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Existence of the dielectric constant in fluids of nonlinear

rigid polar molecules®

John D. Ramshaw

Theoretical Division, University of California, Los Alamos Scientiﬁc Laboratory, Los Alamos, New

Mexico 87545
(Received 5 January 1978)

The existence of the dielectric constant € is investigated for fluids composed of nonlinear rigid polar
molecules. The investigation is performed using the functional-derivative approach previously employed to
establish sufficient conditions for the existence of € in fluids of linear (axially symmetric) molecules. It is
shown that these same conditions are sufficient for nonlinear molecules of arbitrary symmetry. An
expression for € in terms of the direct correlation function emerges automatically from the development.
This expression, which involves the inversion of a 3X 3 matrix, is a slight generalization of one obtained

earlier by Hgye and Stell using an entirely different approach.

1. INTRODUCTION

This article is the fourth in a series concerned with
dielectric behavior and pair correlations in fluids com-
posed of rigid (unpolarizable) polar molecules, As in
the previous articles,!™® our primary concern is with
the conditions under which the dielectric constant €
may be shown to exist. Attention was previously re-
stricted to linear (axially symmetric) molecules, so
that the essential features of the problem could be iden-
tified and clarified in the absence of peripheral com-
plications. It was discovered that the direct correla-
tion function c¢(12) is of central importance to dielec-
tric behavior, and that sufficient conditions for the
existence of € could be simply expressed in terms of
it.2 The least restrictive such conditions were ob-
tained® by exploiting the functional-derivative inter-
pretiltion of ¢(12) in terms of an inverse response ker-
nel,

The purpose of the present article is to extend this
previous work to nonlinear molecules of arbitrary sym-
metry, The development follows the same outline as
that of the axially symmetric case,® but is naturally
somewhat more complicated in its details. However,
the final sufficient conditions for the existence of € are
the same as before: € exists if ¢(12) is the sum of a
short-range term that depends only on relative posi-
tions and orientations of molecules 1 and 2, andthe long-
range term - ¢,(12)/kT (where ¢, is the dipole~dipole
potential),

As usual, an expression for € in terms of ¢(12)
emerges automatically from the development. In con-
trast to the simplicity of the axially symmetric case,
this expression involves the inverse of a 3 X3 matrix
whose elements are formed from spatial integrals of
various angular moments of ¢{12). This expression is
a slight generalization of one derived earlier by Hgye
and Stell® using an entirely different approach. (Hdye
and Stell derived their expressions for € by considering
electrostatic interactions in the interior of an infinite
sample.*® They were not specifically concerned with
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the existence of €, the investigation of which requires
one to consider a finite sample of arbitrary shape in a
nonuniform external electric field.?)

{l. THE EXISTENCE OF ¢

Consider a finite volume V, of arbitrary shape, con-
taining N identical rigid polar molecules of arbitrary
symmetry, The number density N/V is denoted by p.
The position and orientation of molecule %2 are denoted
by r, and w, respectively; they are collectively repre-
sented by the shorthand notation (k). Orientations are
usually specified by the Euler angles”; then w, =(6,,

Gp, %) and Q= [do, =872, Lete,, (@=1,2,3)bea set
of orthogonal unit vectors rigidly affixed to molecule k.
The e,, are defined similarly for all the molecules, so
that if molecules j and 2 can be made coincident by a
translation alone then e,; =e,,. The dipole moment of
molecule 2 can then be expressed as

p‘kzz By €uny (1)
(3

where p, is simply the component of p along the ¢ axis
in the molecular frame. The magnitude of the molecu-
lar dipole moment is

woo (T )" @

Imagine that the sample is subjected to an externally
applied field that adds the term

Zk: o(k)

to the total potential energy of the system. The linear
(first-order) deviation z(1) of the single-molecule
generic distribution function (1) from its zero-field
value of p/Q then satisfies®

-86(1)=(2/p) 6n(1) - f d(2) 5n(2)c(12), (3)

where c(12) is the direct correlation function* of the
system in zero applied field, and g =(kT)’. The spatial
part of the integral [d(2) of course extends only over
the sample volume V., Equation (3) is our basic starting
equation, just as it was for linear molecules, ®

The external field is taken to be a position-dependent
electric field Ey(r), so that
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P1)= =y s Eg(r) == D poey, «Eylry). (a)

The macroscopic response of the system to the field is
measured by the polarization (dipole moment per unit
volume), which is given by

P = [ dogyon(D)= 3 w,Qulr), (5)
where
Qu(r) = [ duy oy6n(1). (6)

We now substitute Eq. (4) into Eq. (3), multiply the
resulting equation by ez, and integrate over w,. The
result is

3BQHEy(ry) =(2/0) Qu(ry) —fd(Z) dw,5n(2) c(12) ey,

(7

where use has been made of the easily-verified relation

fdwkeuk €5 =%96aﬁu ’ (8)

in which 6,4 is the Kronecker delta and U is the unit
dyadic. Although it is clear from the context, we em-
phasize that when g appears as a subscript it simply
represents 1, 2, or 3 and is unrelated to the tempera-
ture.

