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ABSTRACT

The Fermat-Torricelli problem asks for a point that minimizes the sum of the dis-
tances to three given points in the plane. This problem was introduced by the French
mathematician Fermat in the 17th century and was solved by the Italian mathemati-
cian and physicist Torricelli. In this thesis we introduce a constrained version of the
Fermat-Torricelli problem in high dimensions that involves distances to a finite num-
ber of points with both positive and negative weights. Based on the distance penalty
method, Nesterov’s smoothing technique, and optimization techniques for minimizing

differences of convex functions, we provide effective algorithms to solve the problem.
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Introduction

Pierre de Fermat proposed a problem in the 17th century that sparked interest in
the location sciences: given three points in the plane, find a point such that the sum
of its Euclidean distances to the three points is minimal. This problem was solved
by Evangelista Torricelli, and is now referred to as the Fermat-Torricelli problem. In
1937 Endre Weiszfeld developed the first numerical algorithm to solve this problem.
It was Harold Kuhn in 1972 who asserted and proved the necessary and sufficient
conditions for Weiszfeld’s algorithm to converge. Since then this problem has been
generalized to handle any finite number of points in R and the Weiszfeld algorithm
has also been improved and modified.

In this undergraduate thesis we introduce the constrained Fermat-Torricelli prob-
lem and solve it using the distance penalty method. The paper is organized as fol-
lows: Chapter 1 provides the necessary definitions and results from convex analysis in
order to understand the latter sections. Chapter 2 is a brief introduction to DC pro-
gramming and Nesterov’s smoothing technique. Chapter 3 has several key parts. We
describe the known results surrounding the Fermat-Torricelli problem, then introduce
its constrained analog with detailed proofs. A new algorithm for solving the problem
is introduced. Finally, we discuss Nesterov’s accelerated gradient method and DC
programming in light of the constrained problem. Throughout the text we provide

remarks, examples, and figures to develop the reader’s intuition on the subject.



Chapter 1

Preliminaries

The quintessential optimization problem begins with an objective function f: R — R
and attains a solution if there exists z € R™ such that the value f(Z) is minimal or
maximal. A constrained problem is defined similarly, but with the caveat that the
solution must adhere to the properties of what is called the constraint set. The
existence and uniqueness of an optimal solution as well as numerical methods to find
an optimal solution are vital concerns when approaching an optimization problem.
It is this stipulation that makes convex analysis desirable insofar that properties
surrounding the notion of convexity align with the necessary conditions of a solvable
optimization problem.

The goal of this chapter is to shed light on the “desirable” properties in convex
analysis relevant for later chapters of this thesis. We survey key terms and results for
understanding later sections of the thesis. Figures and examples are given to guide
the reader’s conceptual intuition. For a more comprehensive study of convex analysis
the reader is referred to [5] [10, [16].

Let R™ denote the set of n-tuples of real numbers, where each x € R" is of the form
(z1,...,7,). Also, let the extended real number line be defined by R := R U {oo}.
Given x = (z1,...,z,) € R" and y = (y1,...,¥n) € R", the Euclidean norm (2-norm)
of x is defined by

]l =




and the inner product of x and y is defined by

<£L‘, y> = Z TiYi-
i=1

It follows immediately that ||z|| = \/(x, x). With this and the property (z,y) = (y, z),
we have the identity ||z — y||2 = H13H2 —2(z,y) + ||3/H2

Definition 1.0.1. The closed ball centered at  with radius » > 0 and the closed
unit ball of R" are defined, respectively, by

B(z;r) :={r € R": |z — 2| <r} and B:={z € R" : ||z[| < 1}.

Remark 1.0.2. While the definition is in terms of the Euclidean norm, the notion
of a closed ball or closed unit ball makes sense in terms of the other norms.

FIGURE 1.0.1: Closed unit ball with respect to various p-norms ||-|,

Definition 1.0.3. A set Q C R" is convex if Aa + (1 — A\)b € Q for all a,b € Q and
A € [0, 1]. That is, the interval [a, b] C §2 whenever a,b € ().

Definition 1.0.4. Given elements aq, ..., a,, € R", the element = = 221 A;a;, where
Z;Zl A = 1land \; > 0 for each 1 < ¢ < m, is a convex combination of these
elements.



/'

FIGURE 1.0.2: A convex set on the left, and a non-convex set on the right. The line
connecting any two points in the set must also be contained.

Proposition 1.0.5. A set 0 C R” is convex if and only if it contains all convex
combinations of its elements.

Proof. Given ) C R” to be convex, it is straightforward that it contains all convex
combinations of its elements. The converse is shown by induction. That is, we must
show z := ijll Mw; € Q, where each w; € Q, fo{l X; = 1 with \; > 0. Notice
the result follows by definition for m=1,2. So fix m > 3 and suppose every convex
combination up to m of elements in € is contained in 2. It is also worth pointing out
that if A, 1 = 1, then y = w,,;1 and we are done. Otherwise, we see

m

i
=3 — 2 e
Y ;1_)\m+lw ©

Further, we get the reformulation = = (1 — X\,11)y + A 1Wma1 € Q by definition.
[

Definition 1.0.6. Let 2 C R™. The convex hull of () is defined and denoted by
co(Q) := m{C’ : C'is convex and 2 C C}.

Proposition 1.0.7. Let 2 C R™. The convex hull co(2) is the minimal convex set
containing (2.

Proof. Define C := {C : Cis convex and Q@ C C}. Let a,b € co(Q2) = (C, then
a,b € C for all C € C . Then for any A € (0,1) we see Aa + (1 — \)b € C. This
shows co(€2) is convex. Further, for any z € co(2) we see z € C' whenever 2 C C, by
properties of set intersection. Thus, co(£2) is minimal.

]



Definition 1.0.8. The domain of a function f : R® — R is defined by
domf :={z e R": f(x) < oo}
Further, f is proper if domf # &.

Definition 1.0.9. Given a nonempty set {2 C R", the distance function associated
with €2 is defined by
d(z; Q) = inf{||]z — wl|| : w € Q}.

Remark 1.0.10. For a nonempty close set, it is an important fact about the distance
function that d(z; ) = 0 whenever z € Q and d(z;2) > 0 whenever Z ¢ (.

Definition 1.0.11. For any € R”, the Euclidean projection from x to € is given
by
P(z;Q) ={w e Q: ||z —w| =d(z;Q)}.

Definition 1.0.12. Let f : Q — R be an extended-real-valued function defined on a
convex set 2 C R"™. Then f is convex on 2 if for all z, y € Q and A € (0,1)

fOz+ (1= Xy) < Af(z) + (1= N)f(y)

If this inequality is strict whenever x # y, we say f is strictly convex.

