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First-order amplitude for general state-to-state transitions in hydrogen
by projectile impact

Jack C. Straton
Department of Physics, Cardwell Hall, Kansas State University, Manhattan, Kansas 66506-2601
(Received 11 June 1990)

The closed analytic form for bound-state transitions due to projectile impact is found in the
intermediate representation. The coordinate integral is obtained by evaluating the remaining
two integrals in the general multicenter integral derived previously [J.C. Straton, Phys. Rev. A
41, 71 (1990)]. Evaluating the remaining time integral depends upon relating a sum of modified
Bessel functions of the second kind Kn41/2(z) to a simple polynomial in 1/z. The results of
Van Den Bos and De Heer [Physica 34, 333 (1967)] are shown to be missing a phase factor of

(=)0,

I. INTRODUCTION

The amplitudes for excitation from the hydrogen ground
state into the n = 2 and 3 excited states that were found
by Van Den Bos and De Heer! have provided the basis for
comparison in many experimental?~% and theoretical®—3
studies. It would be helpful to have transition amplitudes
into the n = 4 manifold, for which Park et al.® have
experimental results, and higher. Likewise, as the ex-
perimental study of multiple excitation of many-electron
atoms by projectile impact proceeds,®~!! a full catalog of
transitions between the excited hydrogenic states will be
required for calculations using configuration-interaction
wave functions (weighted products of one-electron wave
functions). McGuire et al.!? have contributed to this
catalog by calculating the 2s—2p transition amplitude,
and Straton and McGuire!® have given the entire set of
transitions within the n = 1 and 2 manifolds, including
21m — 21m’ transitions, in cases where there may be a
change in the screened nuclear charge. Since the latter ef-
fort required some 250 pages of notes (125 for each of two
independent methods), it may be expected that includ-
ing just the full n = 3 manifold would be an enormous
undertaking,.

The present paper presents the alternative of deriving
the transition amplitude once, for all states némA (with
A = Zr/ag) to all states n'¢'m’X. In Sec. II, the co-
ordinate integral is evaluated by utilizing the author’s
results for the general multicenter integral. The time in-
tegration is performed in Sec. III by utilizing a relation
involving sums of modified Bessel functions of the second
kind Kn41/2(2) to a polynomial in 1/z. The proof of this
relation is given in the Appendix.

II. SPATIAL INTEGRATION

The first-order one-electron transition amplitude in in-
termediate representation is

8

arln’l'—m’A’,nlmA (w, B)

oo
=—1 / dt ! Vr;\‘t’—m’:\nlm(R)s (1)
—o0

where
Vn)\'l’—m'?ntm(R) = /dsr u:'l"‘—m’(r) V(R’ l‘) u:‘xtm(r) ’

(2)
w=FE-E, (3)
and in the semiclassical approximation (SCA) the projec-

tile of velocity v follows a rectilinear path as a function
of time,

R = Bi+ vtk . (4)
B is the impact parameter.

The first-order SCA has been shown to be the interme-
diate representation equivalent of (the two-dimensional
Fourier transform of) the plane-wave first Born approx-
imation (FBA) of Schrddinger representation.!*:15 This
consideration dictates the choice of asymptotic Hamilto-
nian Hpr and thus the interaction potential V(R,r) in
(2). In initial-state Jacobi coordinates,!® the three-body
Hamiltonian reduces to a Hamiltonian for two fictitious
bodies when the center-of-mass momentum is set to zero,

H=Hpr+Ho+V;, (5)

where the asymptotic translational Hamiltonian, of which

plane waves are eigenstates when Zp = —Z,, is
V%  Z,(Zr+ Z.)
Hpr = B L £
PT = "aM R ’ ©)

in which M = mp(mr + m.)/(mp + mr + m,) is the

three-body reduced mass of the fictitious projectile. The

atomic Hamiltonian is
-V2  ZrZ.

Hy =
0 2m+r ’

()
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in which m = mym./(mr 4+ m.) is the reduced mass of
the fictitious electron, and the interaction potential is

1 1
V= V(R0 = 5% (G 7)

1 1
+ap <1R+(m/mT)r|‘ﬁ) - @

|
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Atomic units (A = e = Mejectron = 1) are used through-
out. If the bound particle is an electron m, = Mmejectron =
1, then m ~ 1. Thus 1/|R + (m/m7p)r| ~ 1/R, and the
internuclear term is canceled to one part in a thousand,
consistent with the rectilinear SCA approximation (4).

