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DISCRETE ELASTICITY EXACT SEQUENCES ON WORSEY-FARIN SPLITS

SINING GONG!*®, JAY GOPALAKRISHNAN?®, JOHNNY GUZMAN!'® AND
MICHAEL NEILAN?

Abstract. We construct conforming finite element elasticity complexes on Worsey—Farin splits in
three dimensions. Spaces for displacement, strain, stress, and the load are connected in the elasticity
complex through the differential operators representing deformation, incompatibility, and divergence.
For each of these component spaces, a corresponding finite element space on Worsey—Farin meshes
is exhibited. Unisolvent degrees of freedom are developed for these finite elements, which also yields
commuting (cochain) projections on smooth functions. A distinctive feature of the spaces in these
complexes is the lack of extrinsic supersmoothness at subsimplices of the mesh. Notably, the complex
yields the first (strongly) symmetric stress finite element with no vertex or edge degrees of freedom in
three dimensions. Moreover, the lowest order stress space uses only piecewise linear functions which is
the lowest feasible polynomial degree for the stress space.

Mathematics Subject Classification. 65N30, 58J10, 74S05.
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1. INTRODUCTION

The elasticity complex, also known as the Kroner complex, can be derived from simpler complexes by an
algebraic technique called the Bernstein—Gelfand—Gelfand (BGG) resolution [2,10,11,18]. The utility of the BGG
construction in developing and understanding stress elements for elasticity is now well appreciated [6]. However
even with this machinery, the construction of conforming, inf-sup stable stress elements on simplicial meshes is
still a notoriously challenging task [8]. It was not until 2002 that the first conforming elasticity elements were
successfully constructed on two-dimensional triangular meshes by Arnold and Winther [4]. There, they argued
that degrees of freedom (“dofs”) on vertices are necessary when using polynomial approximations on triangular
elements. They in fact constructed an entire discrete elasticity complex and showed how the last two spaces
there are relevant for discretizing the Hellinger—Reissner principle in elasticity.

Following the creation of the first two-dimensional (2D) conforming elasticity elements, the first three-
dimensional (3D) elasticity elements were constructed in [1,7], which paved the way for many other similar
elements, as demonstrated in [24]. A natural question that arose was whether these elements could be seen as
part of an entire discrete elasticity complex, similar to what was done in 2D. Although the work in [7] laid
the foundation, the task of extending it to 3D was bogged down by complications. This is despite the clearly
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understood BGG procedure to arrive at an elasticity complex of smooth function spaces,
0— SR—S 3 0®QV 2 50%gS 2, 0°gs—dV,cxgVy_— 0. (1.1)

Here and throughout, V. = R3 M = R332 R = {a +b x z : a,b € R3} denotes rigid displacements, inc =
curlo7 o curl with 7 denoting the transpose, curl and divergence operators are applied row by row on matrix
fields, S = sym(M), and & = sym o grad denotes the deformation operator. The complex (1.1) is exact on a 3D
contractible domain. We assume throughout that our domain  is contractible. To give an indication of the
aforementioned complications, first note that the techniques leading up to those summarized in [2] showed how
the BGG construction can be extended beyond smooth complexes like (1.1). For example, applying the BGG
procedure to de Rham complexes of Sobolev spaces H® = H?(2), the authors of [2] arrived at the following
elasticity complex of Sobolev spaces:

R—C S H @V Hs1gs—m, gs3gs_dv, gsdgy_ (1.2)

However, one of the problems in constructing finite element subcomplexes of (1.2) is the increase of four orders
of smoothness from the last space (H*~%) to the first space (H*). A search for finite element subcomplexes of
elasticity complexes with different Sobolev spaces seemed to hold more promise [7].

It was not until 2020 that the first 3D discrete elasticity subcomplex was established in [15]. To understand
that work, it is useful to look at it from the perspective of applying the BGG procedure to a different sequence
of Sobolev spaces. Starting with a Stokes complex, lining up another de Rham complex with different gradations
of smoothness, and applying the BGG procedure, one gets

R—S— H2@V —=— H'(inc) —2 H(div,S) —» 2@V —— 0, (1.3)

where H'(inc) = {g € H*®S : incg € L?®S}. The proof of exactness of (1.3) is described in more detail in [28],
p. 38-40. The key innovation in [15] was the construction of two sequences of finite element spaces on which this
BGG argument can be replicated at the discrete level, resulting in a fully discrete subcomplex of (1.3). These
new finite element sequences were inspired by the “smoother” discrete de Rham complexes (smoother than the
classical Nédélec spaces [29]) recently being produced in a variety of settings [13,14,19,22,23]. Specifically, the 3D
discrete sub-complex of (1.3) in [15] was built on meshes of Alfeld splits, a particular type of macro element. Soon
after the results of [15] were publicized, Chen and Huang [12] obtained another 3D discrete elasticity sequence
on general triangulations. There, they produced a finite element subcomplex of another exact sequence obtained
from (1.3) by replacing H>®V and H'(inc) with H!®V and H(inc) = {g € L?®S : incg € L?®S}, respectively.
A related work is [11], where several finite element elasticity complexes are constructed with various smoothness.
The BGG construction was also applied to obtain discrete tensor product spaces in [9].

In this paper, we apply the methodology presented in [15] to construct a new discrete elasticity sequence on
Worsey—Farin splits [30]. One of the expected benefits of using triangulations of macroelements is the potential
reduction of polynomial degree and the potential escape from the unavoidability [7] of vertex degrees of freedom
in stress elements. We will see that Worsey—Farin splits offer structures where these benefits can be reaped easier
than on Alfeld splits. Unlike Afleld splits, which divide each tetrahedron into four sub-tetrahedra, Worsey—Farin
triangulations split each tetrahedron into twelve sub-tetrahedra. Using the Worsey—Farin split, we are able to
reduce the polynomial degree. Previous works have used either quadratics [15] or quartics [12] as the lowest
polynomial order for the stress spaces. However, our approach results in stress spaces that are piecewise linear
stress elements, which is the lowest possible polynomial degree. Furthermore, it results in the first 3D symmetric
conforming stress finite element without edge and vertex dofs. This is comparable to the 2D elasticity element
without vertex dofs constructed in [5,21,25]. Note that discrete symmetric stress spaces without vertex or edge
dofs have also been constructed in [17] using a virtual element methodology. Moreover, following the work of
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Hu and Zhang [24], Gong et al. [20] gave an inf-sup stable elasticity solver without explicitly imposing vertex
continuity on the stress space. However, degrees of freedom are not provided for the stress space. One other
notable feature of our Worsey—Farin elements is the lack of extrinsic supersmoothness, i.e., our dofs do not
impose more smoothness than what is intrinsic to Worsey—Farin splits. In contrast, the dofs of the discrete
elements in [15] on Alfeld splits impose additional extrinsic supersmoothness.

