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ABSTRACT

Flow around an inclined 5:2 prolate spheroid with the incidence angle o = 45° is numerically investigated in a uniform shear flow. The
Reynolds number based on the inflow center velocity U, and the volume-equivalent sphere diameter D, of the spheroid are considered at
Re =480, 600, 700, and 750. The non-dimensional shear rate K is ranged from 0 to 0.1. Five qualitatively different wake modes are observed,
including a new mode characterized by multi-periodic shedding of hairpin vortices with regular rotation of the separation region. In general,
the wake transition is suppressed with increasing shear rate. At high shear rates, the flow even reverts from unsteady to steady state at
Re =480, which we attributed to the reduction of the local Reynolds number at the leading-edge side of the spheroid. The time-averaged
drag/lift coefficients and the Strouhal number increase with increasing the shear rate and the Reynolds number (except for K=0). Finally,
the effect of a sign-change of the incidence angle of the prolate spheroid on wake evolution is investigated. A physical exploration of the effect
of the sign of the incidence angle and the amount of inlet shear is provided to give deeper insight into the physical mechanisms acting in the
wake behind inclined non-axisymmetric bluff bodies in a shear flow.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0085270

NOMENCLATURE F, Side force, N
K Shear rate, dimensionless
a  Half-length of the major axis of the spheroid, m L,  Length of the computational domain in the x direction, m
b  Half-length of the minor axis of the spheroid, m L, Length of the computational domain in the y direction, m
C; Drag coefficient, dimensionless L, Length of the computational domain in the z direction, m
Cyor C;  Lift coefficient, dimensionless P Pressure, Pa
C,or C, Side force coefficient, dimensionless Q  The Q-function, s >
C; Time-averaged drag coefficient, dimensionless Re  Reynolds number, dimensionless
C,  Time-averaged lift coefficient, dimensionless Rejocal  Local Reynolds number, dimensionless
C, Time-averaged side force coefficient, dimensionless St Strouhal number, dimensionless
D.  Volume-equivalent sphere diameter of the spheroid, m St,  Primary vortex shedding frequency, dimensionless
f  Characteristic frequency, s ' St;  Low frequency, dimensionless
F; Drag force, N t Time,s
F,  Lift force, N t;  Time step, s
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Inflow center velocity, m s !

Velocity in the x direction, m s
Velocity in the y direction, ms—
Velocity in the z direction, m s !
Incidence angle, °

Aspect ratio, dimensionless
Dynamic viscosity, Pas

Density of the fluid, kgm >
Kinematic viscosity, m?s !

,  Streamwise vorticity component, s~
@, Spanwise vorticity component, s~
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I. INTRODUCTION

Wakes generated by a sphere immersed in a non-uniform flow
play a significant role in many aero- and hydrodynamic applications.
Compared with the sphere wake in a uniform flow," * investigations
in a non-uniform flow are scarce.'” ** Sakamoto and Haniu™ experi-
mentally investigated the formation mechanism and frequency of vor-
tex shedding from a sphere in uniform shear flow at Re =200-3000.
They found that the critical Reynolds number beyond which vortex
shedding from the sphere occurred was lower than that in uniform
flow and decreased approximately linearly with increasing the shear
rate. Also, the Strouhal number of the hairpin-shaped vortex loops
became larger than that in uniform flow and increased with the shear
rate. Lee and Wilczak'” performed a numerical investigation on the
effects of shear inlet on wakes behind a sphere using a three-
dimensional finite-element method in the range Re=20-500. The
critical Reynolds number for onset of vortex shedding was found to be
lower than that in a uniform flow and varied with the shear rate.
Moreover, the vortex shedding frequency also increased with Reynolds
number and shear rate. Irregularities of the vortex shedding and oscil-
lations of the vortex detachment location appeared in uniform and
low-shear flows at Re =500 but vanished at higher shear rates. Kim
et al.'® numerically investigated the characteristics of laminar flow past
a sphere in uniform shear. The effects of inlet shear on the vortical
structures, Strouhal number, and time-averaged drag and lift coeffi-
cients in the sphere wake were reported. In addition, a hysteresis phe-
nomenon was observed with switching from planar symmetry to
asymmetry (or vice versa) depending on the initial condition.
However, in many natural and industrial processes, such bluff bodies
are non-spherical, and most can be approximated as spheroidal bodies
with different aspect ratios such as particles in the fluidized bed”” and
unmanned underwater vehicles.”* Therefore, investigations on the
wake behind spheroidal bodies have practical importance.
Furthermore, when a spheroidal body is located in the viscous wall
boundary layer or a wind-driven ocean current, the resulting flow field
is also of practical interest for the motion of tiny particles in a shear
flow or inside a narrow pipe. The existence of a bluff body may also
affect the flow transition from laminar to turbulent inside a boundary
layer.”” Unfortunately, most previous investigations of flow over a pro-
late spheroid are in uniform flow. This motivates detailed investiga-
tions of flow past a spheroid in a shear flow.

Corresponding investigations of the wake behind an inclined
prolate spheroid have mostly been performed in the recent decade. A
steady flow separation was observed by Zamyshlyaev and Shrager” in
the lee of 10:9 and 5:3 spheroids at Req = 100 based on the length of
the minor axis of the spheroid when the polar axis was aligned with