For generality, however, the present calculation will be
of the quantity

1 1

1 0 . [*
At —mimem(@, B, v, Z) = /_oo dt ™ /ds" upp (¥ Zp 2 (l_fT:v—rl - E) Unem(T) 9

so that the exact relation
. m
a},-(w,B) = (—1)Ayi (w, B, et —1)
+(—Z) -Afl (wyB)—_ﬁz_)ZT) (10)
mp

may be used when desired.
J

)
A Y
An’l’nm‘;nlm(w’ B, v, Z) = /

— 00

where, from (31-I),
Sméjx;ﬂzjz
nl 1
In this expression

N1
An’l’m’A’,nlmA(pl ’ ql)

e=7 14

oo (o]
s . .
mi memaa (050,y) =7 /2/0 dpl/o dpy AL iar mema(Pra1) AT? (p2,q2)

The reduced form for the coordinate-space integral has
been given by the author!” as a two-dimensional integral.
In Sec. IV of that paper, the final two integrals are eval-
uated in a special case, giving the 1/|[R — r| term of the
transition amplitude for 2,1, m — 2,1, —m. The follow-
ing closely parallels that reduction. Equations (n) from
that paper will be referred to herein as (n-I).

The amplitude (9) may be written as

" o 1 R 1
dt e** (-1) ZPZ[; Sg}éf)r(:l’/\’;ném)\;n (0§0> ‘;) R Sg,’ll’m’/\’,nlm/\(o;o) )
(11)
=S A
Tz (12)

(—1)"(/\'/77,')"'”' Noogr 2\3/2

T &~

n—£-—1

(W — 0 —1—5)(20 + 1+ &)ls]
(=1)°(A/n)"+E Ny N3/2

x 2
s=0

(n—£€—-1-35)(20+ 1+ s)ls!

« elif (@) (_ym'+m <(2£' + 1)(224: (2L + 1))”2

L=Lmin

L(EeL o ¢ L y (a1) 2L Hpppsre—riy (7/24/P1)
000 m'm —m'—m Lm'+m 1

(14)

N,,,:-f—z\/n—f-l)s(nu)! , (15)

(13)

P (s'+2'+s+£—L+1+j;)/2 ’
1

p=max(|¢' — ¢, |m'+m|) , (16)

- .
Loin = { p if € + £+ pis even (17)

p+1 if £ + 2+ pis odd,

and the index “(2)” on the last sum indicates that the
sum proceeds in steps of two. The second term in (12) is
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emal42  Hj,(n2/2/P2)

72] -
A (p2,q2) = 22\ /7 p2(1+j2)/2 (18)

As with (57-1)-(61-T)
A=pi+p2, (19)
Q=pip2y? , (20)

and

—q, =2

@ =d2= 7" - (21)

Then the p dependence of the solid spherical harmonic
may be factored out,
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Finally, the Hermite polynomial may be expanded in
1/p1:

Hu(v/2,/p1)

PEM/ZH/HI)

M/32 }
(M-1)/2

(=2)!(2I — DM
(M — 2D)1(2D)!
M-—2I pl—(M/2+1/2+M/2—I)-1

I=0

Xy (25)