Although we have the framework in [15] to guide the construction of the discrete complex on Worsey—Farin
splits, as we shall see, we face significant new difficulties peculiar to Worsey—Farin splits. The most troublesome
of these arises in the construction of dofs and corresponding commuting projections. Unlike Alfeld splits,
Worsey—Farin triangulations induce a Clough—Tocher split on each face of the original, unrefined triangulation.
As a result, discrete 2D elasticity complexes with respect to Clough—Tocher splits play an essential role in our
construction and proofs. These 2D complexes are more complicated than their analogues on Alfeld splits (where
the faces are not split). The resulting difficulties are most evident in the design of dofs for the space before the
stress space (named U} later) in the complex, as we shall see in Lemma 5.8.

The paper is organized as follows. In the next section, we present the main framework to construct the
elasticity sequence, define the construction of Worsey—Farin splits, and state the definitions and notation used
throughout the paper. Section 3 gives useful de Rham sequences and elasticity sequences on Clough—Tocher
splits. Section 4 gives the construction of the discrete elasticity sequence locally on Worsey—Farin splits with
the dimensions of each spaces involved. This leads to our main contribution in Section 5 where we present the
degrees of freedom of the discrete spaces in the elasticity sequence with commuting projections. We finish the
paper with the analogous global discrete elasticity sequence in Section 7 and state some conclusions and future
directions in Section 8.

2. PRELIMINARIES

2.1. A derived complex from two complexes

Our strategy to obtain an elasticity sequence uses the framework in [2] and utilizes two auxiliary de Rham
complexes. In particular, we will use a simplified version of their results found in [15].

Suppose A;, B; are Banach spaces, r; : A; — A1, t; : B; — Bit1, and s; : B; — A; 41 are bounded linear
operators such that the following diagram commutes:

Ag 2 Ay —s Ay — 2 Ay
% % % (2.1)
By —" 5B "B, B,

The following recipe for a derived complex, borrowed from Proposition 2.3 of [15], guides the gathering of
ingredients for our construction of the elasticity complex on Worsey—Farin splits.

Proposition 2.1. Suppose s1 : By — Ay is a bijection.
(1) If A; and B; are exact sequences and the diagram (2.1) commutes, then the following is an exact sequence:

|:AO:| [To so] A1 tyosy “ory Bg [tz} [gz] (22)

Here the operators [rqg so] : {gﬂ — Ay and [‘Z] : By — {gﬂ are defined, respectively, as

b
[ro zo] {Z} = roa + zb, [iﬂ b= [i;b} .

(2) For the surjectivity of the last map in (2.2), namely [72], it is sufficient that ro and ty are surjective,
tl ] t2 == 0, and Sgtl = T92S571.
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2.2. Construction of Worsey—Farin splits

For a set of simplices S, we use A4(S) to denote the set of s-dimensional simplices (s-simplices for short) in
S. If S is a simplicial triangulation of a domain D with boundary, then A(S) denotes the subset of A,(S) that
does not belong to the boundary of the domain. If S is a simplex, then we use the convention A,(S) = A;({S}).
For a non-negative integer r, we use P,.(S) to denote the space of polynomials of degree < r on S, and we define

Pe(S) = [[ Pr(S), L3(D):= {qGLQ(D):/quzO}.

Ses

Let Q C R3 be a contractible polyhedral domain, and let {73} be a family of shape-regular and simplicial
triangulations of 2. The Worsey—Farin refinement of 75, denoted by T;L“’f , is obtained by splitting each T € 7},
by the following two steps (cf. [23], Sect. 2 and Fig. 1):

(1) Connect the incenter zp of T to its (four) vertices.
(2) For each face F of T choose mp € int(F). We then connect mp to the three vertices of F' and to the incenter

zZT.

Note that the first step is an Alfeld-type refinement of T' with respect to the incenter [15]. We denote the
local mesh of the Alfeld-type refinement by 7%, which consists of four tetrahedra. The choice of the point
mp in the second step needs to follow specific rules: for each interior face F' = Ty N Ty with 11, Ta € Ty, let
mp = LN F where L = [zr,, z1,], the line segment connecting the incenters of 77 and Ty; for a boundary face
F with F =T N0 with T € 7}, let mp be the barycenter of F. The fact that such a mp exists is established
in Lemma 16.24 of [26].

For T € Ty, we denote by T%f the local WorseyFarin mesh induced by the global refinement lef , 1€,

wa:{KeThwf: I_(CT}.

For any face F € Ay(7}), the refinement ’Z;lwf induces a Clough—Tocher triangulation of F, i.e., a two-
dimensional triangulation consisting of three triangles, each having the common vertex mp; we denote this
set of three triangles by F'°*; see Figure la. We then define

g(,z—hwf) ={ee A{(F): for all F € A}(T;)}

to be the set of all interior edges of the Clough—Tocher refinements in the global mesh.

For a tetrahedron T' € 7, and face F € Ay(T), we denote by ng := n|p the outward unit normal of
OT restricted to F. Consider the triangulation F' of F' with three triangles labeled as Q;, i = 1,2,3. Let
e = 0Q; NIQ, and t. be the unit vector tangent to e pointing away from mg. Then the jump of p € P,.(T*7)
across e is defined as

[ple = (Plo, — Plas)se,
where s, = np x t, is a unit vector orthogonal to t. and np. In addition, let f be the internal face of T%f that
has e as an edge. Now let n; be a unit-normal to f and set t; = ny X t. to be a tangential unit vector on the
internal face f.

Let T} and Ty be two adjacent tetrahedra in 7 that share a face F', and let Q;, i = 1,2,3 denote three
triangles in the set F'°*. Let e = Q1 N dQ2, and for a piecewise smooth function defined on T} UTs, we define

0.(p) = ploTing, — Ploring. + PloTsngs — PloTang: s on e. (2.3)

Note that 6.(p) = 0 if and only if [p|r,]e = [pI:]e-
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Fct

(A) ' (©)

FIGURE 1. The Worsey-Farin splits. (a) A representation of F and Al(F¢) (indicated in
blue). (b) Alfeld refinement and Worsey—Farin refinement (local) indicated in red. (¢) Worsey—
Farin refinement (global).

2.3. Differential identities involving matrix and vector fields

We adopt the notation used in [15]. Let F' € Ay(T), and recall np is the unit normal vector pointing out of T'.
Fix two tangent vectors ¢;, t3 such that the ordered set (b1, ba,b3) = (t1,t2, nF) is an orthonormal right-handed

basis of R3. Any matrix field u : T'— R3*3 can be written as ijzl Usj bibg- with scalar components u;; : T' — R.