scitation.org/journal/phf

the flow, i.e., & = 0°. Through direct numerical simulations, El Khoury
et al.”’ numerically studied the wake behind a A = 6:1 prolate spheroid
when the polar axis was normal to the flow (o = 90°) at seven different
Reynolds numbers Req = 50, 75, 100, 150, 200, 250, and 300. The
aspect ratio A of the spheroid is taken as 2a/2b, where “2a” denotes the
length of the major axis and “2b” denotes the length of the minor axis.
Except for the two lowest Reg, hairpin vortices were observed to alter-
nately shed from the two sides of the spheroid. Jiang et al.”* investi-
gated the wake behind a 6:1 prolate spheroid at « = 45° incidence
angle in detail at Reg = 50, 200, and 1000. The wake was still steady
and symmetric at two lower Reynolds numbers. For Reg = 1000, how-
ever, only the near-wake was steady and symmetric, whereas the far-
wake lost symmetry and exhibited local oscillations. Jiang et al.””"’
also investigated the transitional wake at Re = 3000, where the wake
became unsteady and highly asymmetric from the very beginning, and
an in-depth exploration of the main vortical structures was performed.
Moreover, Andersson et al.”! provided an overview of the instabilities,
bifurcations, and transitions in the wake over a wide range of
Reynolds numbers from 10 to 3000. At a higher Req = 4000, the
resulting wake became highly asymmetric and unsteady. Furthermore,
a distinct Kelvin—Helmholtz shear-layer instability was detected. More
recently, Wang et al.”’ numerically investigated the wake behind a 5:2
prolate spheroid at different Reynolds numbers (Re = 300, 500, 700,
and 1000) and incidence angles (« = 0°-90°). In the ranges of Re and
o considered, eight flow regimes were identified: (i) steady axisymmet-
ric flow regime (SA), (ii) steady planar symmetric flow regime (SS),
(iii) steady asymmetric flow regime (SAS), (iv) periodic planar sym-
metric flow regime with non-zero mean lift or “Zig-zig-like” mode
(Zz-like), (v) periodic asymmetric flow regime with double-sided vor-
tex shedding (PAD), (vi) multi-periodic asymmetric flow regime with
double-sided vortex shedding and low-frequency modulation
(MPADL), (vii) multi-periodic asymmetric flow regime with single-
sided vortex shedding and low-frequency modulation (MPASL), and
(viii) weakly chaotic state (WC). A flow regime map in (Re, a)-space
was provided.

For a prolate spheroid in a shear flow, corresponding work is
rather limited. Holzer and Sommerfeld™* performed simulations to
investigate the effect of the incidence angle (o = 0°-180°) and shear
rate (K=0, 0.04, and 0.08) on the drag and lift coefficients of a 3:2
prolate spheroid at some lower Reynolds numbers in a uniform shear,
in which Re=0.3, 30, 90, and 240. They found that the mean shear
induced lift of the spheroid changed direction at approximately
Re = 90. Recently, Fillingham et al.” investigated the force coefficients
on a prolate spheroid with different aspect ratios (1 = 1, 1.5, 2, 3, and 5)
resting on a smooth surface in a linear shear flow at different incidence
angles (o« = 0°-90°). New relations were developed for the aerody-
namic forces on the prolate spheroidal particle attached to a surface in
a linear shear flow. Unfortunately, however, detailed flow field features
and vortical structures were not studied in these works.

Some previous works have been performed to investigate the
wake behind a prolate spheroid, but almost only considered the case
with uniform flow. This idealized situation is believed to give rise to a
rather different evolution of the wake than in many actual settings
encountered in natural and industrial processes, where a shearing flow
is caused by the presence of a solid surface. For the flow past an
inclined prolate spheroid in a uniform shear, some questions may
arise: What is the effect of inlet shear on the wake evolution of an
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inclined prolate spheroid? What is the difference between the wakes in
uniform flow and shear flow? What is the effect of inlet shear on the
vortex shedding frequency, the drag, and lift coefficients? What is the
effect of the direction of incidence of the prolate spheroid on the wake
evolution? In order to answer these questions and fill the knowledge
gap in the literature, a 5:2 prolate spheroid is considered with the inci-
dence angle o = +45°, where the shear rate is varied from K= 0-0.1
and Re =480, 600, 700, and 750. Unlike in a uniform flow, the sign of
the incidence angle is also affecting the wake evolution in a uniform
shear flow. Therefore, simulations are also performed for o = —45° at
Re =480. This paper is organized as follows: The flow problem and
the numerical formulation are described in Sec. II. The wake evolu-
tions and the effects of the uniform shear are presented in Sec. III.
Finally, some concluding remarks are provided in Sec. I'V.

Il. NUMERICAL FORMULATION
A. Governing equations and numerical method

In the present work, the flow around a streamwise inclined pro-
late spheroid is considered. In a Cartesian coordinate system (x; y, z),
the unsteady incompressible Navier-Stokes (N-S) equations are
solved. The N-S equations are as follows:

aU;

e 0, (1)

ARTICLE scitation.org/journal/phf

ou; ou;
o Py T

10P O*U;

pox; | Ox? ]2 ’ @

where i, j=x, y, z, p is the density of the fluid, v is the kinematic vis-
cosity, and P is the pressure. U,, U,, and U, are the velocity compo-
nents in the x-, y-, and z-directions, respectively.

Numerical solutions of the incompressible Navier—Stokes equa-
tions are obtained using the finite-volume-based commercial code
FLUENT-18.0 (ANSYS, Inc., 2017). This code relies on an unstruc-
tured body-fitted grid with collocated pressure and velocity nodes. The
numerical algorithm is based on the SIMPLE methodology. A third-
order upwind scheme, i.e., QUICK, is used to discretize the convective
terms in the momentum equation. A robust second-order implicit
backward Euler scheme is used for the transient simulations. The most
favorable convergence criteria are set at 10~ for all the flow variables.

B. Computational domain and boundary conditions

As shown in Fig. 1, the case of an inclined prolate spheroid in a
linear shear flow is considered. The origin of the coordinate system is
located at the geometrical center of the prolate spheroid with the x-,
y-, and z-coordinates representing the streamwise, cross-flow, and
spanwise directions, respectively. The major axis of the prolate spher-
oid is at an incidence angle o = 45° with respect to the direction of the
inflow U,, as shown in Fig. 1(a). The aspect ratio A of the spheroid is

@

Ux=Ux(), Uy=U;=0

10D

Outlet

10De

FIG. 1. (a) Sketch of the computational

domain and the linearly increasing inflow
Uy given in Eqg. (6) and (b) the whole

(b) 10De

25D, mesh at the xoy plane.
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taken as 5:2. The characteristic length scale of the spheroid is chosen
to be the equivalent-sphere diameter

1/3

D, = 2(ab?) (3)

and the characteristic velocity scale is the undisturbed ambient flow
velocity at the geometric center of the prolate spheroid, U.. The
Reynolds number based on these characteristic scales is

Re = U.D,/v. (4)

We note that in some previous works,”*"” the minor length 2b of
the spheroid is used as the characteristic length for the definition of
the Reynolds number, ie., Reg = 2bU/v, and Re=1.356Rey in the
present work.

