected filtrate volume as a function of time for both Eq. 12 and Eq. 20.

Table 1. Congtitutive parametersfor kaolin clay (Wells, 1990a).

Parameter vauesfor Egs. 16 Vdue Units
and 17

a 2.04E-20 nt

b 28.9 -

C 2.0E-16 kg/m/s’
d 28.9 -
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Figure 2. Predictions of durry height from Eq. 12 and 20 for condtitutive parameters from Table 1,
e=0.7, A=150 cn?, r <=1.5 g/en?, h=30 cm, €,=0.95, C;=75 kg/nT, m=0.01 g/cné/s, r =0.9982
glent.
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Figure 3. Predictions of filtrate volume from Eq. 12 and 20 for congtitutive parameters from Table 1,
e=0.7, A=150 cn?, r =1.5 g/len?, h=30 cm, €=0.95, C;=75 kg/n*, m=0.01 g/cné/s, r =0.9982
g/t

Determination of Congtitutive Propertiesfrom Gravity Drainage Data

The inverse problem is to determine the permeability and porosity of the cake given the drainage rate.
Egs. 16 and 17 introduced 4 empirica coefficients necessary to specify the congdtitutive properties.
Other condtitutive relationships aso usudly require aminimum of 4 parameters (Vorobjov e a., 1993).
The technique would be similar to one developed by Wells (1990b) where a non-linear, least-squares
curve fitting procedure was used to determine those coefficient vaues with the minimum error.

Summary

The rate of filtrate production data from a gravity filtration experiment can be used to determine
condtitutive properties of the durry. These properties include cake porosity and cake permeability as a
function of pressure differentia. Equations determining the drainage rate over time were presented for
the both constant and non-constant average cake porosity and permesbility. The constant average cake
permesbility and porosity model predicted a dower rate of filtrate production than the non-congtant
porosty and permesbility mode. These modds can be used to determine durry properties by using
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laboratory filtrate data to caculate the relationship between permeability and porosity and porosity and
effective stress. Surry properties dlow researchers to compare durry characteristics and to develop
complex models of the dewatering behavior.
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