with the upper (lower) limit for M even (odd). Defining

L .
Yeu(a) = (P_A?) Viu(y). (22) N+3=M-I+i=s+l+s+l—L+j—I+3
26
One may change variables from p; to (26)
pa\1/2
= (2 2
g (A) (23) and
so that for j, =0 2(]1 — o2
. o u? = 772‘( - o*) + 42, (27)
dp 4720 B 2e—M3(1-0?)/o%4p1 4o 04 o
A3/2 1 (b2, a2) = NZIH (24) the p; integral may be done!® giving
J
1J1;n20 .
SZ’tJ'n:,&',nth;n (0;0,y)
n'—t'-1 ' 14 90
__1)3 (Al/nl)" +£
= 47 Npior Nag(MX)3/2 (
™ Noer Nae(X'3) ‘4;0 (n — 0 —1— )20 + 1+ s)s"!
n—£— '
s (1) /) S2 @ Ly ge (@ADL DEL DY
— (n—f€—-1-35)(20+ 1+ s)!s! L5 4r
{2} ;
(L A L (=2)f (21 — )!'M! oM —jr—1
000 m'm —m' —m =~ (M =2D)!(2I)! Lm+m(Y) A N+T+1
1 7 INHL 9N\ 1/2
X /0 do oL (;) (;) (noy)N T2 Ky y1y2(poy) - (28)
f
+
The final integral may be evaluated if 7, = 0 so that n@) = —2—1\2’—]%{—2 . (32)
p# = . Consider this integral (with argument z = yR/v)
Then?°
1 2 1/2 ! 2L _—z20 s+
JLn(z) =/ do o?f (;) (z0)N 2 K y1g0(20) . Jin(z) =‘/0 do o*" e7*7 f(z0)
0
(29) ~ N <N+k>(2k 1y (2L + N —k)!
Define a function!® k=0 2k 2
9\ 1/2 . UFN-k
7= (2)7 F@rn? Kppz). @) (- 3 ) e
u=0 :
Then The spatial integral is thus reduced to a finite series
f+(Z) 3 i\’: N +k (2% — 1)1 SNk 31) of exponentials. Before p.erforming the timfa i.rltegration,
N = 2% - the second term of (11) is needed. But this is a simple

k=0
and

overlap integral that may be written down by inspection
of (14-1)—(16-I):
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-1 -1 '
_E_Sg}l’m’z\',nlm/\(o;o) = 7‘)’—/ dar u:\z’é’m’(r)unlm(r)

1 n'—2' -1

G AT

= = Npo: Npe(NX)3/2

n

—1—=s)(2¢ + 1+ s')s'!

(s"+20 +s+£+2)

X

s=0

III. TIME INTEGRATION

Because many of the terms in (33) involve negative
powers of R = +/B? + v2t?, using term-by-term integra-
tion of derivatives of the s1mple integral®!

o0
/ e PV osbt dt
0

= —ﬂf_lﬁ K, <’y B2 + b2) (35)

will not suffice. This difficulty is surmounted by a partic-
ular grouping of terms. It is shown in the Appendix that
the simple sum in the last term of (33) may be rewritten
in terms of the function f* (30),

o 1/2
/ (1 +8) /D Ky (/22 4 02) t sin(et) dt = (3)
0

—£—-1 1]
(—1)‘(2/\/71)3” =™
Z (n—f—1-=35)(20+1+ s)!s!

0ee b—mim ()" FeFa+i3 (34)
;
2L-1  y_2L-1 L (z)
z
S =
£(2) Z% ul (2L—1)' 2:: 2(L—;)“
(36)
and
2L4g+l u-20-1
)= 3 S
u=2L :
(@) Ny 4@
= —_— 37
(2L)!+,§ Jz:; GLriv ©0

where the a? are given by (A1l). Then the time integral
may be evaluated using??

a,,by+3/2 c(a2+c2)—(1/2)u—3/4 1{—u—3/2 (b a2+62>

(38)
and
o 1/2
/ (t? + p?)F(/2» K, (aV/t? + b?) cos(ct)dt = (—72{) aFv b2 FV (g2 4 2)F/2v-1/4
0
XKyy_172(bvVa? +¢c?) (Rea > 0,Reb > 0,¢>0) (39)
where K, 1s the modified Bessel function of the second kind.
In order to use (39) one must first expand the solid harmonic,
B: v A~ iw 1 > . a ~ .
Vim (-I;l + > tk) et = T Vim (Bl +v <—za—w>k> etw?
1 (2L +1 12
= — (L - !
I ( ype (L+ ML M))
(=B)"+M (B)1(v)" M2 O NI
X e i == () “ (40)

where the sum runs over all values of ¢ for which the factorials are non-negative.