Aside from that the force coefficients acting on the prolate spher-
oid are defined as follows:

Moreover, F;, Fj, and F; indicate the force in the x-, y-, and z-
directions, respectively. So F; = F,, F; = F), and F; = F,and C; = C
CG=C,and C,;=C,

The extents of the computational domain in the x-, y-, and z-
directions are (—10D,, +25D.), (—10D., +10D.), and (—10D,,
+10D,), respectively, just as in our previous work.”” The whole com-
putational domain is partitioned into hexahedral elements. According
to the grid-independence study by Wang et al,” a grid with about
3.8 x 10° elements turned out to be sufficient to resolve the flow field
around a 5:2 spheroid in this Reynolds number range. The mesh in
the shear layer and near wake of the spheroid is refined to accurately
capture the flow structures. The maximum element thicknesses close
to the prolate spheroid surface are approximately 0.01D,, the number
of elements on the spheroid surface is equal to 4.6834 x 10 and the
total number of elements is about 4.0 x 10°. Figure 1(b) illustrates the
whole mesh at the xoy plane.

The inflow at x = —10D, is prescribed as a unidirectional uni-
form shear flow

Us(V) _

U 7KD,_,+1’ U,=U, =0, (6)
where the non-dimensional shear rate K = 9(U,/U.)/d(y/De) is
constant all over the inflow boundary since Uy (y) is a linear function
of y. Different shear rates K will be considered, ranging from K=0
(uniform inflow) to K=0.1. A pressure-outlet boundary condition is
applied at the downstream boundary at x = +25D,, whereas free-slip
boundary conditions are imposed on the four sides of the computa-
tional domain. No-slip boundary condition is imposed on the surface
of the prolate spheroid.

Finally, a time step independence study for Re =700 and K=0
has been performed. Three different time steps, i.e., t, = 3.2 X 1072,
1.6 x 107>, and 1 x 10~ %s, were considered. The mean drag coetfi-
cients for t, = 32 x 107>, 1.6 x 107>, and 1 x 105 are 0.576, 0.578,
and 0.579, respectively. The time interval for averaging is 8192 time
steps. Therefore, the time step of 3.2 x 10~ s is thought enough for
the present problem.

ARTICLE scitation.org/journal/phf

C. Numerical verification

Earlier investigations of the wake behind a spheroid in uniform
shear flow are non-existing. Therefore, to demonstrate the reliability of
the present numerical approach to simulate bluff bodies in a uniform
shear flow, we first considered the flow around a sphere in uniform
shear at Re =300 for shear rates K= 0, 0.075, and 0.15. The number
of total mesh elements of the sphere case is 3.12 x 10°%, and other
numerical setting are the same as the prolate spheroid as introduced in
Sec. 11B. As mentioned in the work of Kim et al,'* the symmetric
plane becomes fixed plane, ie., the xoy plane for K> 0 rather than
random plane at K=0. The present numerical results have demon-
strated this feature, and the wake structures visualized by an iso-
surface of Q™ are shown in Figs. 2(a), 2(c), and 2(e). Furthermore, as
shown in Figs. 2(b), 2(d), and 2(f), the non-dimensional frequencies of
the vortex shedding, i.e., the Strouhal number St = fD. /UL, are 0.134,
0.145, and 0.156 at shear rates K=0, K=0.075, and K= 0.15, respec-
tively. These St-values for the three cases are nearly the same as the
values reported by Kim et al.'* In addition, the maximum differences
of time-averaged drag and lift coefficient between present work and
Ref. 16 are 1.36% and 6.5%, respectively. A detailed comparison
between the numerical results of Kim et al.'® and the present work is
summarized in Table I. Therefore, the results of this test case justify
the reliability of the present computational approach.

Ill. RESULTS AND DISCUSSION

In this section, the evolution of the wake of an inclined prolate
spheroid (o = 45°) is presented for 0 < K<0.1 and Re =480, 600,
700, and 750 in Subsections III A-IIIC. The dependence of the
Strouhal number and drag and lift coefficients on the shear rate K and
the Reynolds number Re is discussed in Subsection IIT D. Discussion
on the effect of negative vs positive incidence angles on the wake evo-
lution is given in Subsection IIT E.

A. Wake structure at Re =480 and 600

In uniform flow, i.e., K=0, the wake of a disk’"** or sphere4 at
Re=480 is in an unsteady planar-symmetric mode with non-zero
mean lift, i.e., the “Zig-zig (Zz)” mode. The wake structure behind the
spheroid is illustrated by iso-surfaces of Q and streamwise vorticity w,,
as shown in Figs. 3(a) and 3(b). Due to the incidence angle, the hairpin
vortices are shedding in a fixed vertical direction rather than in an
arbitrary direction as in the wake of a sphere, as shown by Wang
et al.”” The similar phenomenon was also reported for an inclined
disk.””*” Moreover, in the near wake, the vortex loops are inclined due
to the effect of the incidence angle and eventually become perpendicu-
lar to the streamwise direction as the wake develops in the down-
stream, as shown in Figs. 3(a) and 3(b). The diagrams of C; — C, and
C. — C, shown in Figs. 3(c) and 3(d) appear as a single loop and a ver-
tical line, respectively, thereby proving the strict periodicity of the vor-
tex shedding and the symmetry of the wake structure. The time
histories of drag and lift coefficients in Fig. 4(a) show regular sinusoi-
dal variations, which are consistent with the single dominant peak in
the frequency spectra in Fig. 4(b), which correspond to the primary
vortex shedding frequency St = 0.199.