To proceed further something must be known about
the direct correlation function ¢(12), Fortunately
something is; a number of independent treatments
(most of which were cited in Ref, 3) imply that c¢(12)
becomes asymptotic to - g¢,(12) at long range, where
¢4(12) is the dipole—-dipole potential. We can therefore
write

c(12) =c,(12) + B84y * T 4(r12) « iy, 9

where c,(12) is a short-ranged function of (12), ry,
=r =Ty, T,(r)=H(Ir| =5)VVIr|™", and H(x) is unity
if x> 0 and zero otherwise. It is understood that the
limit § -0 is to be taken after the performance of any
spatial integral in which T,(r) appears, Combining
Eqgs. (7) and (9) and making use of Eqs. (1), (8), and
(5), we obtain

3 BRUEL(r) =(Q/p) Qa(ry) - f d(2) dw,5n(2) c,(12) &g,

(10)
where the Lorentz electric field E,(r) is defined by

EL(r1)=Eo(r1)+[drzT°(r12)'P(rz)- (11)

Since ¢ (12) is short-ranged, the integral over r, in
Eq. (10) can be extended over all space instead of just
over the volume V,

We restrict attention to external fields Eq(r) that
vary slowly with r in a molecular sense, i.e., com-
pared to the range of ¢,(12). Then n(2) will also vary
slowly with r,, so that Eq. (10) may be rewritten as

38R EL (1)) =(2/0)Qs(xy)

-fdwz(m(r,, wz)fdrzdw1 cs(12) ey,

(12)
Now assume that ¢ (12) depends only on relative posi-
tions and orientations of molecules 1 and 2. [Since
c,(12) is a short-ranged function, this assumption is
very reasonable even though the system is finite, ] Then
it is clear that the inner integral in Eq. (12) can be ex-
pressed as a linear combination of the vectors e,

fdrz dwy cs(12) €5 =Q D Caq Cos (13)
[+

where the coefficients cg, are independent of r; and w,.
Since the e,, are orthonormal, these coefficients are
given by

Cop =Q'2fdrzdw1dw2cs(12)ea1 ey, (14)

where we have performed a further average over w,
to make the result look more symmetrical, Since all
the molecules are identical, ¢,{12) is symmetric and
hence ¢,z =Cz4.

Combining Egs. (12) and (13), we obtain

1 BousEL () =Qu(r) =p D Ca@ulry). (15)

Let p be the column vector with elements u,, Q(r) be
the column vector with elements Q,(r), and C be the
3x3 symmetric matrix with elements ¢,5. Then Eq.
(15) can be written in matrix form,

Q(ry) - pCQ(ry) = $6oE,(r) 1, (16)
which has the formal solution
@ (r,) =38pE, (r,) 0 - pO)* amn

in which I denotes the 3x3 unit matrix with elements
B.s. Now the polarization, given by Eq. (5), can also
be written in matrix form,

P(r)=pnTQ(r), (18)

where ﬁT is the row vector corresponding to the column
vector . Combining Egs, (17) and (18), we obtain

P(r,) =4gpl 7 = pC)* 4] Ey(xy). (19)

Therefore, ? the dielectric constant exists and is given
by

(e = 1)/(e+2)=(4r/9)8p T - pCY i
=T 6o 22 ba bl =pOrtlys . (20)

Since the matrix (f—pé) is only 3x 3, it can be inverted
fairly easily. This will not be done, however, as it
has no advantage for our purposes.

To complete the development we show that ¢,(12) may
be replaced by c(12) in Eq. (14) without changing c,;.
To do so, it suffices to show that the quantity

dos(0) = [ deoy duog [y T o)+ iyl - 00) (21)

vanishes, Using Egs. (1) and (8), it is easy to show that
d,s reduces to

J. Chem. Phys., Vol. 68, No. 11, 1 June 1978
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doo(1) =(9/3)? o MaT4(r): U (22)

But

T40): U=H(|r| =6) v2|r| =—dnH (x| ~0)65(r), (23)
where §,(r) is the Dirac delta function. This clearly
vanishes for all r; thus d,s(r) = 0 and ¢, can be com-
puted from the alternative expression

Cos =072 fdrzdc«.’1 dw, c(12) ey, * g5, (24)
where the integral over r, can be extended over all
space, just as in Egs, (12)-(14).

ill. THE FORM OF ¢

We now wish to consider Eq. (20) for € in greater de-
tail. First we verify that Eq. (20) reduces properly to
the form appropriate to axially symmetric molecules.?
Let the molecular axis o =3 be the symmetry axis, so
that py =, =0 and py =p,. The orientation of the sym-
metry axis of molecule % is specified by w, =(6,, ¢)
and the angle of rotation about this axis is denoted by
. Thus w, ={(ws, ¥) znd dw, =dw,dy,. Clearly c(12)
is independent of ¥, and ¥,, so that Eq. (24) becomes

Cop = (8192 f dr, dw; dw;cuz)( diy eal) ( f dy, esz>.