Example 1.0.13. We show that the norm function f(z) = ||z|, € R™, is convex.
Indeed, for any z,y € R™ and A € (0,1) we have

Oz + (1 =Ny) = |Az+ (1 = Nyl| < Mall+ @ =) [lyll = Af(z) + (1 = A)f(2)

Proposition 1.0.14. Let f; : R — R be convex functions for all i = 1, ..., m. Then
the maximum function maxj<;<,, f; is convex.

Proof. Let g :== max{f; : ¢« = 1,...,m} and z,y € R"™ be given. Then for any
A€ (0,1) we see

fide + (1= Ny) < Mi(z) + (1 = Ny fily) < Ag(z) + (1= Ng(y).
fori=1,...,m. It follows that
g(Az + (1= Ny) = max{fi(Az+ (1 = A)y) :i=1,...,m} < Ag(z) + (1 = N)g(y).
Thus, the maximum function is convex. O

Proposition 1.0.15. Let f; : R” — R be convex functions for all i = 1, ..., m. Then
Yo, [i is convex.



Proof. We show the result for m = 2. The general result follows from mathematical
induction. For ease in notation, let f and g be convex functions on R". Fix any
z,y € R" and X\ € (0,1). Then we see that

[f+9l(Az+ (1= Ny) = f(Az + (1 = Ny) + g(Az + (1 = Ny)

<Af(@) + (1= N f(y) + Ag(z) + (1= Ng(y)
= A[f +gl(z) + (1 = N[f + gl(y).

Thus, f + g is convex. m

Definition 1.0.16. A function f : R* — R is Fréchet differentiable at 7 €
int(domf) if there exists an element v € R™ such that

o @)~ @)~ - a)

=3 [l — 2|

=0.

Then v is called the Fréchet derivative of f at z and is denoted by V f(z).

Definition 1.0.17. Let C''(Q) denote the set of all functions whose partial derivatives
exist and are continuous on . Then given a real-valued function f € C*(R"™), the
gradient of f at x is given as

Vf(z) = (g—i(x),...,gi(x))

Definition 1.0.18. Given a convex function f : R” — R and z € domf, and element
v € R" is called a subgradient of f at 7 if

(v,x — ) < f(z) — f(z) for all z € R".

Moreover, the subdifferential refers to the collection of all the subgradients of f at x
and is denoted by 0f(Z).

Remark 1.0.19. If f : R" — R is Fréchet differentiable at z, then 0f(z) = {V f(z)}.
Example 1.0.20. Let p : R* — R be defined by p(z) := ||z||. Then

B if v =0,

otherwise.

Op(z) =

]

The equality is routine if x # 0 because the function is differentiable in this case.
Our main concern is calculating the subdifferential at x = 0. Let v € 9p(0), then by
definition we have that (v, ) < ||z|| for all z € R™. This implies that (v,v) < ||v]].



It then follows that |[v|| < 1, so v € B. The opposite inclusion follows from the
Cauchy-Schwarz inequality. Indeed, take any v € B, then

(v,2=0) = (v,z) < o]l [lz]| < ||lz|| = p(x) — p(0) for all z € R".

Therefore v € dp(0) and we have dp(0) = B.

]

Lo
FicUre 1.0.3: Choosing two values from the subdifferential of f at xg we attain the

subderivatives g and h at xg. Notice g is a constant.

Proposition 1.0.21. Let f : R* — R be convex and Z € domf be a local minimizer
of f. Then f attains its global minimum at this point.

Proof. By our assumptions, for some § > 0 we have
f(z) < f(u) for all u € B(z;0).

Now let x € R™ be given. Then any z € B(Z; ) is expressible as a convex combination
of x and z. That is, for A € [0,1] we have z = Az + (1 — X\)Z. Now since f is convex,

f(@) < f(z) S Af(2) + (1= A)f(2).

This inequality implies that Af(z) < Af(x). Further, f(z) < f(x) for all z € R*. [

Proposition 1.0.22. Let f : R® — R be convex and Z € domf. Then f attains its
local/global minimum at z if and only if 0 € Jf ().

Proof. First suppose f attains its global minimum at z. Then
0=(0,z—z) < f(x) — f(z) for all z € R",

which implies 0 € 0f(Z) by the definition of subdifferential. The sufficient condition
follows by a similar argument. O



Definition 1.0.23. A function f : R® — R is lower semicontinuous at z € R” if
for every av € R with f(Z) > « there is § > 0 such that

f(z) > afor all z € B(0;7).

Definition 1.0.24. Given a proper function f : R" — R its Fenchel conjugate
ffR"—= Ris

f(v) :=sup{(v,z) — f(x) : x € R"} = sup{(v,z) — f(z) : © € domf}.

Remark 1.0.25. It is worth noting that f is not necessarily convex on R”, but its
conjugate f* is. Further, given f is proper, convex, and lower semicontinuous, then
x € 0g(y) if and only if y € dg*(x).

Definition 1.0.26. A function f : R® — R is Lipschitz continuous on a set
Q) C domf if there is a constant ¢ > 0 such that

|f(x) — f(x)] <Lz — vyl for all x,y € Q. (1.0.1)

Also, f is called locally Lipschitz continuous around = € domf if there are con-
stants ¢ > 0 and 0 > 0 such that (1.0.1]) holds, where Q = B(Z; ).

The following theorem is a nice result between the concept of Lipschitz continuity
and its local analog. We see how local boundedness of a convex function is used to
show its local Lipschitz continuity.

Theorem 1.0.27. Let f : R" — R be convex and z € domf. If f is bounded above
on B(z;§) for some § > 0, then f is Lipschitz continuous on B(z; 2).

Proof. The proof is omitted here and the reader is referred to [10]. O

Corollary 1.0.28. Any finite convex function on R" is locally Lipschitz continuous
on R™.

Proof. Fix x € R™ and let ¢ > 0. Define A :== {z £ee¢; : i =1,...,n} C R"
where {e; : 1 = 1,...,n} is the standard orthonormal basis of R™. Further, M :=
max{f(a) : a € A} is finite. We express the convex combination of any = € B(z; <)
as

T = Z/\"a" with ZAi =1, where a¢; € A and \; > 0.
=1 =1

The following is then obtained

flz) < Z Aif(ai) <D NM =M. (1.0.2)

=1



Thus, f is bounded above on B(z; £). By Theorem [1.0.27, f is Lipschitz continuous
on B(z; ), which implies it is locally Lipschitz on R". ]

Remark 1.0.29. We made the assumption that B(z; £) C co(A). Also, (1.0.2)) relies
on Jensen’s inequality. The reader is referred to [10] for more information.