The final result for (11) is??
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)
A
'Aﬁ‘l’—m',ntm(w’ B’ v, Z)

n'—g'—1 s 1yt n—£—1 R
= (- 1)—m Zp Z Nypigr Npg (N /\)3/2 Z (=1)” (\'/n)* ** Z (=1)*(A/n)***
Lo (=8 —1—5)1(2¢ + 1+ &')!s! ot (n—f€—1-35)(2+1+ s)!s!
vptpert (8 HE FsHE4D
x{—&:y bmm 2 “etore (8 L R )! Ko(wB/v)
'+ / 1/2 / /
@ or (26 + 120+ 1)(2L +1) COeLN [ £ ¢t L
+47rL_zL: 2 ( 47 000 m'm —m'—m
{(MAZ/S/?} (_1)1(21_ 1)”M' 1 M1 1 2L+ 1 L Y- 1/2
X Izzo (M —2D)I(2)] M+ ST ( (L+m" +m)(L —m ‘m)>
. —1)¢ BZq+m'm L-m'—-m-2¢ 9 L-m'—m-2q
x Z 2q+m’+£n ) / !vl / 1 <_Z_> 2
. 2 (g+ m' +m)lgl(L — m/ —m — 2¢)! Ow
(N +k
XZ( ok )(2k—1)!! (2L + N —k)!
k=0
w \L p?L+l VT .
(2311) v2L+1 (3 + L) Ki(Bw/v)
L 2L ANG 1
@ P m e (5) 1684 - gy & (s )
N—-k—=1N—-k— ,\’,2h+l B h+1
;;; Z (2L+ 1+])| 2ht1 (Z) Kn+1(BA) } ) (41)
where
2 2\ 1/2
- (XL e
A-(V2+vz) . @)
For example,
1 ZpZ A'X)3/2 -\
A00,100(w, B, v, Z,) = =E=< 93/2 (A7) _g (A=A Ko(aB)
v 3
A=) . " 7> B
+—;—— 2[]&0(&3) — I&o(BA)] — L—z- —/T 1\1(3/1))
Y 73 BZ
T oAz Ixz(BA)] (43)

where

o =

e |€

(44)

Note that the first term in (43), arising from monopole
term in (8) [the Kronecker é term in (41)] exactly can-

cels the second term of (43). Thus it is seen that the
proper decomposition of the Hamiltonian to give plane-
wave asymptotic states (6) removes the term in the tran-
sition amplitude that diverges at zero energy difference w
This is an important consideration for the second-order
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contributions. If there is no change in screening for the
1s—2s transitions, then A = X’ and the monopole terms
drop out anyway. However, elastic scattering amplitudes
do not have a A — A’ coefficient so the cancellation from
the overlap integral (the 8¢¢8mm term) is critical.
Equation (43) is identical to the expression derived us-

! ZpZ v?
e e [ 207 Ka(aB) - (247 + L B7) Ko(BA)
A
B

( —AB 44—
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ing an entirely different integration scheme!3 (for v = 1).
Setting Zp = A = A = v = —Z, = 1 and multiplying
by the factor (-i) in (10) gives the transition amplitude
found by Van Den Bos and De Heer.!

For transitions that change ¢ or m, the Kronecker §
term does not contribute. However, a typical result

6B3

+ @ A)> Kl(BA)] (45)

is seen to be finite as @« — 0. Again, this is the result found previously by alternate methods.!3

Finally, consider

ZpZ, N3/2)\3/2 24 10
-Aalo 100 (W, B, v, Z.) =1 }:) "—‘,;3— V33 24 2 (4 - —?;-) [@Ko(aB) — aKo(AB)]
1 My5 B3 42 10X
+ [6 6 A3a - ';/3 (4-— —?;') —Za] I(l(AB)
2 )\175 B2 5N ,74 BZ .
+ [:9)‘ —11—6— Zza—- (1 b E}’—) ;Z -A—z-a] I\Z(AB) . (46)

