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COMPARING HECKE COEFFICIENTS OF AUTOMORPHIC REPRESENTATIONS

LIUBOMIR CHIRIAC AND ANDREI JORZA

ABSTRACT. We prove a number of unconditional statistical results of the Hecke coefficients for unitary cus-
pidal representations of GL(2) over number fields. Using partial bounds on the size of the Hecke coefficients,
instances of Langlands functoriality, and properties of Rankin-Selberg L-functions, we obtain bounds on
the set of places where linear combinations of Hecke coefficients are negative. Under a mild functoriality
assumption we extend these methods to GL(n). As an application, we obtain a result related to a question
of Serre about the occurrence of large Hecke eigenvalues of Maass forms. Furthermore, in the cases where
the Ramanujan conjecture is satisfied, we obtain distributional results of the Hecke coefficients at places
varying in certain congruence or Galois classes.

INTRODUCTION

The statistical properties of Hecke eigenvalues of automorphic forms represent a richly studied area at
the intersection of analytic and algebraic number theory. The Sato-Tate conjecture for modular forms
[11, 3], a seminal result on distributions of Hecke eigenvalues, was an important application of potential
modularity lifting [7, 26]. While much progress has been made recently to describe conjecturally the statistical
distribution of the Hecke eigenvalues of a particular automorphic representation [2], little is known for general
reductive groups and general number fields, and potential modularity liftings are not suitable for general
Sato-Tate conjectures. Even in the case of GL(2) over totally real fields where the Sato-Tate conjecture
is proved for Hilbert modular forms of regular weight, only the joint distribution of at most two Hilbert
modular forms is known [10].

The present article answers a number of questions regarding the distribution of Hecke coefficients of unitary
cuspidal representations under three levels of generality. For arbitrary unitary cuspidal representations of
GL(2) over arbitrary number fields F' we obtain density bounds on the number of places where linear
combinations of Hecke coefficients are bounded. This level of generality includes Maass forms, for which
no connection to Galois representations is yet known. In the case of unitary cuspidal representations m of
GL(n, Ar) we obtain similar distributional results under a mild functoriality assumption, namely that 7@V
is automorphic. As a consequence we obtain distributions of large Hecke coefficients on GL(2). Finally, we
obtain stronger density bounds in the context of unitary cuspidal representations that satisfy the Ramanujan
conjecture.

A refined multiplicity one conjecture due to Ramakrishnan [19] asserts that if m and #' are cuspidal
autmorphic representations of GL(n, Ar) with the property that 7, ~ «, for all finite places v outside a set
of Dirichlet density < 1/2n? then 7 ~ /. The statement would follow from the Ramanujan conjecture on
GL(n), but this is currently unavailable beyond n = 1. The only other case that is known unconditionally
is n = 2, which was proved by Ramakrishnan [20] using the Gelbart-Jacquet lift Ad(7). On the Galois side,
however, Ramakrishnan’s conjecture follows from Serre’s unitary trick on ¢-adic representations (cf. [18]).

As a consequence, when 71 and 7o are non-isomorphic cuspidal representations of GL(2, Ar) with trivial
character (thus, with real Hecke coefficients) the set {v | a,(m1) # a,(m2)} has lower Dirichlet density at
least 1/8, and it is reasonable to expect that there is no bias towards one of the representations. The bound
1/8 is sharp and can only be achieved by pairs of dihedral representations [27]. When the 7;’s correspond to
distinct classical holomorphic cusp forms, the first author proved in [6] that the set {p | a,(f) < ap(g)} has
density at least 1/16. If the forms do not have complex multiplication and have weight at least 2, the Sato-
Tate conjecture implies that for exactly half of the primes the corresponding Hecke eigenvalues are negative.
Similarly, a joint version of the Sato-Tate conjecture due to Harris [10], gives that the set {p | a,(f) < a,(9)}
has density 1/2.



A natural question that arises in this context is whether similar estimates occur for more general unitary
cuspidal representations over number fields. Our first result (Corollary 2.6) gives a positive answer in this
direction.

Theorem A. Let F be a number field and 71,72 two non-isomorphic unitary cuspidal representations on
GL(2,Ap) which have trivial central character and which are not solvable polyhedral. Then the set

(1) {v ] ay(m;) <0} has upper Dirichlet density at least 0.1118.
(2) {v ] ay(m) < ay(m2)} has upper Dirichlet density at least 0.0414.

Our approach to Theorem A relies on replacing the bound |a,(w)| < 2 predicted by the Ramanujan
conjecture with a partial bound due to Ramakrishnan [21, Theorem A], which states that |a,(7)| < X for v
in a set of places of lower Dirichlet density at least 1 — 1/X2, for any value of X > 1. A careful analysis of
the known instances of Langlands functoriality combined with several combinatorial arguments lead to an
optimization problem (cf. Theorem 2.5) that can be solved via a number of computations in Sage [24].

As a corollary to Theorem A we obtain a distributional result on the Hecke coefficients of Maass forms
varying in certain congruence classes. For example, if g is a Maass eigenform on GL(2, Ag) which is not of
solvable polyhedral type then (cf. Remark 2.9):

3({p| apl9) <0,p=1 (mod 8)})
5({p=1 (mod 8)})

where by ¢ and § we denote the Dirichlet density and the upper Dirichlet density, respectively.

In a letter to Shahidi [25, Appendix| Serre asked a question about the occurrence of large/small Hecke
eigenvalues of Maass forms. This question has been studied by Walji [28] who obtains a lower bound of
a,(m) > 0.788... on a set of places density at least 0.01. Our second result (Corollary 3.5) is concerned with
the large values of |a, ()]

> 0.0625,

Theorem B. Let 7 be a unitary cuspidal representation of GL(2,Ar) which has trivial central character
and is not solvable polyhedral. Then {v | |a,(7)| > 1} has upper Dirichlet density at least 0.001355.

To prove Theorem B we first generalize Theorem A to unitary cuspidal representations of GL(n,Ar)
satisfying a functoriality assumption (cf. Theorem 3.4) and obtain a lower density bound on the occurence of
negative Hecke coefficients in terms of the number of poles of a Rankin-Selberg L-function. This assumption
is satisfied by the cuspidal representation Sym?® « of GL(3, Ax) and we remark that |a, ()| > 1 is equivalent
to a,(Sym? ) > 0.

Finally, when 7 is a regular algebraic unitary cuspidal representation occurring in the cohomology of a
Shimura variety then 7 is known to satisfy the Ramanujan conjecture (cf. §1) and we obtain improved
bounds on the distribution of Hecke coefficients a,(7) as v varies in certain Galois conjugacy classes (cf.
Corollaries 4.2 and 4.4).

Theorem C. Let f be a non-CM regular weight Hilbert cuspidal eigenform with trivial character. For any
coprime ideals a and m:

({v|ay(f)<0,v=a (modm)}) _ 1

d{v=a (modm)}) 8’

Moreover, if E/F is any Galois extension such that there exists a quadratic subextension L/ F with Gal(E/L)
abelian of order n, then:

>

0({v | ay(f) < 0,v splits completely in EY})
0({v splits completely in E})

1
> —.
— 16

Note that the density ratios in Theorem C can be thought of as conditional probabilities. We prove
Theorem C in the more general context of unitary cuspidal representations of GL(2,Ar) satisfying the
Ramanujan conjecture. We remark that the Ramanujan conjecture on GL(2) is satisfied for regular algebraic
cuspidal representations on GL(2) over totally real fields and has been proven recently over CM fields (see §1).
Our strategy uses Dirichlet’s approach to primes in arithmetic progressions in the context of arbitrary linear
combinations of Hecke coefficients of unitary cuspidal representations satisfying the Ramanujan conjecture
from Theorem 4.1.