Definition 1.0.30. A function f: R" — (0o, o0] is coercive if

/()

lzl—o0 |||

Definition 1.0.31. Let f: R" — (—o0, 00| be an extended-real-valued function. We
say that ¢ is y-convex with parameter v > 0 if the function g: R® — (—o00, o] given

by g(z) == f(z) — szHQ is convex. We say f is strongly convex if the convexity of

g holds for some v > 0.



Chapter 2

Optimization Methods

This chapter outlines basic properties of functions expressible as the difference of
convex functions (DC functions). We begin with basic properties of such functions,
then introduce the reader to DC programming and the DCA. Nesterov’s smoothing
technique and accelerated gradient method are also discussed.

2.1 The Difference of Convex Functions

Definition 2.1.1. Given a convex set 2, a function f :  — R is called a DC
function if there exists a pair of convex functions g, h on €2 such that f =g — h.

Proposition 2.1.2. Let f; : R® — R be DC with the DC decompsotion f; = g; — h;

for 2 =1,...,m. Then the following functions are also DC:
(a) D20, Afi d) |fs| fori=1,...,m
(b) max f;
(© i f, © [i £

10
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Ficure 2.1.1: A DC function and its decomposition.

Proof. These results are shown using propositions [1.0.14] and [1.0.15]

(a) Let I={i=1,....,m: )\ >0}and J = {1,...,m}\ I. Also let \; = —); for
j € J. Then the following holds

Z)\Z-fl- = Z)\i(gi —hi) + Z)\j<gj

iel J€l
- [Z Nigi + ) Ai(—hi)] + [Z Aig; + ZthJ}
icl il J€J el
_ [Z/\igi +ijhj] — [Z/\,-thZngj]
il jeJ el ies

(b) }ljotice that for any i = 1,...,m that f; = g; + Z;‘n:l,#i hj =5~ hj. Then we
ave

(c) This is shown in a similar fashion as (b).
(d) Fori=1,...,m notice that | f;| = max{f;, —f;}. The result follows by part (b).

(e) The case of m = 2 is given by Philip Hartman in [3] as a corollary to the main
theorems. The general result follows by mathematical induction.

O
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2.1.1 An Introduction DC programming

Here we provide a brief introduction to DC programming and the DC algorithm; for
a comprehensive study the reader is referred to [8, [17, [6]. Convexity is a desirable
property of functions in that local optimal solutions are global solutions. As convex
optimization has been studied for a quite long time, going beyond convexity is of great
interest in research of mathematical optimization. One of the first approaches in this
direction is to consider minimizing differences of convex functions. DC programming
utilizes the convexity in the decomposition of the original objective function. Consider
the following optimization problem:

minimize f(x) = g(z) — h(z),x € R", (2.1.1)

where g: R — R and h: R* — R are convex. If f is our objective function, then
g — h is called a DC' decomposition of the function f. The problem illustrated by
is the primal DC program and it is always expressible as an unconstrained
optimization problem. Indeed, if the objective function is constrained to a convex
set 2, adding the indicator function dg, where dg(x) = 0 if x € @ and dg(z) = 0o
otherwise, to ¢ yields an unconstrained DC program.

In a similar fashion, we define the dual DC program of in terms of the Fenchel
conjugates of g and h

minimize h*(y) — g*(y) subject to y € domh* (2.1.2)

The DC algorithm introduced by Tao and An [I7, 18] uses components from both of
these objective functions; it is given as follows:

The DCA

INPUT: z; e R*", N e N

for k=1,...,N do
Find y; € Oh(xy)
Find zy41 € 9g*(yx)

end for

OUTPUT: zn11

We now discuss the sufficient conditions for the sequence {zy} to be generated.

Proposition 2.1.3. Let g: R” — (—00, oo] be a proper lower semicontinuous convex
function. Then

dg(R™) := U dg(z) = dom dg* = {z € R" | g™ (x) # 0}.

zeR™
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Proof. Let y € dg(x) for some x € R™. Then x € dg*(y), which implies dg*(y) # 0,
and so y € dom dg*. A similar argument gives the opposite inclusion. m

Remark 2.1.4. If we assume g is coercive and level-bounded, then domdg* =
dom g* = R™. The proof is given in [13].

Proposition 2.1.5. Let g : R® — R be a proper lower semicontinuous convex func-
tion. Then v € dg*(y) if and only if

v € argmin{g(z) — (y,z): x € R"} (2.1.3)
Further, w € 0h(z) if and only if
w € argmin{h*(y) — (y,z): y € R"} (2.1.4)
Proof. Suppose v € argmin{g(z) — (y,z): x € R"}. Then we see
0€dg(v) —y

This implies y € dg(v), and we conclude v € dg*(y). Showing the other implication,

if v € dg*(y), then 0 € dg(v) — y, which implies ([2.1.3).
Similarly, we see that if w € argmin{h*(y) — (y,z) : y € R"}, then we have

0€oh"(w)—x

Therefore, w € Oh(x). The proof that (2.1.4) implies w € Oh(zx) is justified as
before. O

2.1.2 Convergence of the DC Algorithm

In this section we develop some fundamental results regarding the convergence of the
DC Algorithm. The reader is referred to [6 8, 17, [I§] for a more extensive study on
DC programming.

Proposition 2.1.6. Let h : R" — (—00, 00| be y-convex with Z € dom(h). Then
v € Oh(Z) if and only if

(v, — ) —|—%Haz—:€*||2 < h(z) — h(z) (2.1.5)

Proof. Let k : R" — (—o00, 00| defined as k(x) = h(x) — 3 |z||* be a convex function.
Given v € Oh(Z) we apply the subdifferential sum rule to attain v € 9k(z) + 77,
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which implies v — vz € 0k(Z). By definition of subgradient we see

(v—7z,x —7) <k(z)—Fk(z) for all z € R™.

Therefore,
(v,0 = 7) <y(T,2) = 7(2.7) + h(z) — J |ll° - (h(@) - 2 |2]*)
< h(@) = h(@) = 2] - 2(e.2) + |2|*)
= h(x) = h(z) - 3 = = 2|

We then obtain
(v, — T) + % lz — z))> < h(z) — h(z).

Conversely,
(o0 =7) < (v —3)+ 2 v —7* < ()= h@)

This implies v € Oh(Z). O

Proposition 2.1.7. Consider the f defined by (2.1.1) and the sequence {z}} gener-
ated by the DC algorithm. Let g be v;-convex and h be v9-convex. Then

Y1+ Y2
2

Proof. Given y,. € Oh(xy), we apply Proposition to obtain

|err — xl|* < f(xx) = f(@ppn) for all ke N (2.1.6)

W v — o) + 5 lziss = mul < hzsa) = ho)
Likewise, we have xp11 € 0g*(yx), which implies y; € Jg(xj41). Therefore,
§a! 2
(Yr» Tk — Thg1) + 5 |2k — Tegal|” < g(wr) — g(@hi)

The sum of these inequalities implies (2.1.6]). O

Lemma 2.1.1. Suppose h : R" — R is a convex function with wy € Oh(zy) where
{z}} is a bounded sequence. Then {wy} is bounded.