Let tpy = npung and trpu = Z?=1 thut;. With s € R3, let

K3

2 2

2
Upp = Z uZ]tzt;a Ups = Z(S/Utl)t;, Ugp = Z(t;us)tz (24)

i,j=1 i=1 i=1

Equivalently, uppr = Qu@, ups = s'uQ, and usp = Qus, where P = npny and Q = I — P. Next, for scalar-
valued (component) functions ¢, w;, g; and u;;, we write the standard surface operators as

gradpg = (O, d)t1 + (01, 9)t2, gradp(wity + waty) = t(grad pws)’ + ta(grad puws),
rotp¢ = (9, ¢)t1 — (9, P)t2, rotp(qit] + qath) = t1(rotpqr) + ta(rotpga)’,
curlp(wity + waty) = Oy, wa — Oy, w1, curlpupp =t} curlp(upy, ) + th curlp(ups,)’,
dive(wity + watz) = Oy w1 + Oy, wa, divpupp = t) divp(ups, ) 4 th dive (upg, ).

These operators are defined such that they are consistent with the conventions in [15]. In particular, we define
rotg, such that the resulting operator airyr mimics the three-dimensional operator, inc. For a vector function
v, denote vp = Qu =np X (v X np). It is easy to see that

nr - curlv = curl pvp, (grad v)pp = gradpur, (2.5)
np X rotp¢ = gradp ¢, divvp = divpup. '

Definition 2.2. For a tangential vector function v on the face F' € Ay(T), write v = Z?Zl vit; with v; = v - ;.
We define the orthogonal complement of v as

UJ_ = Ugtl - Ultg.
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Using this definition and the standard surface operators introduced above, it is easy to see the following identities:

L

divpvt = curlpv, vt te=v-5., vi=vxnp. (2.6)

We also define the space of rigid body displacements within R3 and the face F:
R:{a+bxm:a,b€R3} (2.7)
R(F) = {aty + bta + c((z - t1)ta — (z - t2)t1) : a,b,c € R}.
Definition 2.3. Set V = R3, and My, = R¥*k,

(1) The skew-symmetric operator skw : My — My and the symmetric operator sym : My, — My are
defined as follows: for any M € My,

skw (M) = %(M _ M) sym(M) = %(M + M),

Denote the range of skw and sym as Ky = skw(Mjxx) and Sy = sym(Mgxg), respectively.
(2) Define the operator Z : Mi3x3 — M3x3 by EM = M’ — tr(M)I, where I is the 3 x 3 identity matrix.
(3) The three-dimensional symmetric gradient and incompatibility operators are given, respectively, by:

e =symgrad, inc = curl(curl)’.

(4) The operators mskw : V — K3 and vskw : M5,3 — V are given by

U1 0 —V3 V2
mskw [ve | = vs 0 —vp |, vskw := mskw ~! o skw.
U3 —vg v1 O

(5) The two-dimensional surface differential operators on a face F' are given by

ep =symgradp, airyp = rotp(rotr)’, incp := curlp(curlg)’.

(6) The two-dimensional skew operator defined on either a scalar or matrix-valued function is defined, respec-

tively, as

10wl U1l Ur2|
skewu = [—u O]’ skew [u21 . Ul — ULD.
(7) The transpose operator 7 is defined as: Tu = u'.

It is simple to see that Z is invertible with Z~'M = M’ — %tr(M )I. Furthermore, the following identities
hold:

divE = 2 vskw curl, (2.9a)
Egrad = —curl mskw, (2.9b)
curl 2~ curl mskw = —curl 27! Egrad = —curl grad = 0, (2.9¢)
2vskw curl 2~ curl = divEE"! curl = divcurl = 0, (2.9d)
tr(curlsym) = 0, curl 2~ 'curl sym = curl(curlsym)’ = inc sym. (2.9¢)
On a two-dimensional face F', there also holds
divp airyp = divprotp 7 (rotp) = 0, (2.10a)
incpsym = incp, incpep = curlp 7 curly grady =0, (2.10b)
curlp skew = 7 gradp. (2.10¢)

The following lemma states additional identities used throughout the paper. Its proof is found in Lemma 5.7
from [15].
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Lemma 2.4. For a sufficiently smooth matriz-valued function u,

s’ (curlu) np = curly (ups), for any s € R3, (2.11a)

[(curlw)'] ,, = curlp upp. (2.11b)

If in addition u is symmetric, then

(incu)nn = incF Urr, (211C)
(incu) ,, = curlp[(curlu)’] pp, (2.11d)
trp curlu = — curlp (upy,)'. (2.11e)

For a sufficiently smooth vector-valued function v,

2(curle(v)) = grad curl v, (2.11f)
2[(curle(v))] pp = gradp (curlv) p, (2.11g)
curlv = ng (curlp vp) + rotr (v-ng) + np X v, (2.11h)

2e(V)]nr = 2[e(v)pa) = gradp (v-np) + Opvr, (2.119)

trp (rotp vp) = curl pvp. (2.11j)

2.4. Hilbert spaces

We summarize the definitions of Hilbert spaces which we use to define the discrete spaces. For any T' € 7y,
we commonly use () to denote the corresponding spaces with vanishing traces; see the following two examples:

o o

H(div,T) :={v e H(div,T) : v-nlgr =0}, H(curl,T):={v e H(curl,T) : v X n|sr = 0}.

In addition, for any face F' € Ao(T') with T' € T},, we define the following spaces by using surface operators in
Section 2.3:

H(divp, F) = {v € [LX(F)]” : divpv € L2(F)}, H(divp, F) == {v € H(divp, F) : v - slor = 0},

H(curlp, F) := {v € [LQ(F)]2 ceurlpo € LQ(F)}, H(curlp, F) := {v € H(curlp, F) : v - t|yp = 0},

H(gradp, F) := {v € L*(F) : gradpv € L*(F)}, H(gradp, F) := {v € H(gradp, F) : v|]gr = 0},

where s denotes the outward unit normal of OF and ¢ denotes the unit tangential of OF'.

3. DISCRETE COMPLEXES ON CLOUGH—TOCHER SPLITS

Recall a Worsey—Farin split of a tetrahedron induces a Clough—Tocher split on each of its faces. As a result,
to construct degrees of freedom and commuting projections for discrete three-dimensional elasticity complexes
on Worsey—Farin splits, we first derive two-dimensional discrete elasticity complexes on Clough—Tocher splits.
Throughout this section, F' € Ay(7},) is a face of the (unrefined) triangulation 7, and F* denotes its Clough—
Tocher refinement with respect to the split point mp (arising from the Worsey—Farin refinement of 73,).