The paper is organized as follows: in §1 we recall a number of results on cuspidal representations on
GL(n,Ar) related to Langlands functoriality and the Ramanujan conjecture. In §2 we consider the case of
GL(2) over number fields, and we deduce Theorem A (Corollary 2.6) from the optimization problem that
we set up in Theorem 2.5. Section §3 is devoted to extending these methods for GL(n). The main technical
result here is Theorem 3.4, which is followed by three applications, including Theorem B (Corollary 3.5). In
84 we present several results that assume the Ramanujan conjecture, among which we mention Corollaries
4.2 and 4.4 that comprise Theorem C.

NOTATIONS

For a number field F' we denote by Ap the ring of adeles. For a finite place v we denote by F,, the v-adic
completion of F' and by w, a choice of uniformizer. An automorphic representation 7w of GL(n,Ar) is a
restricted tensor product 7 ~ ®/ 7, over the places v of F' where 7, is a smooth representation of GL(n, F,).

When v is a finite place of F such that m, is an unramified representation of GL(n, F,) we denote by
a,(m) the sum of the Satake parameters «, ; of m,. Explicitly, if 7, is the normalized induction of the

character x,1 ® -+ ® Xu,n Where x, ; : F) — C* are continuous unramified, then o, ; = X j(w,) and
n

n
ay(m) = Za”>j' For convenience, if k > 1 we denote a, ;(7) = Zaﬁ,j.
j=1 j=1

For a Dirichlet series Z(s) which converges absolutely when Res > 1 we denote

= - Z(s)
D(Z(s)) =limsup ———.
(ZLs)) = m b hog(s—1)
When F is a set of finite places of a number field F' we define §(F) as D( Y. ¢;°*).
vEF
If (85)n>1 is @ sequence of reals in (1,00) with li_>m sn, = 1 we denote
- n (oo}

= . Z(sn)
Dis y(Z(s)) = limsup ——————,
(s)(Z(s)) A o g

and 0(5,)(F) = D(s,) (X ¢y %). We denote 65,1 (F) = d(,,)(F) if the limit exists, in which case we say that
veEF
F has (s, )-Dirichlet density.

1. AUTOMORPHIC REPRESENTATIONS ON GL(n) OVER NUMBER FIELDS

The Sato-Tate and Lang-Trotter conjectures describe statistical behaviors of the Hecke coefficients a, ()
for a unitary cuspidal representation 7 of GL(n,Ar), as v varies among almost all places of a number field
F away from the infinite places and the places where m, is ramified. In this section we describe certain
properties satisfied by these Hecke coefficients that will be necessary for our applications.

First, if 7 is unitary the complex conjugate 7 is naturally isomorphic to the dual V. As a result, if
7w =~ 7 then a,(m) = a,(7) and therefore a,(w) € R. When 7 is a unitary representation on GL(2,Ap),
self-duality is equivalent to 7 having quadratic central character, which must be trivial if 7 is not dihedral.
Remark that if 7 is an algebraic representation such that all a,(7) are real numbers, the global Langlands
conjecture would imply that 7 = 7¥. We will mostly concern ourselves with self-dual representations for
simplicity of statements, but in Theorem 4.1 we explain how our methods yield slightly weaker information
in the context of non-self-dual representations.

The Ramanujan conjecture posits that for a unitary cuspidal representation 7 of GL(n, Ar), where F is a
number field, the local representation m, is a tempered representation for every place v of F'. Equivalently,
|ay,i ()| = 1 for every place v and 1 < i < n, which implies that |a,(7)| < n for all v.

Special cases of the Ramanujan conjecture are known, as follows:

(1) If F is a totally real field and 7 is a unitary cuspidal representation of GL(n, Ar) which is regular,
algebraic and essentially self-dual. (This includes cohomological Hilbert modular forms.)
(2) If Fis a CM field and = is a unitary cuspidal representation of GL(n, Ar) which is regular, algebraic
and conjugate self-dual.
(3) If F is a CM field and 7 is a unitary cuspidal representation of GL(2,Ar) which is regular and
algebraic, but without any assumptions on duality.
3



(4) If 7 is a unitary cuspidal representation on GL(n, A ) satisfying the Ramanujan conjecture then the
base-change of 7 to a number field E/F will also satisfy the Ramanujan conjecture.

The first two cases are a consequence of the realization, due to Harris-Taylor [12], of such automorphic forms
in the cohomology of certain Shimura varieties. The third case is a recent stunning result by Allen, Calegari,
Caraiani, Gee, Helm, Le Hung, Newton, Scholze, Taylor, and Thorne [1].

For general unitary cuspidal representations and general number fields weaker bounds are known due to
[16] with an improvement for smaller rank groups due to [4]. Our general results rely on the following weaker
version of the Ramanujan conjecture, due to Ramakrishnan [21, proof of Theorem A]: if 7 is a cuspidal
unitary representation of GL(n,Ar) and X > 1, then |a,(7)| < X for v in a set of places of Dirichlet density
at least 1 — %

Finally, our main results make use of a series of deep results on Langlands functoriality. If 7 is a cuspidal
representation of GL(2, Ag) then:

(1) Sym? 7 is an automorphic representation of GL(3,Ar) by [9]. It is cuspidal if and only if 7 is not
dihedral, i.e., 7 is not the automorphic induction of a character from a quadratic extension.

(2) Sym® 7 is an automorphic representation of GL(4,Ar) by [14]. It is cuspidal if and only if 7 is
neither dihedral nor tetrahedral, i.e., 7 does not become dihedral after a cubic extension.

(3) Sym* 7 is an automorphic representation of GL(5, Ap) by [13]. It is cuspidal if and only if 7 is not
dihedral, tetrahedral, or octahedral (i.e., 7 becomes tetrahedral after a quadratic extension).

(4) If o is another cuspidal representation of GL(2, Ar) then 7 ® o is an automorphic representation of
GL(4,Ar) by [22]. It is cuspidal unless 7 and o are twist equivalent.

(5) If o is a cuspidal representation of GL(3,Ar) then m ® ¢ is an automorphic representation of
GL(6,Ar) by [14]. It is cuspidal unless either 7 is not dihedral and o is a twist of Ad(w), or 7
is dihedral and o is the induction of a character on a cubic field F, with 7r Eisensteinian [23].

(6) If 7 is a cuspidal representation of GL(4, Ar) then A7 is an automorphic representation of GL(6, A¢g)
by [13].

We say that 7 is solvable polyhedral if 7 is dihedral, tetrahedral, or octahedral.

2. HECKE COEFFICIENTS FOR GL(2) OVER NUMBER FIELDS

We begin by generalizing results of [6] to collections of cuspidal automorphic representations on GL(2)
over arbitrary number fields. The principle underlying our approach, already present in [15] is the following.
Suppose {f,} are real numbers indexed by (almost all) finite places of the number field F' and

F = {’U | fv < 0}
Suppose, further, that |f,| < B for a bound B that does not depend on v. Consider the Dirichlet series

2
Z(s) = ng

When v ¢ F, f, > 0 and therefore f2 < Bf,, whereas if v € F then —f, < B. As

1 fo fo
ZEEDERNTO S oF
~q —~ @ =a
we conclude that D(Z(s)) < 2B*5(F) + Bﬁ(z ﬁ) For real numbers m, M such that m < D(Z(s)) and

S

v v

M>D(, f;—“) we conclude that

= m—MB
o(F) > Y R
In the context of this section, the last hypothesis of the above approach is not satisfied and the technical
difficulties lie in using Langlands functoriality to control the resulting errors terms.
We note that solvable polyhedral representations are known to satisfy the Ramanujan conjecture, and we
will consider such representations in §4. In this section we will consider unitary cuspidal representations of
GL(2,Ar) which are not solvable polyhedral.