The Zig-zig (Zz) mode is found to persist even in the presence of
a moderately shear inflow, as shown in Fig. 5 for K= 0.05. The wake
structure visualized in Figs. 5(a) and 5(b) is still symmetric about the
xoy plane, but the vortex loops are inclined in the far wake, which can
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FIG. 2. Flow past a sphere at Re = 300. (a), (c), and (e) Wake structure characterized by the iso-surface of Q (QD2/U3 = 2.5%x10°%) and (b), (d), and (f) frequency spec-
trum of the drag coefficient. (a) and (b) K=0, (c) and (d) K= 0.075, and K=0.15.

TABLE 1. The comparison of the numerical results between Ref. 16 and the present be attributed to the effect of inflow shear. The time histories of drag
work for a sphere at Re =300 and K=0, 0.075, and 0.15. and lift coefficients in Fig. 4(c) still show sinusoidal oscillations.
However, according to the frequency spectra in Fig. 4(d), the primary
Kimetal'®  Present work  Relative error %  vortex shedding frequency St=0.236 is substantially higher than in
the case of a uniform inflow shown in Fig. 4(b). The higher shedding

K=0 St 0.134 0.134 0.00 f .
e requency in the presence of mean shear somehow resembles the
Ca 0.661 0.670 1.36 increasing St observed with increasing Re in the case with uniform
G 0.068 0.072 5.88 inflow. It can, therefore, be speculated if the Strouhal number and the
K=0075 St 0.145 0.145 0.00 drag and lift coefficients are determined by a local Reynolds number
Ca 0.667 0.676 1.35 (Rejoeal = 2 U;D <) rather than by the nominal Re. This point of view will
C 0.068 0.072 5.88 be further discussed in Sec. 111 E.
K=0.15 St 0.156 0.157 0.64 It is particularly interesting to observe that the wake flow changes
Cq 0.674 0.680 0.89 from an unsteady back to a steady state with planar symmetry when K
@] 0.070 0.074 571 is further increased to 0.075, as shown in Fig. 6. This phenomenon can
be attributed to the obvious decrease in the local Reynolds number at
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the leading-edge side of the prolate spheroid. The observed reversal
from an unsteady to a steady wake is different from the behavior of
the wake of a sphere’®*’ or a disk.””

At the somewhat higher Re = 600, the wake structures for differ-
ent inlet shear rates K are all unsteady with planar symmetry about the
geometrical mid-plane z= 0. The wake structures at K= 0, 0.05, and
0.1 are, respectively, presented in Figs. 7(a), 7(c), and 7(e), and it is
obvious to note that in the far downstream, the vortex loops with
respect to the y-direction are also inclined and the incidence angle of

(@) M
o= |,
z

L,
P

z

k.

FIG. 6. Steady planar-symmetric flow regime (SS) at Re =480 and K= 0.075: (a)
iso-surfaces of Q (two orthogonal views), QD,2/U.2 = 2.2 x 10~ and (b) iso-
surfaces of streamwise vorticity (two orthogonal views), myDe/U, = = 0.14.

= -

the vortex loops is increased with increasing K, indicating the inclina-
tion of the vortex loop is associated with the presence of inflow shear.
Moreover, with the increase in K, the vortex shedding frequency is
also increased, and thus, more vortex loops are observed at the same
downstream distance. Despite the modified shape of the correspond-
ing C4— C, diagrams in Figs. 7(b), 7(d), and 7(f), the close-loop shape
is maintained as a result of the periodicity of the vortex shedding.

The time histories of drag and lift coefficients at Re = 600,
together with the corresponding frequency spectra are provided in
Fig. 8. With the increase in K, the oscillation of the drag coefficient is
smoother indicating the flow tends to become comparatively steady, as
shown in Figs. 8(a), 8(c), and 8(e). The Strouhal number is increasing
as the shear rate K increases, similarly as the results for Re =480
shown in Fig. 4. These results show that the characteristics of the wake
behind the inclined 5:2 spheroid are controlled by two dimensionless
parameters: the Reynolds number (Re) and the shear rate (K). Aside
from that a secondary harmonic frequency is also observed, and the
peak value is gradually decreased with increasing shear rate.

B. Wake structure at Re=700

The structure and evolution of the wake at different inlet shear
rates K at Re = 700 become qualitatively different from those observed
at the somewhat lower Reynolds numbers; see Subsection IITA. As
shown in Figs. 9(a) and 9(b), the wake structure loses its symmetry at
K=0. Moreover, small oscillations of the vortex loop in the spanwise
direction can also be observed, although the size of the vortex loops
remains the same. The symmetry breaking occurs mainly at the leg of
the hairpin vortex, and the hairpin head remains relatively steady and
symmetric. With uniform inflow, ie, K=0, the trajectories in the
Cys— C, diagram in Fig. 9(c) are filling a leaf-shaped area, which
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resembles the shape of the unique trajectory in Fig. 7(b), thereby
reflecting that a certain regularity is still retained and indicating a
quasi-periodicity of the vortex shedding.” The C, — C, diagram in
Fig. 9(d) is no longer a straight vertical line at C, = 0, indicating a bro-
ken symmetry of the wake structure, which gives rise to an alternating
spanwise force component with zero mean. Thus, this wake mode is
referred to as the quasi-periodic asymmetric state (QPA). In the pres-
ence of a low shear inflow at K= 0.025, the phase diagram and the
wake structure (not shown here for brevity) are very similar to those
in the uniform flow.