3.1. de Rham complexes

As an intermediate step to derive elasticity complexes on F¢!, we first state several discrete de Rham complexes
with various levels of smoothness. First, we define the Nédélec spaces (without and with boundary conditions)
on the Clough—Tocher split:

Vi (F) = {v € H(divp, F) svlg € [P(r)P m € F ), Vi (F*) = Vi, (F*") 0 H(div, F)
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Voo (F4) i= {v € H(curlp, F) i vl € Po(r) 7 € F ), Vi o (F) 1= Vi o (F*) 0 H (curlp, F),
VE(F) = {o € L(F) s vl € Py ()7 € P}, VE(F) = VE(E) N ().
and the Lagrange spaces,
XU(F<) = VA(F?) 1 H(gradp, F), XO(F) i= X2(F®) N H{grady, F),
XL(F) = [XO(F)]%, XE(F) = [XO(F) } ,
XZ(F) = XO(F), X2(Fet) i= XO(F) N L3(F).

Note that superscripts in the notation for the spaces refer to the order of the corresponding differential forms.
Finally, we define the (smooth) piecewise polynomial subspaces with C! continuity.

SHF) == {veX2(F"): gradpv € X} _{(F")},
$2(F) == {o e XUF™) : gradpo e Xi_, (F)},
RO(F) 1= {v e S2(F) : vlor = 0},

The first space S2(F*!) is the so-called Hsieh—Clough—Tocher C! finite element space [16]. Several combinations
of these spaces form exact sequences, as summarized in the following theorem.

Theorem 3.1. Let r > 3. The following sequences are exact [3, 19].

grad curlg

R — () S vk, () I v — o
R — SY(F) i X! (FY) o V2, (FY) — 0, (3.1b)
0o —xo(re) T8 v, () S v,y — o, (3.10)
0— ) T ey 2 ) o (3.1d)

Theorem 3.1 has an alternate form that follows from a rotation of the coordinate axes, where the operators
grad and curly are replaced by roty and divp, respectively.

Corollary 3.2. Let r > 3. The following sequences are exact [3, 19].

R —— xo(re) oy ey By ey g, (3.22)
R — SY(F) o Xr_1 (FY) e V2, (FY) — 0, (3.2b)
0 —x0F) 2o Fe) B0y ey o, (3.2¢)
0 —— SO(F°) B XL (Fet) e V2, (FY) — 0. (3.2d)

3.2. Elasticity complexes

In order to construct elasticity sequences in three dimensions, we need some elasticity complexes on the
two-dimensional Clough—Tocher splits. The main results of this section are very similar to the ones found [14]
(with spaces slightly different) and can be proved with the techniques there. However, to be self-contained, we
provide the proof of the main result, Theorem 3.4 in an appendix. Let Vo denote the plane nt where n is a unit
normal to F°*; clearly V5 is isomorphic to R?. Then the two-dimensional elasticity complexes utilize these:

H1 (F) = {v € X%(F“) ®@Vy: curlpv € chrl . 1(FCt)}, (3.3a)

inc,r
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TABLE 1. Dimension counts of the canonical (two—dimensional) Nédélec, Lagrange, and smooth

spaces with respect to the Clough-Tocher split. Here, dim Vi, .(F Ct) = dim ‘/(ir”(F ) =
dim V1 (FeY).
k=0 k=1 k=2
dim VF(F*) - 3(r 4 1)? Sr+1)(r+2)
dlm‘o/rk(FCt) - 3r(r+1) %(r—&—l)(r—i—?)—l
dim Xy (F)  3(3r* +3r+2) 3r% 4+ 3r 42 1(3r* 4+ 3r +2)
dlm)o(’,?(F“) 1(3r* —3r+2) 3r2 —3r+2 Sr(r—1)
dlmS,’?(F“) 3(r*—r+2) - -
dim Ry (F")  2(r—1)(r—2) [27] - -
dimQ;y (F**) - 3(3r° +5r+2) -
Qe (F) 1= {sym(u) s w € Qhe, (F) ], (3.3b)
Qr(F*) :=={u € Vi, (F") @V, : skew(u) = 0}, (3.3¢)
Qr(F*) = {ue X (F") ® Vs, : skew(u) = 0} C QL(F™), (3.3d)
Q(F) :={u e VA(F*) :u L Py(F )}. (3.3¢)

We further let Q;- be the subspace of Q}(F") that is L?(F)-orthogonal to QL(F°*). We then have QL(F°) =
Qi © QL(Ft), and
dim Q; = dim Q% (F") — dim Q% (F*°"). (3.4)

Lemma 3.3 (Lem. 5.8 in [15]). Let u be a sufficiently smooth matriz-valued function, and let ¢ be a smooth
scalar-valued function. Then there holds the following integration-by-parts identity:

/F(incFu)(b:/Fu: airyF(qb)+/8F(curlpu)tqbds+/ ut - (rotpg)’. (3.5)

oF
Consequently, if u € ch 1 (F) is symmetric and ¢ € P1(F), then [, (incpu)d = 0.

The next theorem is the main result of this section, where exact local discrete elasticity complexes are
presented on Clough—Tocher splits. Its proof is given in Appendix A.

Theorem 3.4. Let r > 3. The following elasticity sequences are ezact.

incg

00— S0 (FY) Ve — QL2 (F*) —5 Q2L (F*) — o, (3.6)
PuF) —— SUE) TN QL () T V() eV — 0 (3.7)

3.3. Dimension counts

We summarize the dimension counts of the discrete spaces on the Clough—Tocher split in Table 1 which will
be used in the construction elasticity complex in three dimensions. These dimensions are mostly found in [23]
and follow from Theorem 3.1 and the rank-nullity theorem. Likewise, the dimension of QL(F<!) follows from
Theorem 3.4.
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4. LOCAL DISCRETE SEQUENCES ON WORSEY—FARIN SPLITS

4.1. de Rham complexes

Similar to the two-dimensional setting in Section 3, the starting point to construct discrete 3D elasticity
complexes are the de Rham complexes consisting of piecewise polynomial spaces. The Nédélec spaces with
respect to the local Worsey-Farin split 7%/ are given as

vHTl) = [P (1))’ A Hewl, T), V(1) :
VA(TF) = [P (1))’ A H(div,T), V(T :
V(T =P (T), V3T

T
T T

V! (T“’f) N H(curl, T),
V(1) N H(div, T),
VHTT) 0 L(T).

The Lagrange spaces on 7%/ are defined by
XO(1e?) = P (T ) " HYT),  XT*) == X(T)) n HY(T),
1 (pwf 0 (rwfy\13 o1 (wf 0 (w f 3
XL(1F) = X0 (1)), XLy = X)),
X2(T1) == XL (1), X2(T"T) == XL (1),
and the discrete spaces with additional smoothness are

S? (T“’f) ={ue XO(wa) tgradu € X,lq_l(T“’f)
)

S0 (T“’f) = {u € xQ (wa) sgradu € )O(i_1 (Tch
St (T“’f) ={ue Xi(wa) seurlu € Xi_l(wa)},
St (T“’f) = {u S Xi (wa) ceurlu € )O(Ll(wa)}.