Proof. Fix any Z € R"™. Since {h(z})} is bounded, by Corollary [1.0.28) there is § > 0
and ¢ > 0 such that

|h(z) — h(y)| < ]|z —y|| whenever z,y € B(Z; ).
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Now we show [|w|| < ¢ whenever w € dh(u) for u € B(z; 2).
Indeed,
(w,z —u) < h(x) — h(u) for all z € R"

Now choose positive 7 such that B(u;n) C B(z;¢). Then
(w,x —u) < h(z) — h(u) < l||lx —ul| whenever ||z —u| <n.

Thus, [|w|| < £.

Let us suppose by way of contradiction that {wy} is not bounded. Then assume
|wg|| — oo. By the Bolzano-Weierstrass theorem, the boundedness of {x;} implies
there is a subsequence {y,} that converges to xp € R". But for Lipschitz constant
¢ >0 of f around xy, we have

Hwka < /' for some p.

This contradicts our assumption, and a similar argument is given if ||wy|| — —oco. [

Theorem 2.1.8. Let f be the function defined in and the sequence {zj}
be generated by the DC algorithm. Then {f(xx)} is a decreasing sequence. Also
suppose f is bounded below, g is 7;-convex, and h is ye-convex. If {x;} is bounded,
then every subsequential limit Z of the sequence {x;} is a stationary point of f. That

is, dg(z) N Oh(x) # 0.

Proof. Since f is bounded below, from (2.1.6]) it follows that f converges to a real

number. That is, f(zx) — f(xgr1) — 0 as k — oco. Applying (2.1.6) again we see
| k41 — k|| = 0. Suppose x, — T as  — oo as { — oco. Let

Yk € 0g(xpyq) for all k € N.

Then by Lemma 2.1.1} {yx} is a bounded sequence. Suppose yi, — 7 as £ — co. By
observing that yx, € Oh(xzy,) for all £ € N, we now show

y € Oh(z).
Since (yg,, © — xg,) < h(z) — h(xy,) for all x € R™ and ¢ € N, we have
<ykeﬂ‘f - Ik4> < h<j> - h(xke>

Then h(zg,) < (Yx,, xx, — ) + h(Z), which implies limsup h(xy,) < h(Z). Since h is
lower semicontinuous, h(xy,) — h(Z). Letting £ — oo we obtain 7 € Oh(Z).

Confirming that § € dg(Z) follows a similar argument after observing xy,+1 — Z and
Yk, € 09(x,+1). Thus, 7 is a stationary point of f. n
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2.2 Nesterov’s Smoothing Technique

In this section we study Nesterov’s smoothing technique with respect to nonsmooth
functions in R"™. The results in this section are based on Nesterov’s 2005 paper [14]
and are a part of a current project where we discuss the following results in Hilbert
spaces [12].

For the duration of this section, let A € R"™*". Given a nonempty closed bounded

convex subset () of R™ and a continuous convex function ¢: R™ — R, consider the
function fy: R™ — R defined by

fo(z) == max{(Az,u) — ¢(u) | u € Q}, ©z € R".
We define the norm of A as usual:
||| := sup {||Az|| | =] <1}

It follows from the definition that ||Az| < ||A||||z| for all z € R™. The transpose of
A denoted by AT: R™ — R" satisfies the identity

(x,AT(y)) = (Az,y) for all z € R",y € R™,
Let us prove a well-known result that involves the norm of an m x n matrix.
Proposition 2.2.1. Given A € R™*" we have ||A| = || AT|.

Proof. For any z € R", one has

|Az|| = sup (Az,y) = sup (z, A" (y)) < sup (||z[[|AT[[[lyll) < [|AT[[[l].
Iyli<1 Iyli<1 Iyli<1

This implies [|A|| < [JAT||. In addition, [[AT|| < [[(AT)T]| = || A]|. O

Proposition 2.2.2. Let ¢: R" — (—o00, 00| be strongly convex with parameter o > 0.
Then
O'H.Z'l —IQHQ S <’U1 — V2,71 —$2> (221)

whenever v; € dp(z;) for i =1,2.

Proof. Define g(x) := ¢(x) — Z||z||* for z € R™. Then g is convex and by the
subdifferential sum rule

v; € 0g(x;) + ox; for i = 1,2.
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By the definition of subdifferentials in the sense of convex analysis,

(z2) — g(x1),

(v —oxy, 29 — 1) < g
g(z1) — g(x2).

<
(Vg — 09, 11 — T3) <

Adding these inequalities yields
(v —vg — o2 — 23), k9 — 1) <0,

which implies (2.2.1)). O

Lemma 2.2.1. Let A € R™*". Suppose that ¢: R"™ — R is a strongly convex
function with parameter 1 > 0. Then the function pu: R™ — R defined by

f(z) = max{(Az,u) — p(u) | u € Q}

is well-defined and Fréchet differentiable with Lipschitz gradient with constant ¢ =
lAL®
o
Proof. The subdifferential of the function f is given by
Of () = {ATu(z)} for all z € R,

where u(z) € R™ denotes the unique element such that the maximum is attained in
the definition of f(x).
Let g,(u) = —(Az,u) + o(u) + §(x; Q). Then

0 € g, (u(x)) = —Ax + dg(u(x)),
where g(x) := h(x) + 0(x; Q) is strongly convex with parameter u. It follows that
Ax € 0g(u(x)). (2.2.2)

The function g is strongly convex with parameter p, so its subdifferential is strongly
monotone in the sense that

ey — m9))* < (wy — wa, 21 — 13) whenever w; € dg(w;).
Using ([2.2.2) gives

pulluey) — u(as)|” < (A(xr) — A(xz), u(z1) — u(ws))
= (21 — @9, AT (u(z1)) — AT (u(22)))
< oy — m ||| AT (u(z1)) — AT (u(x2)) .
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It follows that
AT (u(1)) = AT (u(z)|* < [JATIP[Ju(z1) — u(zs)||?

<A AT () — AT )]

This implies
IA]”

1AT (u(1)) — AT (u(z2))|| <

|21 — 22]|-

Thus, the subdifferential mapping Ou(-) is continuous, and so f is Fréchet differen-
tiable with 0f(z) = {Vf(z)} = {ATu(z)}. In addition,

IA]*

IVi(zr) — Vi(z)| < THxl — x| for all x1, 2o € R™.

The proof is now complete. O]

Fix a constant ;1 > 0 and vy € ). Consider the function f, defined on R" be
ful) = masc{ (A, u) = ¢(u) = Sllu—w|* | u € Q}. (2.2.3)

Proposition 2.2.3. The function f, given by (2.2.3)) is Fréchet differentiable with
Lipschitz gradient on R". Its gradient is given by

V() = ATuM(x).