Time histories of drag and lift coefficients and the corresponding
frequency spectra at Re=700 and K=0 are shown in Fig. 10. As
shown in Fig. 10(a), the lift coefficient still exhibits a sinusoidal-like
variation with an almost constant amplitude. The oscillations of the
drag coefficient, however, show a periodical variation of amplitude,
which is modulated at a low frequency. As shown in Fig. 10(b), in
addition to the primary vortex shedding frequency, St, = 0.200, a low
frequency, St; = 0.036, is also observed. This lower frequency is about
1/6th of the primary vortex shedding frequency, in agreement with the

time history of the drag coefficient, i.e., every a low-frequency cycle
includes six primary cycles. The presence of the low frequency might
be related to a secondary instability associated with temporal evolution
of the wake structure.”’ For a column or a row of square cylinders, the
similar secondary frequency is also observed.”” **

With shear rate further increasing, the wake flow regime changes
from the unsteady asymmetric state to an unsteady planar symmetric
mode at K=0.05 and 0.075 (not shown for brevity), as shown in
Figs. 11(a) and 11(b). A similar phenomenon was also reported for
uniform shear flow past a sphere,'® which is attributed to the fixed vor-
tex detachment point on the high-velocity side that keeps the balance
between the supply and emission of vorticity within the vortex forma-
tion region.”” Therefore, the regular vortex shedding persists up to a
higher Reynolds number in a uniform shear flow. The force coeffi-
cients’ phase diagrams are plotted in Figs. 11(c) and 11(d), in which a
closed single loop and the straight path clearly indicate the flow peri-
odicity and symmetry. The time histories of the drag and lift coeffi-
cients are shown in Fig. 12(a). The oscillations of the lift coefficient are
sinusoidal with a single amplitude, while the drag coefficient also
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(c) and (d) K=0.05, and (e) and (f) K=0.1. The solid and dashed lines represent C, and C,, respectively.

varies periodically but with a flattened wavy peak. The modest oscilla-
tions on the broadened peak are also related to the higher frequencies
at St~ 0.50 and = 0.75 as shown in Fig. 12(b).

When the shear rate is further increased to K = 0.1, the wake struc-
ture again loses planar symmetry, as shown in Figs. 13(a) and 13(b).
This might be due to an increase in the local Reynolds number at the
high-velocity side, similarly as in the case of a sphere.'® The location of

the shedding of vortex loops varies in time along the azimuthal direc-
tion, but the size of the hairpin vortex is fundamentally independent
of time. It is important to recall that this type of wake structure has
never reported in the case of uniform flow. The quite complex shape
of the C; — C, diagram in Fig. 13(c) reflects the multi-periodic flow.
Therefore, the new wake mode is called “multi-periodic shedding of
the hairpin vortex mode with regular rotation of the separation
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region (MPRRS mode).” Moreover, the shape of the C, — C,
diagram in Fig. 13(d) reflects the oscillations of the vortex loop in
the spanwise z-direction.

The time histories of drag and lift coefficients and the corre-
sponding frequency spectra are shown in Figs. 14(a) and 14(b). The
oscillations of the drag and lift coefficients are modulated by a low fre-
quency, St; = 0.061, which is close to 1/5th of the primary frequency,
St, = 0.302. Spanwise oscillations of the vortex loops can be observed
in Fig. 15(a), which shows the time history of the side-force coefficient.
The periodic oscillations of C, around C, = 0 are modulated at the
lower frequency, St,; ~ 0.03. This phenomenon can be explained by
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the rotation of the location of the detachment of vortex shedding.
Moreover, the lower frequency is also captured by the frequency spec-
tra of drag and lift coefficients shown in Fig. 14(b). To further illustrate
the spanwise variation of the wake at the new wake mode, a time
sequence of the wake evolutions over a low-frequency period is
depicted in Fig. 15(b), which corresponds to the time history marked
by the dashed square frame in blue shown in Fig. 15(a). It is noted that
the whole wake oscillates about the z=0 plane, which is consistent
with the oscillations of the side force coefficient C,. The location of the
shedding of the hairpin vortex varies periodically in time, which is
consistent with the low-frequency period of the side force coefficient,

(b)
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FIG. 10. (a) Time histories of the drag and lift coefficients and (b) the corresponding frequency spectra of Cyand C, at Re = 700 and K= 0. The solid and dashed lines repre-
sent Cyand C,, respectively.
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ie., St,; = 0.029. Three different vortex loops are labeled “M,” “L,” and
“R,” where M indicates that the vortex loop is symmetric about z =0,
L indicates that the vortex loop tilts to the left, and R indicates that the
vortex loop tilts to the right. It is noteworthy that the tilt direction of
vortex loops in between two consecutive vortex loops marked by M is
the same.

C. Wake structure at Re=750

At Re = 750, the wake structures for all shear rates considered are
asymmetric due to the higher Reynolds number. The wake structures
and the C; — C, diagrams at K=0 and 0.05 shown in Fig. 16 are

similar to those at Re =700. Although the wake structure in Figs. 16
(a) and 16(c) is asymmetric, a certain recovery of the symmetry of the
hairpin vortices is observed at K= 0.05 as compared with the uniform
inflow case. The time histories of the drag and lift coefficients and the
corresponding frequency spectra at K=0 and 0. 05 are shown in
Fig. 17. It is obvious that the oscillations of the drag coefficient are
more irregular and also modulated a low frequency at this higher
Reynolds number, as shown in Figs. 17(a) and 17(c). At K=0, each
low-frequency cycle is nearly comprised of six primary cycles, which
is consistent with frequency spectra, in which a low frequency, St
=0.034, is nearly 1/6th of the primary vortex shedding frequency, St,
= 0.189, as shown in Fig. 17(b). The irregular of oscillations of drag
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FIG. 12. (a) Time histories of the drag and lift coefficients and (b) the corresponding frequency spectra of C; and C, at Re =700 and K= 0.05. The solid and dashed lines
represent C4 and C,, respectively.
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and lift coefficients indicates multi-periodicity and a weakly chaotic
state. For K= 0.05, the oscillations of the drag and lift coefficients with
the low-frequency modulation, in which a low-frequency period
includes three primary vortex shedding periods, in Fig. 17(c) are more
regular, and both are increased compared to the results at K= 0. All
vortex shedding frequencies are increased, as shown in Fig. 17(d). A
primary vortex shedding, St, = 0.253, is observed, and a low-
frequency is also captured, which is close to 1/3rd of the primary fre-
quency. With further increase in the shear rate K, the new wake
MPRRS mode is also captured at K= 0.075 and 0.1. This observation
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b) iso-surfaces of streamwise vorticity (two orthogonal views), wDe/U; = * 0.14, (c) Cy — C, diagram, and (d) C, — C,

indicates that the wake structure becomes more irregular, and the
symmetry is again broken. The wake structure and diagrams of drag
and lift coefficients at K= 0.075 are shown in Fig. 18. Compared to the
C; — C, diagram at K= 0.05, the diagram at K= 0.075 in Fig. 18(b) is
much more irregular.