Lemma 2.1. Suppose my,ma, T3, T4 are twist inequivalent unitary cuspidal representations of GL(2,Af)
which are not solvable polyhedral. Then the following Rankin-Selberg L-functions have the following poles at
s=1:

L-function pole of order

L(n®? x m;®? s) 2

L(r®? x ) T, ) 0

L(’/Tl®2 \/®2 8) < 1

L(m; @, >< T Rw,s) 1

L(7®% x T @m,s ) 0

L(m @m)/ ><7TJ®7Tk, s) 0

Lim@mxny@my,s) <1
If my, ..., 74 are not assumed to be twist inequivalent then all of the above L-functions have poles at s = 1 of
order < 2.

Proof. The first four lines in the table follow from [27, Lemma 5]. Note that
L(n®? x mf @my,s) = L{wx,m; x Y, 8)L(Sym? m; x (] @my),s).

Since the representations are twist inequivalent it follows that 7er ® )/ is cuspidal and the result follows
from properties of Rankin-Selberg L-functions.
The second to last line follows from the previous as

~ 2
@ @n;@m 2@ (wen))Y @),

and the last line follows from the fact that m; ® 79 and 73 ® 74 are cuspidal representations on GL(4, Ag).
When 74, ..., 74 are not assumed to be twist inequivalent the upper bound 2 follows as in the first part,
using the fact that 7; are not solvable polyhedral. (|

Lemma 2.2. Let 7ry,...,m be unitary cuspidal representations of GL(2,Ap). Let A1,..., A\, € C and R a
set of places of F. Then for any sequence (s,) — 1T we have

De (Z | > Xiay(m)]? > <8y (R)V2TY? and D, <Z M) < By (R)MATVA,

vER it vER it

where T = 2 Z N2 H6 D0 NN 12+24 >0 [NNjAeN| if the representations T, ..., m, are pairwise twist
i<j i<j<k<l

inequivalent and T =23 |\i])* otherwise.
i

Proof. Let S be a finite set of places such that 7, ,, is unramified for all ¢ and v ¢ S. By the Cauchy-Schwarz

inequality:
2
| 2° Nia (mi) 2 = = | 20 Aiay () [*
i (3 ) G, (3 (M),
VER v ’U¢S v
Since
Yo LA~ L i et SR (2 @ 1) 23 MR, (r2? o 7Y @)
q - q v 1 v v
vgS v vgs Y i#£] i#£]
+ Z AP\ /\kav( ®7T ®m)) —|—22)\ NiAj aq,(m@w] ®7rv®2)
1,7,k distinct 1]
+ 22\/\1|2|)\j\2av(m ®7T'zV QK mj ®7T;/)—|—4 Z |>\¢‘2)\j/\7kav(7ﬁ®ﬂ'2/ &K T ®7T1\§/)
i#£] 1,7,k distinct

+40> T NN Pan(m @ m; @O + Y ANy (memenon) |,
1,7,k distinct i,7,k,l distinct
5



using Lemma 2.1 (see also Lemma 3.2) we get that

2 230 NP3 P+ > INiAj Ak twist inequivalent
D Z | Z Ai av(ﬂ-lﬂ S ( ) . ) i#£] ,7,k,l distinct
(on) -3 4 ") 203 [l otherwise
Applying Cauchy-Schwarz again yields the second inequality. O

We now turn our attention to our main theorem for GL(2). We are grateful to the anonymous referee
for pointing out that Ramakrishnan’s result [21, Theorem A] did not apply in our setting as written. We
therefore adapt Ramakrishnan’s work to control Hecke operators in many intervals.

Lemma 2.3. Let Fi,...,Fy, be a finite collection of sets of finite places of a number field F and (an)n>1 —
1" be any sequence. Then there exists a subsequence (sp)n>1 — 17 of (an) such that each set F; has
(sn)-Dirichlet density.

Proof. We will prove the result by induction on m, in the base case m = 0 choosing (s,,) = (a,). Suppose
Fi,...,Fm all have (s,)-Dirichlet density and F,,11 is an additional set of finite places. We choose (s},) a
subsequence of (s,) such that

. Z’Uefm+1 q;Sk . Eve]—'m+1 qv_sn
lim ———=~—— =limsup ————————.
k—oo —log(s—1) n—oo —log(s—1)
In this case F; has (s},)-Dirichlet density for each ¢ < m + 1. d

The following lemma can be thought of as a version of [21, Theorem A].

Lemma 2.4. Let F' be a number field. For 1 <1i <7t let m; be a cuspidal representation of GL(n;, Ar), and
letl <X =X9<X; <...<Xpy <oo. Then there exists a sequence of real numbers (sp)n>1 — 1T and
sets Rj for 0 < j < m and Ro of finite places of F' such that if v € R; then |a,(m;)| < X; for all i, each
set R; with j > 1 has (sy,)-Dirichlet density, and

Z 100y (Rj) + X265,y (Roo) < 1

< X, with the
§| o(mi)]. As

Proof. For each i we define R; ; as the set of finite places v of F' such that X; 1 < |a, (7
convention that X_; = 0. We also denote R; » the set of finite places v of F' such that
in the proof of [21, Theorem A] we have

(1) log L(ms x 7, 8) 2 > Y aw(m)q; "+ D lau(m)l’q, "> X7 Y ¢+ X0 D> a,"

j=1 UGRLQ‘ UeRm,oo =1 1)€le ’UERLQC

i)
X

We define recursively Roo = J!_; Rico and R; = (Ui_; Rij) \ (’Roo U Uzl:j_H Rk) for each j < m.

Lemma 2.3 implies the existence of a sequence (s,,) — 17 such that all of the above mentioned sets have
(sn)-Dirichlet density. From (1) we deduce that for each i:

m log L(mi x 1), 5)
X7 10(s,) (Rij) + X70(s,) (Rioe) < lim —— i = 1
Z i-19(sn) (Ri ) + X530(s,) (Risoo) < T+ —log(s — 1)

The desired result now follows from the fact that d(,,)(R;) < Z d(s,)(Ri ) for each j <morj=o00. 0O

Theorem 2.5. Let F' be a number field and 71, ..., T be pairwise non-isomorphic unitary cuspidal self-dual
representations of GL(2,Ar) which are not solvable polyhedral. Let \1,...,\. be complex numbers, not all
zero, such that Z Aiay(m;) € R for allv. Then the set

=1

F={v]) Nay(m;) <0}
i=1

6



has upper Dirichlet density at least

VT — YTyB(X = 2 = X))ye*
4 YT _ VTy*B(X) = (B(Xk)* — B(X)*) 4ﬁTZ B(X))yy
Xm X3/2 X,§71 3/2
max min ik =1 X
1I<X<X1<...<Xm Yls-e» Ym ,y=>0 QB(X)Z ’
2 yitysr

where A = 3" |\|?, B(x) = /224 2 I\i|, and T = 22 Nl 630 NN 224 S e if
i i<j i<j<k<l

the representations mi, ..., T, are pairwise twist inequivalent and T =23 |\i])* otherwise. We remark that
i
for any m the above maximum is positive.