The gradient f,, is Lipschitz continuous on R™ with Lipschitz constant ¢ = H’L:JF. In
addition,
Ful@) < fol@) < fulz) + g[p(uo; Q)2 for all = € R, (2.2.4)

Proof. Observe that the function ¢(u) := @(u) + &|ju — ug||* is strongly convex with
parameter p. Thus, the fact that f, is Fréchet differentiable with Lipschitz contin-
uous gradient follows from Lemma [2.2.1, The estimate is straightforward.
Obviously, fu(z) < fo(z) for all z € R™. In addition,

folw) = max{{Az,u) - d(u) | u € Q}
= ma{ (A, u) = ¢(u) = &= ol + 5 lu = uoll | w € Q)
max{(Az,u) — ¢(u) —
= ful) + [D(uo; Q)P

RS

0
lu = woll [ w € Q) + max{T[lu —wol [ u € Q}
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The proof is now complete. n

In the next proposition, we consider a particular case of the function f, where ¢
is a linear function ¢(u) = (b, u), where b € R™.

Proposition 2.2.4. In the setting of Proposition [2.2.3] consider the function ¢ given
by ¢(u) = (b,u), where b € R". Then the function f, in has the explicit representation

_ ||14'C(:_bH2 _ 1% _ Ax—b 2
fu(m)—TﬂLMx—b,U)—g[d(qu p Q)]

and is continuously differentiable on R™ with its gradient given by
V fula) = Alu,(2),
where u,, can be expressed in terms of the Euclidean projection

Az -0
uy(x) = P(u+ . Q).

Proof. We have
fulw) = sup{(Az = b.u) = Ellu—al* | u € Q}

:mm%gmu—MP—%Mw—QMMUEQ}

" Az =b,  [JAz—b|? 2 i

= ——inf{|lu—u— - ——(Az-ba) |ued
5 nf{| ; | " M( ) | }
A — b2 Ax —

:lgﬂﬂL+uu—am—gmqm—u— iL%ﬂueQ}
A _b2 A —b

AU e - B 2 g

Since the function ¥(u) := [d(u; Q)]* is continuously differentiable with Vi(u) =
2[u— P(u; Q)] for all u € R™ (see, e.g., [B, p. 186]), it follows from the chain rule that

1 2 Az —b Az —b
—ATP(a+ A‘”M‘ b.Q).

The proof is now complete. O]



Chapter 3

The Fermat-Torricelli Problem

In this section we give a brief survey of the classical Fermat-Torricelli problem then
introduce the constrained version. Detailed proofs are given and we solve the prob-
lem using the distance penalty method, Nesterov’s smoothing technique, and DC
programming. In addition, we introduce an algorithm for solving the constrained
problem.

3.1 The Original Problem

The precise statement of the Fermat-Torricelli problem is as follows: Given a finite
set A:={ay,...,an} CR™,

minimize f(x) := Z ||z — a;|| subject to z € R™. (3.1.1)
i=1

Remark 3.1.1. Recall f is convex. Further, f is continuous.

3.1.1 Existence and Uniqueness of Solutions

Let us discuss the existence and uniqueness of solutions to this problem.

20
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FIiGURE 3.1.1: The geometric construction for solving the classical problem raised by
Fermat. If AABC has an angle greater than or equal to 120°, then the corresponding
vertex is the solution.

Proposition 3.1.2. The solution set of the Fermat-Torricelli problem (3.1.1)) is
nonempty.

Proof. First, let m = inf{f(x) : « € R"}. Then choose a sequence {z;}2; C R”
such that limg_,o, f(xx) = m. By the definition of convergence, we can find K € N
such that ||z — a1]] < f(zx) < m + 1 whenever k > K. Then ||zx| < m + ||a1]| + 1
whenever k > K. Thus, {z;}?, is bounded, so it has a convergent subsequence
{z, }72, that converges to some z € R™. Then by the continuity of f, we have

F(@) = Jim f(z) =m.

Thus, Z is an optimal solution to the problem.
O

Proposition 3.1.3. If A is not collinear, then the function f from (3.1.1)) is strictly
convex and the Fermat-Torricelli problem has a unique solution.

Proof. Define f; : R" — R by fi(z) := ||z — ;|| for each a; € A. Then f =>"" f; is
convex. By way of contradiction, suppose f is not strictly convex. Then there exist
x,y € R" where x # y, such that for any A € (0,1) we have f(Az + (1 — N)y) =
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Af(x) + (1= AN)f(y). It follows that
Az —a:) + (1= M)y — @)l = [[Mz = a) | + (1 = A)(y — a))|| for a; € A.

Suppose © — a; # 0 and y — a; # 0. Then for each ¢ = 1,...,m there is t; > 0 such
that t;A\(z — a;) = (1 — A)(y — @;). Let 7; = 152, Solving for a; we obtain

1 i
i = - e‘c ) )
o= e L)

where L(z,y) is the line connecting = and y. In the case where z = a; or y = a;, it is
obvious that a; € L(x,y). Thus, we have arrived at a contradiction. O]

3.1.2 Weiszfeld’s Algorithm

For the duration of this section we assume the points in A are not collinear. Given f
from (3.1.1) we have
R
Hx - azH

Solving the equation V f(z) = 0 we obtain
_ Zi:l H:Ei—lalﬂ
- <xm 1 -
2lizt Tomar]

Then we define F(x) := x as in (3.1.2)) for z € A.
Weiszfeld’s Algorithm.

(3.1.2)

INPUT: Given A = {ay,az,...,a,,} CR" 20 € R" and N € N
for k=0,1,...,N do
Tp1 = F(xy)
end for
OUTPUT: x4

Proposition 3.1.4. If F(z) # x, then f(F(z)) < f(z).

Proof. We assume z is not a vertex. Further, we see F'(x) is the unique minimizer of

2
the g(z) := > " llz=ail - - Note g is strictly convex and that F'is the unique minimizer.

=1 |lz—a
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Thus, g(F(x)) < g(z) = f(z). But we need to show f(F(x)) < f(z). Indeed,

) —a; T —a; F(z) — ;]| — ||z — a;]])?
E:” [§ _§:m [+ 1 (x) = aif] -] D

|z — aill — |2 — ail
(IF () = all = llz — aql])?
w)+ Z = — ai |
This implies f(F(z)) < f(x). O

Proposition 3.1.5. Let Ry :== > ", itk HaT where each a; € A. Then the vertex
ay, is the optimal solution of the problem (3.1.1)) if and only if

IRell < 1.

Proof. By proposition [1.0.22] we have that a; is an optimal solution if and only if
0€df(ar) = —Rr+B.