V2 (T“’f) ={veV? (T“’f) : v X n|p is continuous on each F € Ay(T)},
) :v-n|p=0oneach F € Ay(T)},

: q|p is continuous on each F € Ay(T)},

and note that
SY(TeT) ¢ X2 (Tv7), Sp(Te) C XH(TvF) c vH(T™T),
X2(Tvh) c v (Tel) c VAT, Vi1 c v (TvY),

with similar inclusions holding for the analogous spaces with boundary conditions.

The next lemma summarizes the exactness properties of several (local) complexes using these spaces. Its
proof is found in Theorems 3.1 and 3.2 from [23].

Lemma 4.1. The following sequences are exact for any r > 3.

R S XO(1v/) &2,y (red) 2l 2 (7o) Sy (1) — o, (4.1a)
0 — )22 (wa) grad, f/rlfl (wa) curl | ‘};272 (wa) div, ‘;;3373 (wa) -0, (4.1Db)

T

RS SO(Tw7) 224 )t (7)< vz, (7)) By (1) — o, (4.1¢)
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TABLE 2. Dimension counts of the canonical Nédélec, Lagrange spaces and smoother spaces on
a WF split. Here a™ = max(a, 0).

k=0 k=1 k=2 k=3
VETT) @+ 1)@t +r+1) 2(r +1)(3r* + 67 + 4) 3(r 4+ 1)(r +2)(2r + 3) 2(r + 1)(r +2)(r + 3)
vE(Ter)  (@2r -1 —r+1) 2(r +1)(3r% + 1) 3(r+1)(r+2)(2r +1) 2r% 41272 4+ 227 411
XE(T™)  (2r+ 1)@ +r+1) 32r +)(r* +r+1) 32r+1)(r* +7r+1) 2r+ 1) +r+1)
XE(Tef)  (2r —1)(r2 =7+ 1) 32r —)(r? —r+1) 32r —1)(r* —r+1) (r—1)(2r* —r +2)
VE(TT) - 6r° +21r° + 9r + 2 2r® +12r° +10r + 3
SE(T?)  2r® —6r® +10r — 2 3r(2r? — 3r +5) 61° + 8 + 2 Q2r+ 1) 4+r+1)
SUTY) 2 =2(=3)(r—-4)" BCr-3)(r-2(r-3)" @2r-2B"-6r+4)" (-1 -r+2)

0 — SPT™I) E55 XL (1) S50 V2, (T7) 5 V2, (1) =0 (114)
R S SO(Twl) 224 g1 (rf) S )2 (7o l) B B (Tl ) 0. (4.1¢)
OH;SO'E(wa) grad Sl ( wf) ﬂ};(a_z(Tw ) div VS 3( wf) = 0. (41f)

2. Dimension counts

The dimensions of the spaces in Section 4.1 are summarized in Table 2. These counts essentially from
Lemma 4.1 and the rank-nullity theorem; see [23] for details.

4.3. Elasticity complex for stresses with weakly imposed symmetry

In this section we will apply Proposition 2.1 to the de-Rham sequences on Worsey—Farin splits. This gives rise
to a derived complex useful for analyzing mixed methods for elasticity with weakly imposed stress symmetry.
From this intermediate step, an elasticity sequence with strong symmetry will readily follow. We start with the
following definition and lemma.

Definition 4.2. Let p € )o((l)(wa ) be the unique continuous, piecewise linear polynomial that vanishes on 9T
and takes the value 1 at the incenter of T.

Lemma 4.3.

(1) The map Z: XY T @V — X3(T*) @V is a bijection.

(2) The following inclusions hold vskw (V2 5(T*7) @ V) C V3 (T"f) @ V and vskw (V2 ,(T*7) @ V) C
V3 (TN @V, for any r > 3.

(3) The mappings vskw : V2 o(T*") @V — V2 (T @V and vskw : V2 H(T"H RV = V3 (T ®V are
both surjective, for any r > 3.

Proof. Both (1) and (2) are trivial to verify and hence we only prove (3). For any 7 > 3, let v € V.2 ,(T%/) @V
By the exactness of (4.1e), there exists a function z € X2_,(T%/) ® V such that divz = v. Since = is a
bijection from X!_,(T%F) @ V to X2_,(T%7) ® V, we have ¢ = 272 € X._,(T%/) ® V. Thus, by setting
w = curlg € V2 ,(T%") ® V we obtain

2vskw(w) = 2vskw curl (q) = 2vskw curl (27'2) = divE(E~"2) = v,

where we used (2.9a). We conclude vskw : V.2 ,(T%/) @ V — V3 ,(T"f) ® V is a surjection.
We now prove the analogous result with boundary condition. Let v € V3 ,(T%f) ® V, and let M € Mszy3 be

a constant matrix such that [, 2vskw M = ﬁfT v. Then, by taking W = uM, we have w € Vl (T*7) ®V with
T
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Jr2vskww = [ v. Therefore, we have v — 2 vskw(w) € V3 ,(T"/) ® V and the exactness of (4.1f) yields the
existence of z € X2_,(T"f) ® V, such that divz = v — 2 vskw(w@). Let ¢ = 271z € X._(T"/) @ V, and from
(4.1d), we have w := curl (q) + @ € V2 ,(T"f) ® V. Finally, using (2.9a)

2 vskw(w) = 2vskw curl (27'2) + 2 vskw (@) = div z + 2 vskw(d) = v.
This shows the surjectivity of vskw : V2 ,(T%/) @ V — V3 _,(T*/) @V, thus completing the proof. O

Using the complexes (4.1c)—(4.1f) and the two identities (2.9a) and (2.9b), we construct the following com-
muting diagrams:

SO, (Tv!) @V 224, SH(Tw/ )@V —<ul, X2 (Tw/) @V —4y 3 (Tw/) @V — 0
Aﬂ A (4.2)

S (wa Qv &2, grad X}, 1 wa @V —cul, curl wa QVy —div_, div wa)®V*>0

SO+1(wa)®V grad Sl(wa)®V curl Xg (wa) div (T“””@VLHR

RV ——
4.3
Aw % ( )

SO(TF )V —E20, XL (TF) @VL‘UW o (TeH) @V~ 8 (Tvl) gV —s 0.

Note that the top sequence of (4.3) is slightly different from (4.1f), as the mean-value constraint is not imposed on
V,_o(T"f)®V. This is due to the surjective property of the mapping vskw : (V2_,(T*/)@V) — V3 ,(T*F) @V
established in Lemma 4.3.