Proof. Consider a sequence of real numbers 1 < X = Xy < X; < ... < X,,. As before, let S be a finite set of
places such that m; , is unramified for all ¢ and v ¢ S. The representation Sym® m; is cuspidal on GL(5, Ap)
as 7; is not solvable polyhedral and therefore Lemma 2.4 implies the existence of a sequence (s,) — 1+ and
sets Ro, ..., Ry, of finite places such that each set R; has (s, )-Dirichlet density, lay(Sym* )| < X ; for each
i and each v € R;, and

Z 10y (Rj) + X265,y (Roo) < 1

We will repeatedly use the fact that if |a, (Sym* ;)| < X then

ay(m)] < () = 1 2EYDEEE

where ¢(X) is the largest root of the polynomial t* —3t?> — 1 — X = 0. Indeed, this follows from the fact that
|aw(Sym* )| = [ay(1)* = 3ay (1)* + 1] = |ay(m)|* — 3lay(7)[* — 1.
We see that

SUNEEN (Z M) <Dy, (Z 5 M) 1D, ( S M)

vgS it k=0vER} i VER oo Tv

At the same time, Lemma 2.2 implies that

— )\iCLU T 2
B ( 5 |2<>l> < by (Roc) T2,

VER £
Using the idea from the the beginning of this section we get
)\iav T 2 1 /\iav Yy
> Al coppay ¥ L Y SRl
VER T vEFNRy £ VER T

Putting these inequalities together and, if necessary, replacing (s,) with a subsequence in order to make
each set F N Ry have (s,)-Dirichlet density yields

D) (Z > W) éiw(m 8, (F N Ry) + D (ZB > 2 dia m)>.

k=0vER qv k=0 VER qv
Again, using the fact that Y Aja,(m;) <[> Aay(m;)|, Lemma 2.2 implies:

Do) (ZB »» 2/\ aw (T ) < Do) (B(X) > M) +3 D, ((B Ny Z)\ ay (T )
k=0

vERY vER

<D (B(X) > M) +> D) ((B(Xk)B(X)) > M)

veka %



It follows that

SN < 2B(X)20(0,)(F\ Roo) + 3 2(B(Xk)? = B(X)*)o(s, (F 1 Ri)+
k=1
+ TYAB(X)3(0,)(Roo)¥* + TV Y (B(X5) = B(X))6(0,) (Ri)¥* + 85, (Re) /T2
k=1

In the above formula note that 0, \(F NRy) < 6(s,)(Ri) and (s, )(F \ Roo) < s,y (F). Writing yp =
X2 16(s,)(Ry) and y = X2 05,1 (Roo) we deduce that

STINP < 2B(X)25,,)(F) + i 2(B(Xk)? — BX))ye
k=1

2
Xk—l

TUBEON |y~ (BOG) = BOOY | T2
X3/2 X3/2 X ’
m k=1 k-1 "

for nonnegative real numbers i, ..., Ym,y such that > y; +y < r. The desired lower bound on §(F) >
O(s,)(F) 2 0(5,) (F \ Roo) immediately follows. O

We remark that even for Hilbert modular forms our results do not follow from the Sato-Tate conjecture
as currently available. Harris proved the Sato-Tate conjecture for pairs (f,g) of Hilbert modular forms
using the Rankin-Selberg L-functions L(Sym™ f x Sym" g, s). Since Rankin-Selberg L-functions of the form
L(m Xy X -+ X7, 8) are not currently available for more than two general cuspidal representations (except,
in a small number of cases, on lower rank groups), it is not known that normalized Hecke coefficients of more
than 2 Hilbert modular forms are distributed independently. In particular, Theorem 2.5 for more than 2
representations is new even in the context of Hilbert modular forms.

The first main result of this paper, Theorem A, can now readily be deduced from the above.

Corollary 2.6. Let m and o be twist inequivalent unitary cuspidal representations of GL(2, Ap) with trivial
central characters, which are not solvable polyhedral. Then:

(1) ay(m) <0 for v in a set of upper Dirichlet density at least 0.1118, and
(2) ay(m) < ay(o) for v in a set of upper Dirichlet density at least 0.0414.

Proof. In the statement of Theorem 2.5 take r =1, A=1,T=2and X =3 <5<8<17<27T<38<
49 < 61 for the first part (for this choice of X; the minimum of the expression is attained at y = 0.0016,
(yr) = (0.86,0.078,0.055,0.00012,0.000011,2.39¢ — 6,7.99¢ — 7,3.03¢ — 7,1.38¢ — 7)) and r = 2, A = 2,
T=10, X =10<23 <30<36 <45 <54 <72< 81 <90 for the second part. These values were searched
for, and the explicit lower bound was computed using Sage. (]

Remark 2.7. Assuming the Ramanujan conjecture Theorem, 4.1 would yield the bounds 1/8 = 0.125 instead
of 0.1118 and 1/16 = 0.0625 instead of 0.0414. For classical holomorphic modular forms, the bound 1/16
was obtained by the first author in [6, Theorem 1.1].

The ability to take arbitrary linear combinations of Hecke coefficients in Theorem 2.5 allows us to generalize
Dirichlet’s approach to primes in arithmetic progressions to obtain distribution results on the sign of a, ()
as v varies in certain ray classes.

Corollary 2.8. Let F' be a number field and 7 a self-dual unitary cuspidal automorphic representation of
GL(2,Ar) which is not solvable polyhedral. For any coprime ideals a and m, a,(7) <0 (or >0) forv=a
(mod m) wvarying in a set of places of upper Dirichlet density at least

LV VX)) () elX fz — X))y
hm Xm 3/2 X%_l 5/2
max min k=1 X1
1<X<X1 <o <X Y1, Ym, ¥ 20 2¢(X)? ’
Syity<hm
where hy, is the narrow ray class number of conductor m and c(x) = 3tvistiz V12‘°’+4””.
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Proof. Let Cl(m) be the narrow ray class group and Hy, the associated class field. Consider every character
x of Gal(Hn/F) = Cl(m) as a Hecke character of F. We will apply Theorem 2.5 to the linear combination

fu = Z X(ail)av(xﬂ') = {av(ﬂ) ifv=a (mOd m) .

herwi
Cl{m) 5T m 0 otherwise

The linear combination is a real number for all v as 7 is self-dual. Moreover, since 7 is not solvable polyhedral
the representations y7 are pairwise non-isomorphic as y varies.

Remark that f, < 0 if and only if a,(7) < 0 and v is in the class of a (mod m). The lower bound on the
upper Dirichlet density follows from Theorem 2.5 with A = >" |\;|? = htand T =2 (> |)\i|)4 =2. |

m

Remark 2.9. For the explicit bound for Maass forms mentioned in the introduction after Theorem A, namely
that if g is a Maass eigenform then a,(g) < 0 forp =1 (mod 8) in a set of places with upper Dirichlet density
at least 0.0156 we take h =4 = ¢(8) and X =19 < 40 < 69 < 98 < 127 < 156 < 185 < 214 < 243 in the
main formula above.

3. HECKE COEFFICIENTS FOR GL(n) OVER NUMBER FIELDS

The purpose of this section is to extend the method developed in §2 to the setting of GL(n) over arbitrary
number fields F. We do that for a class of unitary cuspidal representations 7 of GL(n, Ar) which we call
good (see the definition below). For such 7 the L-function L(7%? x 7V®2 s) = L((r @ V) x (r @ 7), 5) is
a product of Rankin-Selberg L-functions which converges when Re s > 1 and whose pole at s = 1 has order
which can be computed in terms of the decomposition of 7 @ 7V.

Definition 3.1. A unitary automorphic representation © of GL(n, Ar) is said to be a cuspidal sum if there

T
exist unitary cuspidal representations m; of GL(nj,Ar), 1 < j <r, such that Y n; =n and for all v in F:

j=1
.
= ay(m).
j=1

We say that 7 is good if # @ wV is a cuspidal sum.