To summarize, the wake regimes for flow over an inclined prolate
spheroid (o = 45°) at Re =480, 600, 700, and 750 in uniform shear
flow with shear rate K=0-0.1 comprise five qualitatively different
wake modes: the steady-state (SS) mode, Zig-zig (Zz) mode, quasi-
periodic asymmetric mode (QPA), multi-periodic asymmetric mode
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FIG. 14. (a) Time histories of the drag and lift coefficients and (b) the corresponding frequency spectra of C;and C, at Re =700 and K= 0.1. The solid and dashed lines rep-

resent Cq and C,, respectively.
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(MPA), and multi-periodic shedding of the hairpin vortex mode with is quite complex due to the slender shape of the prolate spheroid. At

a regular rotation of the separation region (MPRRS) mode. The occur- the lower Reynolds numbers, the increase in inlet shear suppresses
rence of these wake modes depends on the Reynolds number and the shedding of hairpin vortices even though the flow changes from
shear rate, as summarized in Table II. For an inclined prolate spheroid, unsteady to steady at Re=480 and K=0.075 and 0.1. This can be
the effect of the increase in the inflow shear rate on the wake transition attributed to the abrupt decrease in the local Reynolds number at the
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leading-edge side of the prolate spheroid. When the Reynolds number
becomes sufficiently high and the shear rate is small, such as at
Re =700, increasing the shear rate also suppresses the shedding of
hairpin vortices. The wake flow changes from the unsteady
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FIG. 18. Multi-periodic shedding of the hairpin vortices mode with regular rotation of
orthogonal views), QDU = 9 x 107*, (b) iso-surfaces of streamwise vorticity
diagram.

asymmetric state to an unsteady planar-symmetric state. This
phenomenon can be attributed to the steady supply and emission of
vorticity, which make the regular vortex shedding cease up to a higher
Reynolds number in a uniform shear flow than in uniform flow.
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TABLE II. Wake flow regimes depending on the Reynolds number Re and inlet
shear rate K.

K
Re 0 0.025 0.05 0.075 0.1
480 Zz Zz Zz SS SS
600 Zz Zz Zz Zz Zz
700 QPA QPA Zz Zz MPRRS
750 MPA MPA MPA MPRRS MPRRS

With further increase in the shear rate, the flow returns to an unsteady
asymmetric state, which can be attributed to an increase in the local
Reynolds number at the high-velocity side.

D. Drag and lift coefficients and vortex shedding
frequency

Time-averaged drag and lift coefficients at different Reynolds
numbers and inlet shear rates are shown in Fig. 19. With increasing
Reynolds number, the absolute value of both drag and lift coefficients
decreases, which is consistent with observations in previous
works.”>*** In contrast, with increasing shear rate, the absolute value
of both drag and lift coefficients increases, similarly as if the Reynolds
number in uniform flow is reduced. Moreover, due to the wake struc-
ture keeping unsteady planar asymmetry for all shear rates at
Re =600, the time-averaged drag and lift coefficients almost linearly
change with K. However, for Re =480, 700, and 750, the wake struc-
ture or flow state is changed at K= 0.075-0.1, which leads to both
time-averaged drag and lift coefficients that are no longer linearly
change at high shear rates. The corresponding effect of the Reynolds
number and inlet shear on the Strouhal number St, ie., the non-
dimensional vortex shedding frequency, is displayed in Fig. 20(a).
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Except for the uniform inflow case K=0, the Strouhal number
increases with increasing Reynolds number, similarly as in the sphere
wake.'” The Strouhal number is increasing almost linearly with
increasing shear rate, similarly as the Reynolds number increases in a
uniform flow. For K= 0, i.e., uniform inflow, the Strouhal number first
increases and thereafter decreases with further increasing Reynolds
number. It can be attributed to the gradually more chaotic state at a
higher Re.

To further examine the effect of the Reynolds number and shear
rate on the variation of the Strouhal number, the Strouhal number is
normalized by the Strouhal number at K=0 for different Reynolds
numbers, as shown in Fig. 20(b). It should be noted that Stx/Stx—
increases almost linearly with K at all four Reynolds numbers consid-
ered. Therefore, a simple correlation in terms of the Reynolds number
and shear rate is then proposed as follows:

St/Stg—o = 1+A-K, (7)

where A = (25)™"" +3.57. First, we performed the linear fit by the
data points for various Re and acquired different values of the slope
“A” for all Re by the drawing software of Origin. Then we performed
the non-linear fit to build the relation between A and Re. Finally, Eq.
(6) could be obtained. As shown in Fig. 20(b), the simple correlation
fits very well with the numerical data points with maximum deviation

3.54% observed at Re =750 and K = 0.025.

)5,79

E. The effect of negative vs positive incidence angle
on the wake evolution

For flow past an inclined prolate spheroid in uniform flow,” a
sign change of the incidence angle « only mirrors the wake topology
and inverts the direction of lift force. With a shear inflow, however, a
sign change of o will obviously lead to a qualitatively different wake
evolution. We have hitherto considered the wake flow behind the 5:2
prolate spheroid with a positive incidence angle of o = +45° relative
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FIG. 19. Variations of the time-averaged drag and lift coefficients at different Reynolds numbers and shear rates. (a) Cy, (b) C;. Re =480, — Il —; Re =600, —@—;

Re =700, — A—; Re=750, — v —.
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to the inflow; see Fig. 1. In this subsection, the wake evolution
behind the same prolate spheroid, but with negative incidence angle o
= —45°, will be explored. For the sake of brevity, this study is confined
to the single Reynolds number of Re = 480.