Theorem 4.4. The following sequences are exact for any r > 3:

0 wf 2 vskw 3 wf

S r+1 (T )®V [grad,—mskw] S,} (wa) ®V curl =~ *curl ‘/7‘272 (wa) ®V [ div ] ‘/;"72 (T ) ®V ) (44)
SO (wa®V) ‘/7‘373 (wa) QV
0 wf ‘ ) - ) 2 v§kw 3 Twf AV

S r41 (T ) ®V [grad,—mskw] S; (wa) Qv curl 2~ *curl V3_2 (wa) QV [ div ] ]fT’—Q( ) & . (45)
ST @ V) VEig(TH) eV

Moreover, the last operator in (4.4) is surjective.

Proof. Lemma 4.3 tells us that = : X}_;(T%/) @ V — X2_,(T%/) ® V is a bijection. With the exactness of
(4.1¢)—(4.1f) for r > 3 and Proposition 2.1, we see that these two sequences are exact. The surjectivity of the
last map is guaranteed by Proposition 2.1 and Lemma 4.3. O

4.4. Elasticity sequence

Now we are ready to describe the local discrete elasticity sequence on Worsey—Farin splits. The discrete
elasticity complexes with strong symmetry are formed by the following spaces:

U2 (1) = §)y () @V, Uy (T) = 80, (T4) @,

U (T") = {sym(u) : u e SHT") @ V}, Ul(wa)—{sym( )'ueé’l(T“’f)@)V}
Uz Q(T“’f) ={ueV2z (T“’f) ®V:skwu =0}, Uz 2(wa) ={ueV? Q(wa) ®V:skwu =0},
U2 (1) = V2 (1) 2V, US4 (1) = {ue V2 4(T")®V:u LR},

where we recall R, defined in (2.7), is the space of rigid body displacements.
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Theorem 4.5. The following two sequences are discrete elasticity complexes and are ezxact for r > 3:

R— U, (T%) S Ul (Tef) 2% 2, (1) &5 U3, (1)) — 0, (4.6)
and ) ) )
0— U0, (T) S U (1)) 2% 02, (1) L5 73 (T%F) — 0. (4.7)

Proof. We first show that (4.6) is a complex. In order to do this, it suffices to show the operators map the space
they are acting on into the subsequent space. To this end, let u € U2, ,(T"f), then by (4.1e) we have grad (u) €
SHTY/)®V. Hence, £(u) = sym grad (u) € Ul(T“’f) Now let u € Ul(wa) which implies that « = sym(w) with
w € SHTY)®@V. Thus by (2.9¢) we have curl = !curlu = curl Z~teurlw € V;2 ,(T*f) @V and skw(u) = 0 due
to (2.9d). Therefore, there holds curl 2~ tcurl (u) € U2_,(T™/). Finally, for any u € U2_,(T%7) C V2 ,(T*/)®V,
divu € V2 (T ) @ V.

Next, we prove exactness of the complex (4.6). Let w € U3_5(T™/) and consider (0,w) € [V;2 (T*F) @ V] x
[V:3 5(T*F) ® V]. Due to the exactness of (4.4) in Theorem 4.4, there exists v € V.2 ,(T"/) ® V such that
dive = w and 2vskw(v) = 0. Thus, v € UZ_,(T*/).

Now let w € U2 ,(T™/) with divw = 0. Then by the exactness of (4.4), we have the existence of v €
SHT®') ® V such that curl =~ !curlv = w. Setting u = sym(v) € U(T/) yields incu = w by (2.9¢).

Finally7 let w € Ul(T“’f) with incw = 0. Then w = sym(v) for some v € SHT™/) ® V and with (2.9¢),
curl = teurlv = curl =~ eurlw = 0. Due to the exactness of (4.4), we could find (u,z) € [S2,,(T*/) ® V] x
[S9(T™F) ® V] such that v = grad u — mskw (z). Therefore, (u) = sym(v) = w.

We can prove that (4.7) is a complex and it is exact very similar to above. The main difference is the
surjectivity of the last map which we prove now. Let w € U 3 .(Tv7) C V3 3 ® V. Then by the exactness of
(4.1d), there exists v € V2_,(Tf) ® V such that divv = w. For any ¢ € R? we have grad (¢ x ) = mskw ¢ and
hence, using integration by parts

/2vskwv-c:/v:mskwc:/v:grad(cxx):—/divv-(cxx):—/w-(cxx)zo,
T T T T T

where the last equality uses the fact w L R. Therefore, vskwv € V3 _,(T%f) @V and by the exactness of (4.1f),
we have an m € X2_,(T*/) ® V such that divm = 2vskwv. Let u = v — curl (E"*m) € V2 ,(T"f) ® V and we
see that 2vskw u = 2 vskw v — 2 vskw curl (2~ 1m) = 0 by (2.9a). Hence, u € U2_ 2(wa) and divu = w. O

When r > 4, there holds R C U2 _;(T%7), so it is clear that
U2 (1) =Ra U2 5(T"F)  forr >4 (4.8)

On the other hand, when r = 3, we need the following lemma for the calculation of dimensions of U 3 3(T“’f ).
Let Py be the L2-orthogonal projection onto U3(T™f) and let PyR := {Pyu : u € R}. The proof of the
following lemma is provided in the appendix.

Lemma 4.6. It holds, .
U (1) = PyR & U (T™7), (4.9)

and dim PyR = dim R = 6.

Using the exactness of the complexes (4.6) and (4.7) along with Table 2, we calculate the dimensions of the
spaces in the next lemma.

Lemma 4.7. When r > 3, we have:

dim U2, (T"7) = 6r® + 127 + 12, dim UL, (T"f) = 6r° — 3612 + 661 — 36, (4.10)
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dim U} (T*7) = 12r® — 9r% + 15r + 6, dim U} (T7) = 12r% — 631 + 87r — 18, (4.11)
dim U2 o (T%f) = 120® — 2772 + 157, dim U2 ,(T"f) = 1203 — 4572 + 33r + 12, (4.12)
dim U2 _4(T"7) = 6r® — 187% + 12r, dimU2_4(T*7) = 613 — 1872 + 121 — 6. (4.13)

Proof. By Lemma 4.3 and the rank-nullity theorem, we have
dim U2, (T"7) = dimker(V,2 ,(T") @ V,vskw) = dim V2, (T"7) @ V — dim V;2_, (T"7) @ V
= (6r® —9r* +3r) x 3 —2r(r +1)(r — 1) x 3 =12 — 27r° + 15r,
dim U2_o(T7) = dimker (V2 (T"/) @ V,vskw ) = dim V2_o(T"/) @ V = dim V?_ (")) @V
= (6(r—2)°+21(r—2)>+9(r—2)+2) x3
—2((r—2%4+6(r—2)>+5(r—2)+2) x3
= 18r° — 45r° — 9r + 60 — (6r® — 42r + 48) = 12r® — 457% + 33r + 12.