We remark that if 7 is an essentially self-dual unitary cuspidal representation of GL(n,Ar) such that
Sym® 7 and A%m are cuspidal sums on GL (("7'),Ar), resp. GL ((3),Ar), then 7 is good automorphic.
Indeed, if 7 = 7 ® 7 for some character 7, then

T’ ~ (Sym’ren) @ (Nren).
We will need the following results about good representations:

Lemma 3.2. Let m and o be good unitary cuspidal automorphic representations of GL(n,Ap). Let S be a
finite set containing all the ramified places 0f7r and o. Then

| |av, v,k (0)]
PPRRLTLEIE ) TG

k>20v¢S k>20v¢S

converge when Res > 1.
Proof. By assumption, there exist unitary cuspidal representations m; of GL(n;,Ar), 1 < i < r, such that

Z n; = n2 and av(ﬂ' ® ﬂ'v) = Z av(ﬂ_i)' Then

i=1 i=1

|awr(m)|* = v (r @ 7¥)] =

r
Z av,k(’”i)
=1

Using the Luo-Rudnick-Sarnak bound [16], it follows that
k(1/2-1/(n? ),

”
< lavi(m)l.
i=1

|au k(ﬂz)‘ < nigy

and therefore
|Clv k(ﬂ,)‘Q < n2q§(1/2—1/(n4+1)).

9



In conclusion

>y el <3 s

k>20v¢S k>2 U%S
which converges when Res > 1. The same argument apphes for the second convergence. O

Lemma 3.3. Let 7 be a good unitary essentially self-dual cuspidal representation of GL(n,Ar). Let M
be the order of the pole of the Rankin-Selberg L-function L(r®? x 7V®2 s) at s = 1. If (s,) — 17 is any
sequence and R is a set of places of F' with §(s,\(R) = d then

Sn) <Z ‘aU > < \/m and 5(3") (Z ‘avi(:.”

vER it vER Tv

) < VMds.
Proof. Let S be the union of the archimedean places of F' with the finite set of places where 7 is ramified.

Then
Z o (7 < Z Z |av k = log Lg(n®? x 7V®2 5)

vgsS q” vgS k>1

and therefore ﬁ(sn) (Z W) < M. The statement then follows from the Cauchy-Schwarz inequality:
vgS v

(0 < (22 () o (£ 0) = (2225) (52)

]
Now we are ready to state the main technical result of this section.
Theorem 3.4. Let w1y, ...,m be pairwise non-isomorphic good unitary cuspidal automorphic representation
of GL(n;,Ap). For any t > 0, and any A1,..., A\ € C such that i Xiay(m;) € R for all v, the set
i=1

F = {v | Z)\iav(m) < —t}
i=1
has upper Dirichlet density at least

- P4+ A—(t+XB)(t(1l—y) +y¥C) — (2 + A)(y +y'/?D)
>
o0F) 2 r)rclg)lco<yn<urr)l(72 2(XB+1)? ’

where A = Z I\i|%, B= Z [Ai], C = Z [AilvVM;, D = Z VM;, and M; is the order of the pole at s =1 of

the Rankin- Selberg L functwn L(n® 2 x ,; Y®2 5). The bound is positive when t is close to 0, and when t =0
the minimum is achieved when y =1r/X?.

‘ Z )\iav(m—) + t|2
Proof. Set Zs(s) = Z =1 , where S is a finite set containing all the ramified places of the
'
vgS
m;’s and the archimedean places of F'. By Lemma 3.2 we have

5(25(8)) = t2 +5(Z )\z>\] IOg Ls(ﬂi X 7'(;/7 S)) = t2 + Z |)\1‘2

For X > 1 we denote by R the set of finite places v ¢ S such that |a,(m;)| < X for all i, and we denote
by R its complement, excluding the places in S. By Ramakrishnan’s estimate [21, Theorem A] we have

§(R) < % As in the proof of Theorem 2.5 we choose a sequence (s,) — 17 such that R and R have

(sn)-Dirichlet densities, in which case d(s,)(R) + d,)(R) = 1 and we denote y = d(,,)(R) < %

10



Using Lemma 3.3 we find that

- |35 ) + r B SlamP)
Dy | D= z <@+ NP | Dy | D F—— | +Den) Z*
v i=1

~ i 2y
vER VER UER

t2+2|)\| (ZWHSS" )
t2+ZI>\| (fZWﬂ)

T

Note that if v € F N'R then | Z Niay(m;) + 12 < (XX [Nl +8)( Z Aia, (m;) + t), therefore

=1 =1 =
r T
|Z)\iav(7ri)+t|2 Z)\av ’/T2)+t Z)\lav(m)th
> T XZIAIH -
vEFNR i ve % vEFNR 0

Since Y % converges at s = 1 we have
vgS v

r r
> Niay(m) + — 2 Aiay(mi)
D(Sn) Z i=1 . _ = té(sﬂ)(R) + D(sn) Z =1 .
VER 2o VER 2o

t(L—y)+y¥* > INlVM;,

where the last inequality follows from Lemma 3.3. The desired inequality follows by putting everything
together as for all X > 1 we have

24+ A< (t+ XB)(t(1 —y) +y¥40) + 2(XB + 1)25(5,)(FOAR) + (2 + A)(y + y'/2D).
0

Next, we exhibit a number of situations when the hypotheses of Theorem 3.4 are satisfied. We begin with
an application of Theorem 3.4 to the occurence of large Hecke coefficients of unitary cuspidal representations
of GL(2) with trivial central characters, previously considered by Walji in [28].

Corollary 3.5. Let 7 be a unitary cuspidal representation of GL(2, Ar) which has trivial central character
and is not solvable polyhedral. Then |a,(w)| > 1 for v in a set of places of upper Dirichlet density at least
0.001355.

More generally, if A > 0 then |a,(7) — A| > V1 + A2 for v varying in a set of places of upper Dirichlet
density at least

(1+402) (1 - 2+ V6)X 1 —2X72) — 23/4(20v2 + V/3) (1 + 20) X /2
P (1 2N)2X2

Proof. First, we remark that if 7 is a good self-dual cuspidal automorphic representation of GL(n, Ar) the
previous theorem implies that a,(m) < 0 (or a,(m) > 0) for v in a set of places of density at least

1 vM vV M 1 -0
2X2  2X5/2 2X3  2X4 ’

max
X>1

where M is the order of the pole of the Rankin-Selberg L-function L(7®? x mV®2 s).
Let II be the symmetric square lift of 7, which is an automorphic representation of GL(3, Ar). Since 7 is
not solvable polyhedral, both Sym? 7 and Sym® 7 are cuspidal. This means that the representation
OOV ~Sym*7BSym?* 7B 1
11



is good and therefore II satisfies the hypotheses of Theorem 3.4 (here 1 is the trivial automorphic represen-
tation of GL(1,Ag)). The L-function

L(II®? x IV¥2 s) = L ((Sym* 7 BIIEB 1) x (Sym* 7 BII B 1), s)
has a pole of order three at s = 1. Therefore a, (II) > 0 for v in a set of places with upper Dirichlet density

at least
( 1 V3 3 1 ) 1.355
max
X>1

X2 2X%72  2X®  2x4) 7 1000
In this case a,(IT) = a,(7)?> =1 > 0 and therefore |a,(7)| > 1. The value 0.001355 can be obtained by
substituting X = 9.47.
For the second part of the corollary note that |a, (7)—A| > v/1 + A2 if and only if a,, (Sym? 7)—2\a,(7) > 0.

The representations 7 and Sym?  are cuspidal and not isomorphic and the corresponding Rankin-Selberg
poles are of order 2 and 3. Then lower density bound then follows from Theorem 3.4. (]

In our second example we consider the automorphic induction from GL(2) to GL(4).

Corollary 3.6. Let E/F be a quadratic extension and m a non-dihedral unitary cuspidal representation of
GL(2,Ag) with trivial central character and which is not the base change from F of a representation of
GL(2,AFr). Then the set of split places F = {v place of F split in E | v = w - w°, ay(7) + aye(m) < 0} has
upper Dirichlet density at least

- < 1 V7 1 NG

0F) zmax| 0%z ~5x52  axt  ax?

) >3.49-107%
X>1

Proof. Consider the unitary cuspidal representation II = Indg,r 7. In this case
NI ~18608IndgrSym’ B Bor® 7",

where 6 is the quadratic character defining E/F and 7 is the conjugate representation. The representation
T ® ¢ a priori defined over E descends to an automorphic representation over F and therefore in the
expression above we treat 1,0, Indg,r Sym? 7, 7 ® 7€ and O7 ® 7 as representations over F.