Let us recall from Sec. IITA that the wake transition at this
Reynolds number and o = +-45° is suppressed at high shear rates and
the flow reverted from an unsteady back to a steady state for K= 0.075
and 0.1, i.e., the critical Reynolds number for onset of vortex shedding
increases with increasing shear rate. However, with negative incidence
angle o = —45°, vortex shedding behind the present spheroid is
observed for all shear rates considered in Fig. 21. Moreover, with
increasing shear rate, the wake mode is developed from periodic to a
quasi-periodic state, i.e., the wake transition is advanced, as shown in
Fig. 22. These observations suggest that the critical Reynolds number
for occurrence of vortex shedding is reduced with increasing K. A sim-
ilar tendency has also been observed for flow past a sphere'”*’ and

(

e B

(b)
S . L
(c)
R o § . ]
2~ |,
(d)

ascribed to the steady supply and emission of vorticity within the vor-
tex formation region in uniform shear flow.”” In the present case, how-
ever, the vortex shedding always occurs at the low-speed side of the
spheroid, contrary to in the sphere wake. Compared to the wake at o
= +45°, the inclination of the hairpin vortices in Fig. 21 is still affected
by both the sign of the incidence angle and the inlet shear K.
Moreover, vortex shedding always occurs at the trailing-edge side of
the prolate spheroid, and the direction of vortex shedding is deter-
mined by the sign of the incidence angle. These findings are supported
by simulations at Re = 400 and K= 0.1 with o = *=45°, which showed
that the wake is still steady for o = +45° as shown in Fig. 23(a),
whereas the wake flow developed into an unsteady state for oo = —45°
as shown in Fig. 23(b).

Drag and lift coefficients and the Strouhal number for two differ-
ent deflection directions o = +45° are shown in Fig. 24. In the case of
negative incidence angle o = —45°, the drag coefficient decreases

co-adaf-df- = |
L,

FIG. 21. Iso-surfaces of Q (two orthogonal views, QD.U,2 = 2.2 x 10~2) at Re = 480 and o = —45°; (a) K= 0.025, (b) K= 0.05, (c) K= 0.075, and (d) K =0.1.
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almost linearly with increasing shear rate K, in contrast to the non-
linearly increasing drag for o = +45°, as shown in Fig. 24(a). Aside
from the obviously different directions of the lift force, the lift coeffi-
cient decreases with K for oo = —45°, in contrast to the increasing mag-
nitude of the lift coefficient for « = +45°, as shown in Fig. 24(b). Due
to the steady wake for K=10.075 and 0.1 at oo = +45°, there are only

three data points for the Strouhal number in Fig. 24(c), which show an
increase with increasing shear rate K. For o = —45°, however, the
Strouhal number shows a decreasing trend with increasing shear rate,
in contrast to the wake of a sphere. The above results show that the
sign of the incidence angle, i.e., whether positive or negative, has a
decisive impact on the evolution of the wake of an inclined spheroid in
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FIG. 23. (a) Steady planar-symmetric flow regime at Re =400 and K=0.1 for o
= +45°, iso-surface of Q (two orthogonal views), QD,2/U.> = 9.9 x 10~2 and (b)
unsteady planar-symmetric flow regime at Re =400 and K=0.1 for o = —45°,
iso-surface of Q (two orthogonal views), QD.2/U,2 = 2.2 x 107>,

a uniform shear flow. We now aim to provide a physical explanation
on this phenomenon.

As already suggested, two different local Reynolds numbers may
be introduced in a uniform shear flow, namely, the Reynolds number
at the leading-edge side of the prolate spheroid (L-Re) and the
Reynolds number at the trailing-edge side of the spheroid (T-Re). The
leading edge of the prolate spheroid at o = 4-45° is at the low-velocity
side of the shear flow, while the trailing edge of the spheroid is at the
high-velocity side. With increasing shear rate, the leading-edge velocity
of the prolate spheroid is further decreased while the trailing-edge
velocity is increased. On the contrary, at « = —45°, the leading edge of
the prolate spheroid is at the high-velocity side of the shear flow while
the trailing edge of the spheroid is located at the low-velocity side.
With an increase in the shear rate, the leading-edge velocity of the pro-
late spheroid is further increased. As mentioned before, the trends of
the drag and lift coefficients at o = 45° and « = —45° are opposite
with the drag and lift coefficients increasing at o = +45° while
decreasing at o = —45° with increasing shear rate K. In some earlier
studies,”*"** the effect of an increasing Reynolds number on the drag
and lift coefficients of a 5:2 prolate spheroid in a uniform flow is to

(a) (b)

scitation.org/journal/phf

decrease the drag and lift coefficients. It suggests that the drag and lift
forces are mainly determined by the Reynolds number at the leading-
edge side of the prolate spheroid. The change in the local Reynolds
number at the leading-edge side of the prolate spheroid is related to
the flow state and wake structures and, thus, would lead to the change
in the drag/lift coefficient.