The dimensions of U2, ,(T"/), Uo 1 (T")) and U2_5(T™/) are computed similarly using the dimensions of
SO, (T, §9+1(wa) and V2 4(T%7). Also, using Lemma 4.6 when 7 = 3 or (4.8) when r > 4, we obtain
dim U2_y (1) = dim UZ_5 (T"f) — 6.
Using the exactness of the sequences (4.6) and (4.7) in Theorem 4.5, with the rank-nullity theorem, we have
dim U} (T*7) = dim U2, (T*7) + dim U?_, (T*7) — dim U?_4(7*/) — dimR
=12r® — 9r% + 157 + 6,
dim U (T"F) = dim U?, (T%F) + dim U?_,(T"7) — dim U?_4(T"7)
= 121" — 63r% + 87r — 18.

4.5. An equivalent characterization of U!(T%f) and IJ'T} (Tv7)

We will now show that U} (T™f) admits a characterization as a conforming subspace of the Sobolev space
H'(inc) appearing in (1.3). The next result will also help us find the local degrees of freedom of U}(T*7) and
uT)).

Theorem 4.8. We have the following equivalent definitions of UX(T*!) and UX(T®1):

UNT"") = {ue HY(T;S) : u € P(T"/;S), (curlu) € V" | (T*) @ V}, (4.14)
U} (wa) = {u € HY(T;S) : u € P.(T"7;S), (curlu)’ € ‘O/TI,I(wa) ®V, (4.15)

inc(u) € V2, (T"7) ® V}.

Proof. Let the right-hand side of (4.14) and (4.15) be denoted by M, and M, respectively. If u € UL(T™7),
then u = sym(z) for some z € SHT*F) @V, so (2.9¢), (2.9b) and Definition 2.3 give

(curlu) = E ' curlu = E curl 2 + grad vskw(z), (4.16)
from which we conclude (curlu)’ € V.1 | (T%/) ® V. This proves the inclusion

U1 C M,. (4.17)
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Similarly, if w € U}(Tf), then (4.16) for z € S}(T™F)®V, hence we have (curlu)’ € V.1 | (T%/) @ V. Moreover,
using (2.9¢) and the exact sequence (4.1d), we obtain

inc(u) = curl 2~ *curl (u) = curl 2 tcurl (2) € curl ()O(L1 (wa) ® V) cV?, (wa) ®V.

This proves
Ul (1) ¢ M,. (4.18)

We continue to prove the reverse inclusion of (4.14). For any m € M,, let ¢ = curl (curl m)’ which immediately
implies that divo = 0. Moreover, by (2.9¢) o = curlZ~!curl (m) and by (2.9d) vskw(co) = 0. Hence, we have
o € V2 ,(T*)®V, and by the exact sequence (4.4) there exists w € S} (T%/)®@V such that curl Z~!curl (w) = o.
Therefore, w —m € V,}(T%/) ® V with curl = 'curl (w — m) = 0 and hence, by the exact sequence (4.1a), there
exists v € X2(T%/) ®V such that grad v = Z~Lcurl (w —m). Setting z = m + vskw(v) gives sym(z) = m and by
(2.9b),

curl z = curlm + curlmskw v = curlm — Egrad v = curlw € X,l._l(wa) ®V.

We conclude
M, c UM (T"T). (4.19)

The reverse inclusion to prove (4.15) follows similar arguments, using the exact sequence (4.5) and (4.1b) in
place of (4.4) and (4.1a), respectively. O

5. LOCAL DEGREES OF FREEDOM FOR THE ELASTICITY COMPLEX ON WORSEY—-FARIN
SPLITS

In this section we present degrees of freedom for the discrete spaces arising in the elasticity complex. We
first need to introduce some notation as follows. Recall that T is the set of four tetrahedra obtained by
connecting the vertices of T with its incenter. For each K € T, we denote the local Worsey—Farin splits of K as
Kvl je.,

K“l ={SeT" .S CK}.

Then, similar to the discrete functions spaces on 7%/ defined in Section 4.1, we define spaces on K™/ by taking
their restriction:

Xg(K“’f) = {ulg 1 u EXg(wa)}; SE(K“’f) = {ulg u e SB(wa)}.

Lemma 5.1. Let T € Tp,, and let F € Ay(T). If p € XUT®T) with p = 0 on F, then gradp is continuous on
F. In particular, the normal derivative O,p is continuous on F. In addition, if p € S°(T™f) with p =0 on F,
then grad p|r € S°_,(F°) ® V and in particular, O,p|r € SO_;(F°).

Proof. Let K € T® such that F' € Ay(K). Then, since p vanishes on F', we have that p = pg on K where
q € X0 (K™f) and p is the piecewise linear polynomial in Definition 4.2. We write grad p = p grad q + ¢ grad u,
and since p vanishes on F' and grad p is constant on F', we have grad p is continuous on F.

Furthermore, if p € SO(T%/), then p = puq on K where ¢ € S°_,(K"F) because p is a strictly positive
polynomial on K. Hence by the same reasoning as the previous case, grad p|z € S°_, (F°) ® V. O
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5.1. Dofs of U° space
Lemma 5.2. A function u € UOH(T“’f), with r > 3, is fully determined by the following dofs :

T

u(a), a € Ao(T), 12 dofs, (5.1a)
grad u(a), a € Ao(T), 36 dofs, (5.1b)
/u - K, K€ [73,'_3(6)]3, e e A(T), 18(r — 2) dofs, (5.1¢)
ou 3
TN K€ [7)»,‘,2(6)] , €€ Al(T), 36(r — 1) dofs, (51d)
e one
/ EF(’LLF): EF(H)7 RS [§?+1(F0t)]2,F S AQ(T) 12r2 — 36r + 24 dofs, (5.16)
F
/ [E(u)]pn K, K E gradF§9+1 (FCt) NS AQ(T) 6r2 — 18r + 12 dofs, (5.1f)
F
6n(u : nF)K, K € R(r) (FCt),F S AQ(T) 6r2 — 187 + 12 dofs, (51g)
F
/ Opup - K, K € [Rg (FCt)} 2, F e Ay (T) 12r2 — 367 + 24 dofs, (511’1)
F
AE(U): 8(&), K € (0]3+1(wa), 6(r — 1)(r — 2)(r — 3) dofs, (5.1i)

where % represents two normal derivatives to edge e and {nt,n_ ,t.} forms an edge-based orthonormal basis

of R3.

Proof. The dimension of U2, | (T*7) is 6r3 + 12r + 12, which is equal to the sum of the given dofs.

Let u € U2, (T"/) such that it vanishes on the dofs (5.1). On each edge e € A1(T), ule = 0 by (5.1a)(5.1c).
Furthermore, gradu|. = 0 by (5.1b) and (5.1d). Hence on any face F' € Ao(T), we have up € [§S+1(F6t)]2.
Then with dofs (5.1e), up = 0 on F. Now with Lemma 5.1 applied to ur € S?H(T“’f) ® Vs, we have 9, ur €
SY(Fet) ® Vy. In addition, since gradup|sr = 0, it follows that d,ur € [RY(F)]? and with (5.1h), we have
8nup =0.