We will apply Theorem 3.4 in the case of II to study a, (II), which equals 0 when v is not split in E, and
equals a,, () 4+ aye(m) when v = w - w€ is split in F.

The assumption on 7 implies that 7V % 7¢ and therefore 7 @ 7¢ is cuspidal on GL(4, Ag). We deduce that
the order of the pole at s = 1 of the Rankin-Selberg L-function L(IT®2xTIV®2 s) is at most 12+124+12+422 =7
as among 1,6, Ind Sym? 7,7 ® 7¢, 07 @ 7¢ the first four are not isomorphic. The lower bound then follows
from Theorem 3.4. The explicit lower bound can be obtained by taking X = 18. (|

Our final application of Theorem 3.4 is a generalization of Corollary 2.8 to places v which split completely
in certain Galois extensions.

Corollary 3.7. Let m be a non-dihedral unitary cuspidal representation of GL(2,Ar) with trivial central
character. Suppose E/F is a finite Galois extension and L/F is a quadratic subextension such that Gal(E/L)
is an abelian group of order n. Then a,(m) < 0 (or > 0) for v in a set of places of F that split completely
in E of upper Dirichlet density at least

(n+1)(1— %5 — (n+1)742v2+ (n — DVI9) X2 —V/n+1(2v2+ (n— 1)V19)X !

> 0.
ey 2(n + 1)2X2

Proof. For each character x of Gal(E/L) consider the automorphic representation o, of GL(2, Ar) given by
oy = Indy,px. When x # 1 the representation o, is cuspidal and we denote II, = 7 ® o, the cuspidal
representation of GL(4, Ap).

If 9 is the quadratic character associated to L/F then:

2na,(m) v splits completely in E

0 otherwise ’

ay () + ay (07) + Z ap(lly) = {
x#1
is a real number for all v.
12



We will apply Theorem 3.4 to m, 87 (where 6 is the quadratic character of L/F'), and to the represen-
tations II,, as x varies among the nontrivial characters of Gal(E/L), grouped in isomorphism classes, all
representations appearing with coefficient 1. Note that

I, ® I} ~ 1 8 6 8 Sym® 7 8 6 Sym® 7 8 Ind x* B Ind x> ® Sym* 7.

Therefore IT ® ITY is good since the representation Ind x> ® Sym? 7 is either cuspidal or an isobaric sum of
type (3,3) by [23, Theorem A]. Moreover, the order of the pole at s = 1 of the Rankin-Selberg L-function
L(II$? X ITY®2, 5) is at most 12412412442 = 19, while the order of the pole at s = 1 of L((xm)®?x (xm)"®?, s)
is 2. Hence, we see that A>n+1, B=n+1,C < 2\/5—1—(71—1)\/@, andDSZ\/i—&—(n—l)\/ﬁ.

Theorem 3.4 implies that for v in a set of places of upper Dirichlet density at least the RHS in the desired
lower bound we have

ay(m) + a, (07) + Z a,(m®oy) <O0.
x#1

However, this can only happen when v splits completely in E in which case we see that a,(m) < 0 as well.
O

4. COMPARING HECKE COEFFICIENTS WHEN THE RAMANUJAN CONJECTURE HOLDS

In this section we give improved density bounds in the context of unitary cuspidal representations that
satisfy the Ramanujan conjecture. This includes, for example, regular algebraic cuspidal representations
that show up in the cohomology of Shimura varieties.

Theorem 4.1. Let F' be a number field. For each 1 < i < r let m; be pairwise non-isomorphic unitary cuspidal
automorphic representation of GL(n;, Ar) that satisfy the Ramanujan conjecture. Fiz \,..., . € C, not
all zero, t € C, and € € (0,7/2). Then:

(1) The set F = {v | arg(>_ Aiay(m;) —t) & (—€,€)} has upper Dirichlet density
[t1% + > [Nil® + (JE] + - nilMi]) Retsece
- (1 + sec ) (3 malAil + [¢])?
(2) If >> Miay(m;) € R for allv (e.g., if m; are self-dual for alli and \; are all real), > Nja,(m;) <t <0
for v in a set of places with upper Dirichlet density at least
NP+ ni|)‘i|).
202 il Al + [2])?
(3) More generally, Re Y Miay(m) <t <0 forv in a set of places with upper Dirichlet density at least
2Nl + 200l Nil)
A2 nal Al + 1))

Proof. (1): Let S be a finite set of places such that m; ,, is unramified for v ¢ S and 1 < ¢ < k. We will apply
the approach described above to the Dirichlet series

Z|Zz 1/\%(771 _t‘ Z|Ez 1)‘av(7rz)| 2Retz Z)\;v i) \t| Z*

vgS qv vgS qv vgS v vgS £0

6(F) =

a
First, as m; is cuspidal it follows that log Lg(m;, s Z Z ks k converges at s =1. As m, , is tempered
vgS k>1 U
;)

for v ¢ S it follows that the above sum converges for k > 2 and therefore Z
vgS 1)

converges at s = 1. We

)\ v 7
conclude that D(Zg(s) Z [ Nia (ﬂ- I )+ [t

vgS v
13



T
For i # j, m; % m; and therefore the function Lg(s) = Z A\iA;j log Lg(m; x 77}/, s) converges in the region

i,j=1
k

Res > 1 and has a simple pole at s = 1 with residue Z |)\i|2. Expanding, we deduce that
i=1

o I Ny ()
Ls(s) =D ) ZIT

vgS k=1

Since ; , is tempered it follows that |a, x(m;)| = | ozf’j ()| < n; for each i. We deduce that

|Z/\z‘au,k-(77i)|2 , ,

oS k>2 v vgS k>2 1V

. B = | 2;1 /\iav(ﬂ'i)|2 35 _ - 12
which converges at s = 1. We conclude that D( E . )=D(Ls(s)) = E (A%
4y i
vgS =1
Let F={v ¢ S|arg(d> Aiay(m) —t) ¢ (—e,e)}. We will use the fact that if arg(z) € (—e, €) then

12| < |z| sec(e) Re(2).
Let F = {v ¢ SUF}. We denote B =Y |\;|n; + [t|, in which case | Y \ja,(m;) — t| < B. Tt follows that

3 | - Aiay(mi) — ¢ < Bsee()Re I o Aiay(mi) —t

veF @ veF @
Aiay(m;) — 1 Aiay () — 1
= Bsec(e) Re Z M — Bsec(e) Re Z M
vgS T veF T
>\i w(mi) —1 1
< Bsec(e) Re Z M + B?sec(e) Z —
vgS o veF £

Putting everything together we get
NP+ 1t =D(Zs(s))
= [ Niaw(mi) — P e [ Nia(mi) — ¢
<D(> )+D(> )

veF qs qg

< B?*(1 +sece)§(F) — BRetsece

vEF

and therefore:
- t|> + BRetsec Ail?
5r) o + SN
B2(1 + sece)
(2): When > \;a,(m;) and t < 0 are reals, we obtain the desired inequality letting e — 0, as real numbers
have argument 0 or 7. o
(3): Apply the second part to the representations ; with coefficients A; and w) with coefficients A;. Then

Z()\iav(m) +)\—iav(ﬂ;/)) = Z(Aiav(m) —|—)\7ay(ﬁi)) = 2ZR6 /\Z-av(m)
are all real numbers. Therefore Re Y A\;ja,(m;) < t < 0 for v in a set of places of upper Dirichlet density
2N+ 2630 il Nal)
A2 nalAil)?

the representations {m;, 7’} depends on isomorphism classes among the representations {m;, 7} | 1 <14 <r}
|2 + 2t 1BY
2 N+ (ZZZ| il) as desired. ]
A0 nalAil)
14
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We use Theorem 4.1 to study the distribution of Hecke coefficients a,(7) where 7 is a unitary cuspidal
representation satisfying the Ramanujan conjecture (e.g., classical and Hilbert modular forms of regular
weight) and v varies in certain Galois conjugacy classes. As Theorem 4.1 is stated for mutually non-
isomorphic representations, in our first application we will impose an additional technical assumption on the
representation 7, which is automatically satisfied when 7 is not automorphically induced.