The distribution of the local Reynolds numbers around the pro-
late spheroid with positive incidence o = 445° is shown in Fig. 25 for
different shear rates. Two regions with locally high Reynolds numbers
are observed around the leading and trailing-edge sides of the spheroid
and apparently related to vortex shedding. In uniform inflow, the time
evolution in Fig. 26 shows that the whole vortex loop is shedding
due to interactions between the separated shear layers at the leading
and trailing edges of the prolate spheroid. However, the variation in
the vortex shedding frequency is mainly controlled by T-Re, ie.,
the Reynolds number at the vortex-shedding side. At o = +45°, the
increasing vortex shedding frequency with increasing shear rate is
probably due to the increase in the trailing-edge Reynolds number,
which in turn leads to higher vorticity entrained into the vortex forma-
tion region, similarly as in the wake of a sphere wake. Contrary to the
sphere wake, however, the present flow reverts from unsteady to the
steady at high shear rates. It might be due to an effect of the distinct
decrease in the leading-edge Reynolds number observed in Figs. 25(d)
and 25(e). The differences in the velocity distributions along the sur-
face of the prolate spheroid are relatively larger than along a sphere.
Moreover, due to the incidence angle, the vortex shedding always
occurs near the trailing edge of the spheroid. This indicates that
the shear layer vorticity separating from the surface of the spheroid
concentrates in the vortex formation region of the trailing edge. At
o= —+45° with increasing shear rate K, the leading-edge velocity of the
prolate spheroid is gradually decreased, which can bring about a
decrease in vorticity separating from the leading edge of the prolate
spheroid. Meanwhile, due to the increase in the trailing-edge velocity
of the prolate spheroid, the vortex shedding frequency is increased and
more vorticity needs to be supplied to the vortex formation region.
Therefore, the balance between supply and emission of vorticity is bro-
ken, which makes the flow return to steady state. For o = —45°, the
trailing edge of the prolate spheroid locates at the low-velocity side.
With an increase in the inflow shear rate, the trailing-edge velocity is
decreased causing a reduction in vorticity entrained into the vortex
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FIG. 24. Variations of the time-averaged drag, lift coefficients, and Strouhal number for different shear rates K and incidence angles o at Re =480 (a) drag coefficient, (b) lift
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formation region, which suppresses the formation of vortices and leads
to a decrease in the vortex shedding frequency. Moreover, since the
leading edge of the prolate spheroid locates at the high-velocity side,
sufficient vorticity is supplied to the trailing edge. With further
increase in the shear rate K, the more vorticity from the separated
shear layer is rolling up from the high-velocity side and supplied to the
vortex shedding region, causing the asymmetry of the wake structure.

In summary, in a uniform shear flow, the evolution of the wake
of an inclined prolate spheroid depends on the inclination direction of
the spheroid, which introduces two different local Reynolds numbers,
ie, L-Re and T-Re. The leading-edge Reynolds number determines
the flow state, ie., steady state or unsteady state. When the leading-
edge Reynolds number is sufficiently low, the flow even reverts from
unsteady to steady. Moreover, the leading-edge Reynolds number also
affects the variation of the drag and lift coefficients. When the leading
edge of the prolate spheroid locates at the high-velocity side, the drag
and lift coefficients are decreased with the increase in the shear rate K,
similarly to the decrease observed with increasing Re in uniform flow
(K=0). When the leading edge of the prolate spheroid locates at the
low-velocity side, the drag and lift coefficients are increased with the
increase in the shear rate, analogously with the increase with decreas-
ing Re in uniform flow. The trailing-edge Reynolds number affects the
variation of the vortex shedding frequency. When the trailing edge of
the prolate spheroid locates at the high-velocity side, the vortex shed-
ding frequency is increased with increasing K. When the trailing edge
of the prolate spheroid locates at the low-velocity side, the vortex shed-
ding frequency is decreased with an increase in the shear rate.

IV. CONCLUSIONS

Flow around a 5:2 prolate spheroid with the incidence angle
o=45° in a uniform shear flow is numerically investigated. The
Reynolds number (Re=480, 600, 700, and 750) and the non-
dimensional shear rate (K=0-0.1) are the two parameters affecting
the wake evolution, where Re and K are based on the inflow velocity at
the geometric center U. and the volume-equivalent sphere diameter
D, of the spheroid. Five qualitatively different wake modes are
observed, i.e., the steady-state (SS) mode, Zig-zig (Zz) mode, quasi-
periodic asymmetric mode (QPA), multi-periodic asymmetric mode
(MPA), and multi-periodic shedding of the hairpin vortex with regular
rotation of the separation region (MPRRS), where the last mode is
observed for the first time. Generally, with increasing shear rate, the
vortex shedding is suppressed due to the fixed vortex detachment
point on the high-velocity side maintaining the balance between the
supply and emission of vorticity within the vortex formation region.
At Re =480, in particular, the flows change from unsteady to steady
states at high shear rates, which can be attributed to the breaking
of the balance between supply and emission of vorticity due to the
obvious reduction of the leading-edge Reynolds number. At higher
Reynolds numbers, a further increase in the shear rate also promotes
wake transition. At Re=700, the flow changes from an unsteady
asymmetric state to an unsteady planar symmetric state and then
returns to the unsteady asymmetric state with gradually increasing
shear rate. The absolute value of the time-averaged drag, lift coeffi-
cients, and the Strouhal number increased with increasing shear rate.
The time-averaged drag and lift coefficients decreased with increasing
Reynolds number. The Strouhal number increased with increasing
Reynolds number at different shear rates, except for K= 0 when the
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Strouhal number is first increased and thereafter decreased. This is
attributed to the relatively chaotic flow state at higher Reynolds
numbers.

Finally, the effect of negative vs positive incidence angle on the
evolution of the wake behind the prolate spheroid was investigated at
Re = 480. The variations of drag and lift coefficients are determined by
the leading-edge Reynolds number, similar to those in a uniform flow.
When o = 445°, the leading edge of the prolate spheroid locates at
the low-velocity side, and the leading-side Reynolds number is, thus,
decreased with the increase in the shear rate. This leads to an increase
in the drag and lift coefficients as in a uniform flow. When o = —45°,
the leading edge of the prolate spheroid locates at the high-velocity
side, and the leading-side Reynolds number becomes higher with
increasing shear rate. Therefore, the drag and lift coefficients decrease
as in uniform flow. The trailing-edge Reynolds number affects the var-
iation of the vortex shedding frequency. When o = +45°, the trailing
edge of the prolate spheroid locates at the high-velocity side, and a
higher vortex shedding frequency occurs when shear rates increase,
which can be attributed to the higher vorticity entrained into the vor-
tex formation region. When o = —45°, however, the trailing edge of
the prolate spheroid locates at the low-velocity side, and the vortex
shedding frequency is decreased with the increase in the shear rate,
caused by the reduced vorticity entrained in the vortex formation
region.
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