(25)
But
fd‘l’k €4, = 21043 ; (26)
therefore,
Cap =0y30p3B =0aslqs B, (27)
where
B=(4r)? f dr, dw{ dw, c(12) ey, « €g,. (28)

Since the only nonzero element of C is ¢33, U=pC)isa
diagonal matrix and its inverse can be computed trivial-
ly. The result is

[@ = pC) " lag = Sas(1 = pBas B)™. (29)
Equation (20) then becomes
(€ - 1)/(e+2)=(4n/9) Bpud [T = pC) )y,
=(47/9)gpus (1 - pB)™, (30)

which is just the result obtained earlier under the re-
striction of axial symmetry.%?

We next compare Eq. (20} with the result derived by
Hdye and Stell (HS)® in their Appendix A, To perform
this comparison it is necessary to express the ¢, in
terms of the Euler angles. Let a, be a set of orthogonal
unit vectors fixed in the laboratory, and let the Euler
angles (6,, ¢,, ¥,) correspond to the rotation that trans-
forms the a, into the e,,. This transformation is per-
formed using the rotation matrle whose elements
A, are functions of the Euler angles of the molecule in
question:

5201

ak = Z AaB(k) a'B . (31)
3

The matrix A is given by Eq. (4—46) of Goldstein”;

it is just the transpose of the matrix 3, defined by Eq.

(A5) of HS, whose elements they denote by f4,. Thus

A slk)=fL (#), which together with Eq. (31) implies

that

€a1° €= Zfia(l)fiﬁ(z)- (32)
14
Equation (14) can therefore be rewritten as
Cus =02 [ drdwy doye,12) T 71,075, (33)
r

Now it follows from Eqs. (A7)~(A9) of HS that, in
their notation,

oty =(p/0) [dryamdayei12) 2 £ (DAL (39

Since our ¢,(12) is the same as HS’s ¢,(12), we see that
our pc,s is the same as their cl,. This equivalence en-
ables us to write their expression for € [obtained by
combining their Eqs. (2.12a), (A13), (A15), and (A16)]
in our notation as

(€= 1)/(c +2) =(4n/9) Bpud [ - pC) M5

But HS have assumed, in effect, that the molecular co-
ordinate system has been chosen so that the dipole mo-
ment lies along the molecular axis o =3. When Eq. (20)
is specialized to this choice, we obtain precisely Eq.
(35). We thereby confirm the result of HS by an entire-
ly different method. However, Eq. (20) is more gen-
eral in mathematical form then the HS expression, since
we allow an arbitrary choice of the molecular coordinate
system. Moreover, since our expression for c 4 in-
volves the e,, directly it is independent of the choice of
orientational coordinates, thereby allowing the use of
descriptions other then the Euler angles if desired.

(35)

JFinally, we show that the inverse of the matrix
(1 pC) can be directly expressed in terms of the short-
range total correlation function % ,(12) defined by

hol12) =¢,(12) + (/) [ d(3) ¢, (13) (32). (36)

Multiply Eq. (36) by e, +€;, and integrate over r,, w,
and w,. After manipulations similar to those performed
earlier, one obtains

Ros=Coug+Pp anr hy s, &
k4
where
hag =87 [dl‘zdah dw, hy(12) €41+ €55. (38)

Let & denote the matrix with elements k,,; then Eq.

(37) can be written in matrix form as
H=C+poCH. (39)

Multiply this equation by p and add I to both sides.’ Then
after rearrangement one finds

(T=oC)([+pH) =1, (40)

J. Chem. Phys., Vol. 68, No. 11, 1 June 1978
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so that
(I - pC) =(I+pH).
Substitution of Eq. (41) into Eq. (20) then yields

(41)

€=1_4r
<3 "9 PP ; Mo Ha(Bas +Phop)

4
= ‘571‘ Bo [H%"'PQ-Z fdrzdu1 dw, hy(12) W, - P'z] , (42)

where Eqs. (1) and (2) have been used. This expression
is identical to the result of combining Egs. (2.12a),
(2.12b), and (2.12e) of Hdye and Stell,® since our func-
tion 7,4(12) is the same as their function (§/pP W (12).
Conversely, if one begins with Eq. (42) the relation (41)
provides the simplest route to Eq. (20).

IV. SUMMARY

We have shown that if the direct correlation function
is of the form given in Eq. (9), where c,(12) is a short-

John D. Ramshaw: Existence of the dielectric constant

ranged function that depends only on relative positions
and orientations of molecules 1 and 2, then € exists and
is given by Eq. (20). Equation (20) is identical in physi-
cal content to the expression for € in terms of ¢(12) de-
rived earlier by Hgye and Stell, but is more general in
mathematical form. The matrix inverse appearing in
Eq. (20) was found to be simply related, via Eq. (41),

to the short-range total correlation function conjugate

to ¢,(12).
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