Corollary 4.2. Let F' be a number field and 7 be a self-dual unitary cuspidal representation of GL(n, Ar)
satisfying the Ramanugjan conjecture. Let a and m be coprime ideals of Op, and denote by hy the (narrow)
ray class number of conductor m. Suppose that for every character x of the ray class group of conductor m
such that m ~ wx we have x(a) = 1.
Then ay(m) < t < 0 for v = a (mod m) in a set of places of F of upper Dirichlet density at least
1 tn

+ )
2(n+ t])?hm  2(n+[t])?

Proof. Let Cl(m) be the narrow ray class group and Hy, the associated class field. Consider every character
x of Gal(Hp/F) 2 Cl(m) as a Hecke character of F. We will apply Theorem 4.1 to the linear combination

£y = Z X(u*l)av(xﬂ) _ {av(w) ifv=a (modm) '

herwi
Cl{m) 5T m 0 otherwise

The linear combination is a real number for all v as 7 is self-dual. Let H C Cl(m) be the group H =

{x € @\l(m) | m =2 wx} and denote by h its order. We will apply Theorem 4.1 to the representations x for
hx(a”?)
h

m
representative by assumption. We conclude that f, <t for v in a set of places with upper Dirichlet density
at least

representatives x € é\l(m) /H with coefficients noting that x(a™!) is independent of the choice of

> (@) /el + 10

x€Cl(m)/H B h n tn < 1 N tn
202( 33 [hx(a) /b 1D 2+ [H)2he 200+ )7 T 200+ [t)2hm T 2(n[E])?
x€Cl(m)/H
The desired result follows from the fact that f, = 0 unless v = a (mod m), in which case f, = a, (7). O

Remark 4.3. Considering upper Dirichlet density as a probability function Pr, Corollary 4.2 can be rephrased
in terms of conditional probability, using the Chebotarev density theorem, as
Pr(a, <0 = d >
r(a, () |[v=a (modm))> 5,2
In the case of GL(2) and GL(3) we are able to get additional distributional properties using the functo-
riality of tensor product on GL(2) x GL(2) and GL(2) x GL(3).

Corollary 4.4. Let F be a number field and E/F o finite Galois extension such that there exists a quadratic
subextension E/L/F with Gal(E/L) abelian of order n.

(1) Let m be a self-dual unitary cuspidal representation of GL(d,Ar) where d = 2 or 3, such that w
satisfies the Ramanugjan conjecture. When d = 2 we furthermore assume that 7 is not dihedral. For
each t < 0 we denote by Fg(t) the set of places v of F which split completely in E such that
ay(m) <t. Then

- n+ 1+ 2td*n?
o(Fe(t)) = 22 1 22
(2) If 7 is a non-dihedral self-dual unitary cuspidal representation of GL(2, Ar) satisfying the Ramanujan
congecture then |a,(m)| > 1 for v in a set of completely split places in E of upper Dirichlet density
n+
2n2 "
Proof. For each character x of Gal(E/L) consider the automorphic representation o, of GL(2, Ar) given by
oy =Indz,/r x. When x # 1 the representation o, is cuspidal and we denote I, = 7 ® o, the automorphic
representation of GL(2d, Ar).

at least
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As in the proof of Corollary 4.4 we will treat each v € Gal(L/F) as a Hecke character on F'. Note that

dna,(m) v splits completely in E
uGGal(L/F) x#1

is a real number for all v as 7 is self-dual.

We will now proceed with the case d = 2. Then 7 is not twist equivalent to any of the oy, as pi is
not dihedral, and therefore 1I, are cuspidal representations. Moreover, since 7 satisfies the Ramanujan
conjecture so do the representations II,. We will apply Theorem 4.1 to m, O (where 6 is the quadratic
character of L/F'), and to the isomorphism classes of representations II,, as x varies among the nontrivial

characters of Gal(E/L). Let II,,,...,II,, be the representatives of the isomorphism classes of II,, and let
a; be the number of x such that II,, ~ II,. In Theorem 4.1 we have 2 of the \; = - with n; = d = 2, the
2
other \; = §& with n; = 2d = 4, giving " |\i[* = 227% and > n;|A\;| = 2. We obtain that
1 a;
(2) n Z ay,(vm) + Z %av(ﬂxi) <t
veGal(L/F)

for v in a set with upper Dirichlet density at least

22 L% 1 2P
22+ [t)2 T 2(2+ |t])2d2n?’

the inequality following from Cauchy-Schwarz as Y a; = n— 1. The desired result then follows from the fact
that the LHS of (2) can only be < 0 when v splits completely in E, in which case it is a, (7).

In the case d = 3 the analysis is complicated by the fact that Ind;,/r x ® 7 need not be cuspidal when 7 is
a cuspidal representation on GL(3, Ar). However, [23, Theorem 3.1] implies that if x # 1 then II, is either
cuspidal on GL(6,Ar) or is an isobaric sum of cuspidal representations on GL(3,Ar). In the former case
IL, satisfies the Ramanujan conjecture, as m does, and in the latter case the two cuspidal representations
satisfy the Ramanujan conjecture.

As in the previous case the lowest density bound occurs when the representations II, are all non-
isomorphic, after an application of Cauchy-Schwarz. We group the cuspidal II, into groups of isomorphic
representations on GL(2d) of size a1, ..., ax. If I, is not cuspidal we write II, = H; H Hi and we group the
Hj into groups of isomorphic representations on GL(d) of size by, ..., by, noting that > a; + % S>bi=n—1.

In Theorem 4.1 we take 2 of the \; = 7 with n; = d = 3, the other Ai’s being \; = 4- with n; = 2d and

Ai = Lo with n; = d, giving 3" [Mi|2 = 555 (2 4+ X a? + 3002) and Y ny|\;| = 2. We again obtain that

1 1 1 L )
(3) - > avm)+ Z_ (Il + > Z-(au(I1) + ay (1)) <t
veGal(L/F) I, cuspidal 11, =11} B112

for v in a set with upper Dirichlet density at least
BRI Lot pt 14 2td%n?
2(2 +|t])? = 2(2 4 [t])2d?*n?’
as Cauchy-Schwarz implies that >~ a? + > b? > n — 1. The result then follows from the fact that the LHS
of (3) can only be < 0 when v splits completely in E in which case the LHS is a, ().