Equivalently, we have ||Rg|| < 1. O

Proposition 3.1.6. Suppose a; is not the optimal solution and z is not a vertex.
Then there exists 6 > 0 such that 0 < ||z — a;|| < ¢. Further, this implies there exists
a positive integer n such that

HF”_l(:L') - akH <6< ||[F™(x) — ax| -
Proof. 1t follows from the mapping defining F' that

Zm a;—ag
=117k |lz—a|

> e
i=1 To—ail

F(x) —a =

F(z)—ai

It follows that lim,_,,, Te—arll = Ryj. Further, by proposition [3.1.5] we obtain

F —
L IF@) =
A PR

= ||Rg|| > 1.

Therefore, we have ¢ > 0 and ¢ > 0 such that

[£(x) — axll

> 1+ ¢ whenever 0 < ||z — ag|| <.
[ = ax|
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We now have the necessary tools for understanding Kuhn’s statement and proof
on the convergence of Weiszfeld’s algorithm.

Theorem 3.1.7. Let {x,}2, be the sequence formed by Weiszfeld’s algorithm. Sup-
pose that z;, ¢ A for k € N. Then {4}, converges to the unique solution of the
problem (3.1.1]).

Proof. The proof is omitted and the reader is referred to [10]. O

3.2 The Constrained Problem

Now that we are familiar with the Fermat-Torricelli problem, let us introduce the
constrained Fermat-Torricelli problem. This is a new problem, as such the results in
the remainder of this chapter still being developed. The temporary citation for our
work is [I2] in the bibliography.

Let {Q;}_, C R™ be a collection of convex sets. Our new problem is as follows:

m p
minimize f(x) := Z |z — a;|| subject to z € m Q. (3.2.1)
i=1 i=1

FIGURE 3.2.1: We solve for a point x contained in the intersection of a finite collection
of convex sets such that the sum of distances between z and each a; € A is minimal with
respect to the intersection.
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The distance penalty method allows us to reformulate (3.2.1) into an uncon-
strained optimization problem (see, e.g., [15], sec.17.1], [7]). Let A > 0 be the penalty
constant. Then we have the following:

minimize f)(z Z |z —a|| + = Zd z;8)° x e R (3.2.2)

Computationally, this is much more feasible. Recall that V[d(z;Q)]? = 2[z— P(z;Q)].
We then obtain

V fa(x Zux— +/\Z Q)]

Solving the equation V f\(z) = 0 ,we have

2ty oy T A i Pl (%)
> Tomay T AP

Then for z € A= {ay,...,a,} define F\(z) := z.

We introduce the following algorithm: choose a starting point ;1 € R™ and define

xTr =

Ty = Fi(xy) for k€ N. (3.2.3)

To increase the accuracy of the algorithm, we incrementally increase A with each
iteration.

New Weiszfeld’s Algorithm.

INITIALIZE: 29 € H, po > 0, 0 > 1.
Set k= 0.
Repeat the following
Let A := pg and let y := xp
Repeat
y = F\(y)
Until a stoping criterion is satisfied
Set k:=k+1
Update x; := y and ug := o A.
Until a stoping criterion is satisfied.

Define g : (R"\ A) x R" — R by

) = A = Pl -5 Yl )

j=1
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Lemma 3.2.1. We have the following properties:

(i) ga(z, ) = f(2).
(ii) y = argmin,cgnga(z,y) if and only if y = Fi(z).
(iti) gr(z,y) = 2/a(y) — fa(=).

Proof. The assertion (i) follows from the identity ||z — P(z; ;)| = d(z;8;) for z €
R™. To show (ii), note that for a fixed z ¢ A, the mapping y — ¢x(x,y) is smooth and
strictly convex. Therefore, y is its unique minimizer on R" if and ony if Vg, (x,y) = 0.
To show the converse, note

m p
Y
Vyoa(z,y) =2 Tz = aill +20> (y = P(a:; Q).
i=1 ¢ j=1

Solving Vyor(z,y) = 0 yields y = Fy(x). It remains to prove (iii). Using the inequal-
ity 4 > 2a — b for any two positive numbers a and b, we have

— lly —aill? azH S
=1

Observe that [y — P(x;))[| > |ly — P(y; ;)| = d(y; 2;), then

P P P
A A
AZHy Pch)IIQ——Z[ (JJ;QJ')]22522[ y; Q2 52
7=1 7j=1 7=1
(3.2.5)
The result from summing and (3.2.5)) implies (iii) O

Proposition 3.2.1. Let {x;} be the sequence generated by the method given in
(3.2.3). Assume that {x;} N.A = (), then the sequence {f\(x})} is monotone decreas-
ing. Moreover, fy(xg+1) = fa(zx) if and only if z is a minimizer of f\ on R™.

Proof. First we show that if F)\(x) # « for each x € R" \ A, then f) (Fi(z)) < fa(x).
Note y — ga(z,y) is a strictly convex; then by Lemma [3.2.1(ii), its unique minimizer
on R™ is F\(x). Now suppose F)(x) # x. Then

ga(@, Fa(x)) < ga(x, x) = fa(z),

where the equality follows from Lemma M(l) Now by invoking Lemma M(iii),
we have

ga(z, Fx(2)) = 2fx(F(z)) — fa(z).

Combining the above estimates yields the desired strict monotonicity. Recall that for
x ¢ A, Vfi(z) =0 if and only if z = F)(x), the conclusion now follows. O
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Proposition 3.2.2. Define,

m p
Ry = Z M+)‘Z[P(ak;Qj) —ay].
i=1,itk lar — ail] j=1

The point a; is a minimizer of f) if and only if
[ Rell < 1.

Proof. By the subdifferential Fermat rule in convex analysis, a; is a minimizer of f)
if and only if
0 € df\(ax) = —Ri + B.

This is equivalent to ||Rg|| < 1. O

Lemma 3.2.2. If a4 is not a minimizer of f, on R", then there exists 6 > 0 such
that for any « € B(ay;d) \ {ar}. Further, there exists a positive integer s satisfying

1Y (@) —awll <0 and [[FR(2) — ax]l > 4,
with convention that FY(z) = .

Proof. For any x ¢ A, we have

ZZ"M# HG;Z ;ZH"‘/\Z [ (w;9;) — ax)
A+ 3 e .

By the continuity of the projection mappings onto convex sets, we have

1i F\(v) —ap . Z:nlz;ék ||(;FZZ€|| + )‘Z 1 [P(2;) — ay]
Sa o Jo=az]
o o —apllemee Aplle — agl) + 1+ 27 1, T

F)\(J?) — ap =

= Ry,  (3.2.6)

By our assumption a;, is not a minimizer of f,; we invoke Proposition to obtain
the inequality
F _
i (@) — ai]
w=ar |l — ag

= ||Rg|| > 1.