Setting A= X = Zp = v =—-Z, = 1, (10) gives

3
azlno,loo(wy B) = ~26 3v2 [a Ko(aB) — aKo(AB) + (

211 Bz 25 BZ
T T e

This is (—i)~! times the result of Van Den Bos and De
Heer.! This phase difference of (—i)~('+9 is consistent
with the results calculated on the n = 1 and 2 manifolds
using both independent methods.!® This phase may be
accounted for by noting that Van Den Bos and De Heer
cite Podolsky and Pauling®* as the source of their mo-
mentum wave function. Weniger?® has shown that those
wave functions are missing a factor of (——z)l +¢. The
present results agree with the calculation using the tech-
nique of Van Den Boss and De Heer, but with the cor-
rect momentum wave functions of Weniger. It should be
noted that the incorrect phase of Van Den Bos and De
Heer does not affect the first-order cross sections used in
comparison with experiment.?~5 But the correct phase
is critical when considering a second-order calculation in
which the principal-value part of the second-order ampli-
tude interferes with the first-order amplitude.

IV. CONCLUSIONS

A closed-form analytic expression has been found for
the first-order amplitude for the general state-to-state

a) K5(AB)

2° B3 23 B

7 BTy A )’*1<AB>

(47)

[
transition of a one-electron atom due to projectile im-

pact. Thus a first-order theory is now available for any
transition, be it ground state to Rydberg state or be-
tween excited states. Because the present result is an-
alytic, the second-order amplitude contains at most a
one-dimensional principal-value integral of a product of
two of these first-order amplitudes.!3 Likewise a third- or
fourth-order result for excitation may be calculationably
feasible since these amplitudes would involve at most two
or three integrals, respectively.
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APPENDIX

It is first desired to prove (36) that

, 2L-1 zu—2L—1
Sp@) =y —— (A1)
u=0 :
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equals
L _
fj (2)
SL=Gr—nn ; R =" (A2)
where (30)
9\ 1/2 .
@ =(2)" @@ K
j
[tk 1
_Z( > )(Qk—nnm. (A3)

k=0

The proof proceeds by induction. First it is seen that
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Now given that for some L one has S; = Sp, let it be

shown that Spy1 = S7,;.
First note that
2L+l u-20-2-1
-
SL+1 - u!
u=0 .
2L-1 o9_or— 2041 _y_of—
1 42-2L-1 Lu—2L-3
-2 u! + u!
u=0 : u=2L
1 1 u-3

(A6)

S1 (z—12' + ;15) =5] (A4)  Second, using recursion relations?® for K, (z) it may be
shown that
and
111 /1 1 1 3 3
52=3 [5 (—+—3-) + (¥+zi+ )] NN O RV A R G AT
1 1 1 fn+1(z) = 2 : (A7)
a+2) 1 / z
=F=t At e + Sa31 = 52 (A5)  Then
J
__ 1 @ | ffe
S141(2) = G ((%L)" + Z [2(Z+1- )"
_ i@ 1 LZH (25 = DFiL1(2) + f75(2)
QL+1)! 7 2L+ 1)L - DI 4 22[2(L + 1 — )Y
_ T (Z) 1 If:l J 1(2)
L+ 1)' 22(2L — 1! = {2[L -G -1
1 ShRI-1-QLADIT() R f( 2 1 (2)
z2(2L + 1) (Z R(L+1- .7)]!i Z = G =D
__fi(z) 1 fi (2)
=GL3 ) T eI k; (L~ k)1
1 LG -L-1) fia(2) < (2)
tEeL N (]A\;; R ES A ; 2(2 : DIE
__fi(® 1 1 0frx)  _fi(®)
(2£+1)' + 35t Sarron ( o L= 2)!!)
, 1 11\ 2L
?SL+(2L+ 1! [(Z«E‘L?)J’?] = 541 (4%)
Thus it has been shown that for any L one has Sy, = S7.
For powers of z greater than z~2, that is
2L+g+1 4 o211 g i
Tp,o(2) = z L - (A9)

u=2L

S T +§ QL+1+9l
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one may simply note that the set f}(z) spans the space of polynomials. In fact

i
F=3 a™* fr(2),

k=0

where the a’s are given by recursion,

ai =1,

. it+1

)

. ko i+k—2m

i@k =3 a;.-"'( N )(2k—-2m—1)!!,
m=0

a?.—:O

Combining common factors of f;f(z) gives

_Ji(®) N~y 9
Tea(2) = oyt + 2 Z—E @L+T4

(A10)

(A11)

(A12)
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