The last statement follows from applying the above bounds to the cuspidal representation Sym?w of
GL(3,AF) when t = 0. O

Corollary 4.5. Let F be a number field and E/F a finite Galois extension such that there exists a cubic
Galois subextension E/L/F with Gal(E/L) abelian of order n. Let m be a non-dihedral self-dual unitary
cuspidal representation of GL(2,Ar) which satisfies the Ramanujan conjecture. For each t < 0 we denote
by Fr(t) the set of places v of F which split completely in E such that a,(7w) < t. Then

n + 2 + 18tn?
~18(2 + |t])2n2”
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Proof. For each nontrivial character x of Gal(£/L) consider the cuspidal representation o, = Indy,/r X, a
cuspidal representation of GL(3,Ar), and consider the cuspidal representation II, = o, ® 7 of GL(6,Ar),
which necessarily satisfies the Ramanujan conjecture. Note that

3na,(m) v splits completely in F
Z av(mr)—i-Zav(W@aX):av(w)Zay(UX)z (m) P i pretely
0 otherwise
veGal(L/F) x#1 X
is a real number for all v as 7 is self-dual. Theorem 4.1 then implies that

1 1
3 Z av(Vw)+£Zav(7r®ax)<t

veGal(L/F) x#1

n+2 2
+ 2t 2+ 18t
for v in a set of place with upper Dirichlet density at least 25(’;:_ PIE = ?8—2—2 —|—+|t|)222'

O

Example 4.6. Suppose f is a non-CM holomorphic newform with real Fourier coefficients. Since the
Ramanujan conjecture is known in this case, we obtain the following distribution results:

1
(1) Corollary 4.2 implies that a,(f) < 0 for p=a (mod n) in a set of upper Dirichlet density > o)’
o(n
(2) Recall that a prime p is of the form m? + 27n? if and only if p splits completely in E = Q(3, ¥/2).
Then Corollary 4.4 implies that a,(f) < 0 for p of the form m? + 27n? varying in a set of upper

1
Dirichlet density at least ok

Example 4.7. Suppose X is a smooth projective genus 2 curve over Q such that End(Jac(X)) = Z, and
ap, = p+1—|X(F,)|. A recent result of Bozer, Calegari, Gee, and Pilloni [5] implies that there exists a totally
real field F' and cuspidal representation m of GSp(4,Ar) such that L(px q|lcr,s) = L(m,spin, s), where for
a fized prime q, px.q = T, Jac(X) ® Qg is the Tate module of the Jacobian of X. The representation 7 then
satisfies the Ramanujan conjecture as px,q is realized in the etale cohomology of Jac(X).

The density of primes p = a (mod n) such that a, < 0 is then equal to the density of totally split places
v of F such that N(v) = a (mod n) and a,(w) < 0, where a,(m) is the Hecke coefficient of the functorial
32¢(n)

We now turn to products of Hecke coefficients. The following result generalizes [6, Theorem 1.2] with
A1 =1, Ay = —1, all other coefficients being 0.

transfer of ™ to an automorphic representation of GL(4, Ar) which, by Corollary 4.2, is at least

Corollary 4.8. Let F be a number field. Suppose m1,...,Tq,01,02 are pairwise twist inequivalent self-
dual non-dihedral unitary cuspidal representations of GL(2,Ar). Let 71 be a self-dual unitary cuspidal
representation of GL(2, Ap) which is not a twist of 0; and 1o a self-dual unitary cuspidal representation of
GL(3,AF) which is not a twist of Ad(c). Consider coefficients A1, ..., g, V1,2, and t € R. Suppose the
representations m;, 05, T; satisfy the Ramanujan conjecture. Then the set

2

W12 Aan(m)? + > vjau(oy)au(ry) < 1)

j=1
has upper Dirichlet density at least

(t— A2+ B+ (t—A) ([t — A+ 3C + 4|v1| + 6[vs|)
2(3C + 4|v1| + 6|v2| + |t])? ’

a a 2 a
where A=Y \;, B= Y A7+ > vi, and C = Y |\i.
i=1 i=1 j=1 i=1

In particular, if T and o are twist inequivalent unitary cuspidal representations of GL(2, Ap) which satisfy
the Ramanujan conjecture then sign a,(m) # signa, (o) for v in a set of places of upper Dirichlet density at
least 1/32.
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Proof. We denote by II; = Sym?7;, which is a cuspidal representation of GL(3,AF), since m; is assumed
not to be dihedral. Similarly, ¥; = o; ® 7; is an automorphic representation on GL(4, Ar), resp. GL(6,Af).
The hypotheses imply that ¥; is cuspidal and that II; and ¥; satisfy the Ramanujan conjecture. Then

a 2 a 2 a
Yo diau(m)? + Y viau(og)an(y) = Y Niau(Th) + Y vi(S5) + ) A
i=1 j=1 i=1 j=1 i=1

The desired result would follow from Theorem 4.1 using ¢ — Y7, \; if we showed that the representations II;
and X; are pairwise non-isomorphic. First, II;, ¥, and ¥, are representations on groups of different ranks
so they cannot be isomorphic. Since 7; are twist inequivalent it follows that IT; are mutually non-isomorphic
[8, Appendix]. O

In the context of unitary cuspidal representations of GL(2, Ar) with trivial central characters we are able
to answer a finer question, concerning the distribution of linear combinations of the Hecke coefficients in a
given interval. For classical modular forms, a similar question was studied by Matoméki in [17].

Proposition 4.9. Let F' be a number field. Let my and wo be two twist-inequivalent unitary cuspidal repre-
sentations of GL(2, Ar) with trivial central characters, satisfying the Ramanujan conjecture. Suppose that
w1 and wo are not dihedral or tetrahedral. Let A1, Ao, a,b € R with a < b. Then the set

F={v]a < ay(m) + Aaay(m2) < b}
has upper Dirichlet density 6(F) at least
2(A1 + A3) + 6AIA + (A7 + A3)((a + b)? + 2ab) + ab?
2(4(IA ]+ Aa)? + 2(al + ) (Aa] + [Ae]) + |ab]))”
B A2+ A2 +ab
2(4(al + 122D + 2(Jal + [B) (M| + [A2]) + [ab]))
Proof. Consider the Dirichlet series
Zols) = 3 (Eimy dieulm) — o) (i) Nau(m) — D)”

q;

9

vgS
where S is a finite set of places outside of which 71 and 7o are unramified. Then

4 2
Zs(s) =Y (Aray (1) +€>\2av(7f2)) @+ b2 +2a0) Y (Aray(m) +€>\2av(7f2)) ey ig
y qy a4y
vgS vgS vgS

—2ab(a+b) A1y (m1) ; A2do(m2) _ 2at+h) S (May(m) ;Amv(m))é

vgS vgS

Since m; (1 < i < 2) is not dihedral or tetrahedral, the representations m;, Sym? m;, and Sym?®m; are all
cuspidal. Moreover, since m; and 7y are twist-inequivalent, 7y ® 7o is also cuspidal. It follows that their
L-functions are entire, so the last two terms in the above identity are bounded. Moreover, by the properties
of the Rankin-Selberg convolution:

Z (AMay(m1) + Aaay(m2)) = (A2 4+ 22) Z is +0(1).

s
vgS T vgs v

By the cuspidality of m; ® w9 and the properties of Rankin-Selberg L-functions:

A1ay (1) 4 Agay(m2))* !
Z( 10, (1) i 20y (T2)) _ (2)\411+2/\‘11+6)\%)\§)Z—3+0(1).
vgS W ves

Combining the previous two estimates we get

1
Zs(s) = (2A} + 2M\ + 6A]A3 + (AT + A3)((a + b)* + 2ab) + a®b%) > a7t o(1).
vgs Y
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At the same time, the Ramanujan bound implies that

(D Aiau(mi) = a) (Y Niaw(mi) = b)| < A(Aa|+ A2)? +2 (lal + [B]) (|Ad] + [Aa]) + |adl.

i=1 i=1

Therefore, using the approach outlined in the beginning of Section 2 with

fo= (Z )\iav('fTi) - a)(z )\iav('fri) - b),
i=1 i=1

B =AM |+ [X2])? + 2(|al + [ ([Aa] + [A2]) + [abl,
m = 2A7 + 203 + 6ATAZ 4+ (A +23)((a + b)? + 2ab) + a®b?,
M =)} + A3 + ab,
the conclusion follows. O

Remark 4.10. Taking Ay =1, Ao = —1 and b = —a > 0 we obtain that |a,(m1) — a,(m2)| < b for v in a set
of places F with:
= b* + 46 + 5% — 8b — 11
()2 ,
(b2 + 8b + 16)

which is positive when b > 1.3371.
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