Now set ¢ = % > 0, then there exists 6 > 0 such that
|Fx(x) — agl| > (14 ¢)||lx — ag|| whenever 0 < ||z — ax]| <.

It follows that for each x € B(ax; ) \ {ax}, there must exist a positive integer s such
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that F*(x) ¢ B(ax;d). Suppose the contrary, then by induction we have
1 FS(2) —ag]| > U+ &) ||[Fs ™ (x) —ax]| > ... > (14 ¢)®||x — ax|| < J for each s.
This is a contradiction due to (14¢)® — oo as s — oo. This completes the proof. [

Proposition 3.2.3. Let {z;} be the sequence generated by the method given in
(3-2.3). If 4 ¢ A for all k, then every cluster point of {z;} is a minimizer of f, on
R™. Moreover, if the anchors are not collinear, then {x;} converges to the unique
minimizer of f) on R™.

Proof. Let S be the solution set of . In the case where rx = w1 for some
K, we have that xj is a constant sequence for £k > K . Thus, it converges to k.
Since F(xg) = xx and xk is not a vertex, xy is a minimizer. So we can assume that
Tpt1 # xy, for every k. By Proposition [3.2.1] the sequence {f\(z))} is nonnegative
and decreasing, so it converges. It follows that

Jim (fa(zx) = fazaga)) = 0. (3.2.7)

Observe that f is coercive, for any initial point xy, the sequence {x} is bounded
because {xy: k € N} is a subset of the bounded set {x € R™: f(z) < f(zo)}. Let
{zk,} be any convergent subsequence of {z;} whose limit denoted by z. It remains

to prove that z € S. By (3.2.7),

Jim (fa(zr,) = A(F(2x,)) = 0.

Using the continuity of f\ and the mapping F\, we have f\(z) = fi(Fx(Z)). If
T ¢ A, from the proof of Proposition [3.2.1] we can conclude that 7 € S. If 7 € A,
without loss of generality, assume T = a;. Suppose by contradiction that z = a; ¢ S.
Choose ¢ > 0 sufficiently small such that the property in Lemma holds and
B(a;6) N [SU{as,...,an}] = 0. Since x, — a1, we can assume without loss of
generality that this subsequence is contained in the ball B(ay;d).

Recall that the original sequence {z} is defined by xy1 = F)\(zx). For x = x4,
we can choose ¢; such that z, € B(ai;d) and F(z,) ¢ B(ai;6). Choose an index
ky with k, > ¢; and apply Lemma , we find ¢o > ¢ such that z,, € B(a;9)
and F(xg,) ¢ B(a1;0). Repeating this procedure, we construct another subsequence
{zq,} of {zx} satisfying x,, € B(ay;9) and F(z,,) ¢ B(as;0) for all £. Extracting a
further subsequence, we can assume that x,, — 7 € B(ay;J). By the argument that
has been used above, f1(7) = fi (FA\(7)). From this, if 7 ¢ A, then 7 € S which is a
contradiction because B(ay;d) NS = (). Thus 7 € A and thus it must be a;. Then by
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the boundedness of {x}, we have

This contradicts (3.2.6). Thus T = a; € S and the proof is complete. O

3.2.1 Solving with Nesterov’s Accelerated Gradient Method

We now use an alternative algorithm for solving the auxiliary problem (3.2.2)). Let
f :R™ = R be a convex function with Lipschitz gradient. That is, there exists £ > 0
such that [|[Vf(z) — Vf(y)l| < {||z —y| forall z,y € R". Let Q be a nonempty
closed convex set. Yu. Nesterov (1983, 2005) considered the optimization problem

min { f(z): z € Q}. (3.2.8)

Define Ty (z) := argmin {(V f(z),y — z) + ||z — y[|*: y € Q}. Let d be a continuous
and strongly convex function on €2 with modulus ¢ > 0. The function d is called a
proz-function of the set €. Since d is a strongly convex function on the set €, it has
a unique minimizer on this set. Denote 2° = argmin{d(z): x € Q}. Then Nesterov’s
accelerated gradient algorithm for solving is outlined as follows.

INPUT: f, ¢, 2 € Q
set k=0
repeat
find y* := Tq(zF)
find 2% := argmin { £d(z) + S8 ) FL[f(2?) + (VF(2'), 2 — 27)]: 2 € Q}

k. 2 k4 k+1 k
set 2% 1= 52" + 3y

set k:=k+1
until a stopping criterion is satisfied.
OUTPUT: y*.

In the case where the objective function in is nonsmooth but has a par-
ticular form, Nesterov made use of the special structure of f to approximate it by a
convex function with Lipschitz continuous gradient and then applied his accelerated
gradient method to minimize the smooth approximation.

Observe that

fi(z) = || — a;]| = sup{{z — a;,u): v € B}.

Applying Proposition with a =0 € Q =B, ¢(u) = (a;,u) and A is the identity

mapping, a smooth approximation of f; is given by
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|z —aill®  pp,w—ai oo

; = — -~ |d(——;B)|".

funta) = 1 B pam ]

Therefore, the function fy in (3.2.2)) has the following smooth approximation

Frule) = i Zl o — ail|? - g Z_; (A= B)]* + % > ld(z; )],

1t s

with its gradient given by

Tr — a;
M

V fau(@) ZZP( ;B)JMZ[JJ—P(%;QJ')]-

This V £\, is a Lipschitz function whose constant is
m
(= —+ Ap.
1

Moreover, we have the following estimate

m

(@) < (@) < faule) + =

Applying the Nesterov’s accelerated gradient method, we have the following pseudo
code for solving the auxiliary problem (|3.2.2]).



Algorithm 1 AGM(f) ,, 2°)

INPUT: A ={ay,...,an}, constrained sets Q, for j =1,...,p,
A > 0, sufficiently small > 0 and initial point z° € R".
OUTPUT: y* that approximately solve ([3.2.2)).
Compute ¢ = m + Ap.
i
Set k:=0.

repeat

k
Compute V fy ,(z%) = > P(x
Findy —ZL’ —‘Vf)\u( )

) 1+ 1
Find 2 := 20 _Zzz‘o 9 ——Vaulz ).
2

k41
et ght1 — k k
o k+3° T r+3Y
Set k:=k+1.

until a stopping criterion is satisfied.
return: y*.

B) + A0 [t — Pt )],

To solve the original problem (3.2.1), we often gradually decrease the smooth
parameter p and increase the penalty parameter . The general scheme is outlined

as follows.

Algorithm 2 AGMDPM(f)

INPUT: A ={ai,...,an}, constrained sets ; for j =1,...,p,
parameters pig > 0, A\g > 0, 0 > 1, v € (0,1) and initial point z°.

OUTPUT: z* that approximately solve .

Set k = 0.

repeat

Set/\::)\k,u::uk,ﬂzm—i—)\p,y::wk,a:(]::y
L

Compute y := AGM(fA,M,SEO).

Set k:=k+1

Set xF := vy, pp, ==y, A\ := o\
until a stopping criterion is satisfied.

return: z*.

Let f(z) =320 o — aill, P(x) =5 327 [d(a; 2)))*.

m

ZII:B—%H2 - —Z
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Algorithm 2 SDPM(f)

Input: Parameters sequences { A}, {pr}-
Set k:=0
repeat
Let Qi(x) = fu,(#) + A P(x), x}, = argmin,cpn Qg () and Ly = [ + pAy.

Using Nesterov’s accelerated gradient method to compute zj, such that Qp(x) < Qr(x}) +

with the initial point xj_1.

Set k:=k+1
until a stopping criterion is satisfied.
Output: x.

2
Tk
2Ly

3.2.2 Solving the Fermat-Torricelli Problem via the DCA

Let F' be a nonempty closed convex set that contains the origin in its interior. Con-
sider the Minkowski function associated with F' defined by

pr(z) :=inf{t >0 : 2 € tF}.

Given a finite number of points a; with the associated weights ¢; for i = 1,...,m,
consider the function

o(x) == Z cipr(x — a;). (3.2.9)

Then the mathematical model of the weighted constrained Fermat-Torricelli problem
is

p
minimize ¢(z) subject to = € m Q, (3.2.10)
i=1

where €); for ¢ = 1,...,p are nonempty closed subsets of R".

We use this general version of the constrained Fermat-Torricelli problem for the re-
mainder of this thesis. Our methods are based on the DCA and the Distance Penalty
Method.

The objective function can be rewritten as follows

p(r) = ZO%PF(x —a;) — Zﬂij(x - ),

iel jeJ

where [ :={i=1,....m:¢>0}and J:={i=1,....m:¢; <0}, a; =¢; fori € I
and 8; = —c; for j € J.
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We reformulate the problem ([3.2.10]) using the Distance Penalty Method as follows

minimize ¥ (z) := Z a;pr(r —a;) — Z Bipr(z — aj) + Z %[d(m’; Q)% (3.2.11)

iel jeJ i=1
Given a nonempty bounded set K, the support function associated with K is given
by
ox(x) = sup{(z,y): y € K}

It follows from the definition of the Minkowski function (see, e.g., [4, Proposition 2.1])
that pp(x) = ope (), where

Fo:={yeR": (z,y) <1lforall z € F}.

In the proposition below, we consider a version of Nesterov’s smooth approxima-
tion for the Minkowski function in R™.

Proposition 3.2.4. (DC decomposition of the Minkowski gauge). Given any
a € R" and p > 0, a Nesterov smoothing approximation of ¢(x) := pp(z — a) has the
representation

1 P, T—a _ 12
oula) = g-lle —al? = a2 )

Moreover, Vi, (z) = P(*3%; F°) and
o
ou(w) < o) < pux) + ZIF°IP, (3.2.12)
where ||F°| := sup{||u||: v € F}.
Proof. The function ¢ can be represented as
o(z) = ope(x — a) = sup{(x —a,u) | u € F°}.
1

Using the prox-function d(x) = 3||z||* in [14], one obtains a smooth approximation
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of ¢ given by
M °
oulw) == sup{(e — a,u) — Elull? | u € F?)
Iz 2 0
= sup{=5(ul} =~ (o~ a,0) | ue F?)
= sup{—Efu— L — )P+ e —al? | ue F}
2 W 2u

1 1
= ﬂ\lx —al* - ginf{\lu— p(w —a)|* |ue F°}

The formula for computing the gradient of ¢, follows from the gradient formulas
for the squared Euclidean norm and the squared distance function generated by a
nonempty closed convex set: Vd?(x;Q) = 2[z — P(z;9)]. Estimate can be
proved directly; see also [14]. This completes the proof.

O

Proposition 3.2.5. Consider the function f define by

f(z) = Z pr(x —a;).

Then a smooth approximation of the function f is given by

fula) = 3 golle = e = Y B )

2/,6 i=1

Moreover, .
fule) < F(@) < fule) + ZLNF

Proposition 3.2.6. (DC decomposition of the square distance function).
Let 2 be a nonempty closed convex set in R™. Then the square distance function
associated with 2 has the following DC decomposition

[d(; Q) = l|lz]|* — pal2),

where @qo(z) = 2sup{(z,w) — 3||lw|*: w € Q} is a differentiable function with
Vpa(x) =2P(z; Q).
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Proof. We have

[d(x; Q)]? = inf{[|z — w|* : w € Q}
= inf{||z|]* — 2(z, w) + ||w|* : w € Q}
= [|2|]* + inf{||w|* — 2(z,w) : w € Q}
= |lzl* = sup{ (22, w) — [Jw]* : w € Q}

It follows from the representation of [d(x; )] above that
pa(r) = [lz]* - [d(z; Q).

Note that the function ¢(x) := [d(x; Q2)]? is differentiable with Vi (z) = 2[z— P(x;Q)].
Then function g is differentiable with

Va(x) =2z —2[z — P(x; Q)] = 2P(x;Q),
which completes the proof. O

We are now ready obtain a DC decomposition based on Nesterov’s smoothing
technique for the problem.

Proposition 3.2.7. The objective function in (3.2.11) admits the following DC
smooth approximation

fu@) = g#(x) - h#('r)a
where \ ‘
() =T ol 32 5 e —

and

hy(x) = %nggl(x) + chg[d(x ;aj;Fo)]Q n ZijF(x — aj).

i=1 jeJ

In this formulation, it is ready to apply the DCA.
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Algorithm 3 DCA

INPUT: points a; € A for i € I and aj € A for j € J, constrained sets €; for j =1,...,p
A > 0, sufficiently small x4 > 0 and initial point 2° € R™.
OUTPUT: 2" that approximately solve (3.2.2).

Set k:=0.
repeat
Compute y* € Oh,,(z")
. Yk,
Find zFt! .= Vg () = 7{))\2;[[ N‘f
Set k:=k+ 1.
until a stopping criterion is satisfied.
return: z*.

)

To implement this algorithm, it is required to find y* € dh,(z"*). By the subdif-
ferential sum rule,

_)\ZP:UQ +ZCJ — (x;aj;Fo)]%—ZﬁjapF(x—aj).

JjeJ jeJ

The subdiffential formula of the Minkowski function is given by

3/)F( ) { gieRn pFO(U>:17<U7x> :pF(x)} iiga

For example, in the case where F' = B, the closed unit ball of R",

{ {prt =#0,

0
pr(x z = 0.
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