Using the identity (2.11i), we have 2[e(u)] py, = Opup+gradp(u-np) = gradp(u-np). With u-ng € S (F),
we have in (5.1f), [¢(u)]Fn = 0 and thus w-np = 0 on F. Now similar to up, with Lemma 5.1 applied to u - np,
we have 9, (u - nr) € RY(F) and with (5.1g), we have 9,,(u - nr) = 0.

Since ulgr = 0, all the tangential derivatives of u vanish. With 9, (u-ng) = 0 and 9,ur = 0, we conclude
that grad u[gr = 0. Thus u € (0]79+1(wa)7 and (5.1i) shows that u vanishes. O

5.2. Dofs of U! space

Before giving the dofs of the space U! we need preliminary results to see the continuity of the functions
involved. In the following lemmas, we use the jump operator [-] and the set of internal edges of a split face
AL(Fet) given in Section 2.2. The proofs of the next four results are found in the appendix.

Lemma 5.3. Let o € V2(T*/)®V with skw(o) = 0. If n’pol = 0 on T for some £ € R3, then opy € Vg (F)
on each F € Ay(T).

Lemma 5.4. Let w € V! {(T*F)®V such that w' € V2 ((T"f)@V. If wp, = 0 on some F € Ay(T), then we
have
[thwns]le =0;  [stwse]e =0, for all e € Al(F). (5.2)

On the other hand, if wpr =0 on F, then we have

[tiwnsle =0;  [tLwng]e =0, for all e € Al(Fet). (5.3)
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Lemma 5.5. Let T be a tetrahedron, and let £, m be two tangent vectors to a face F' € Ao(T') such that £-m =0
and ¢ x m =np. Let u € XX (T )@V for somer > 0. If upp =0 on some F € Ay(T), then

[¢' (curlu)ym]. = —[grad g (upp - £) - ], for all e € A (F),
[0 (curlu)l]. = —[gradp(upy, - £) - m]e, for all e € AL(F).

On the other hand, if uprp =0 on F, then
[n's(curlu)f]. = [(grad ptng,) - m]e, for all e € Af(F). (5.6)

Lemma 5.6. Suppose u € U} (T™/) and w = (curlu)’ are such that upr and wr,, vanish on a face F € Ay(T).
Then wp—grad pu;y is continuous on F. Furthermore, if u = £(v) for some v € U2, (T"F), then the following
identity holds:

wrp = [(curle(v))'] .. = gradp uyp + gradp (Opvr X np). (5.7)

In addition to (3.5) in Lemma 3.3, we need another identity to proceed with our construction. The following
result is shown in Lemma 5.8 from [15].

Lemma 5.7. Let u be a symmetric matriz-valued function with [(curlw)|prt|or = 0, ulgr = 0. Let ¢ € R(F)
be defined in (2.8). Then there holds

/ (incu)pp - q =0. (5.8)
F

Lemma 5.8. A functionu € UNT™Y), with r > 3, is fully determined by the following vertex degrees of freedom
u(a), ac AQ(T), 24 dofs (593)
the following edge dofs on all e € A1(T),

/u: K, K € sym[P,_o(e)]>*?, 36(r — 1) dofs (5.9b)

/(curlu)’te ‘K, k€ [Pr_1(e)), 18+ dofs (5.9¢)

the following face dofs on all F € Ay(T),

/F(inc UWFF: K, K€ Qo 12(r — 2) dofs (5.9d)
/F(inc W) nnk, keQ?, (F), 6r% — 6r — 12 dofs (5.9¢)
/F(inc W), - Ky K€ Vi o(F)/RF), 122 - 240 aots (5.91)
/FuFF: Ky HGEF( P (F) } > 12(r% — 3r + 2) dots (5.9g)
/F([(curl w)]pp — gradp (upp)): 5, K€ gradF{ FCt) ’ 12(r% — 37 + 2) dofs (5.9h)

/ Upy - K, K € gradF({ r+1 F“t D 6(r2 — 3 + 2) dofs (5.91)
F
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/ Unn K, K€ 'R,g (FCt), 6(r? — 3r + 2) dofs (5.9)
F

and the following interior dofs,

/ inc(u) : inC(Ii), K€ ﬁrl (wa), 6r3 — 27r% 4 21r 4 18 dofs (5.91{)

T

/ u: 6(/-@), K € (0]79_,'_1 (wa), 6(r — 1)(r — 2)(r — 3) dofs. (5.91)
T

Proof. The dimension of U} (T™/) is 1213 — 9r2 + 157 + 6, which is equal to the sum of the given dofs. Suppose
that all dofs (5.9) vanish for a u € U}(T*7).

Step 0. Using the dofs (5.9a)—(5.9¢), we conclude
ule =0, (curlu)'t|. =0, for e € Ay(T). (5.10)

Step 1. We show incu € V2 ,(T*/) @ V.
By (2.11b) and (5.10), we have

0 = np(curlu)'t = (curlp upp)t on OF for each F € Ay(T).

Since u is symmetric and continuous, by (2.11¢), we see that (incu),, = incp upp with upp € C}ilr’liT(FCt ) C
)L (F°"). Thus, the complex (3.6) in Theorem 3.4 and the dofs (5.9¢) yield

(incw)p, =0 on each F € Ay(T). (5.11)

Next, Lemma 5.3 (with ¢ = np and o = incu) shows (incu)py, € leivﬂ._Q(FCt). Therefore using the dofs

(5.9f) and (5.8) in Lemma 5.7, we conclude (incu) g, = 0.

The identities (incw)n, = 0 and (incu)p, = 0 yield (incu)np = 0. So, by Lemma 5.3 (with ¢ = ¢1,t3), we

see that (incu)pp € leiv7r_2(F°'t) ® Vs. In particular, since (incu)pp is symmetric, there holds (incu)pr €
L 5(F°) (cf. (3.3c)). Thus by the dofs (5.9d) and the definition of Q- ,(F) in Section 3, we have

(incw)pp € LL(F') @ Vs. Therefore, we conclude incu € V2_,(T*/) @ V.

Step 2. We show (curlu) € VL (T¥F)® V.

Using (5.11) and (2.11c¢), we have 0 = (inc )y, = incpupp. Thus by the exact sequence (3.6) in Theorem 3.4,

there holds upp = ep (k) for some K € é'SH(FCt) ® V3. We then conclude from the dofs (5.9g) that upp =0

on each F' € Ag(F). Furthermore by (2.11b), [(curlu)|p, = curlpupp = 0.

Since (curlu)’ € V.1 (T%f) @ V by Theorem 4.8 and from (5.10)

[(curlu)|prtele = (curlu)'t.|. =0, for all e € A¢(T),

we have [(curlu)]pp € Yzlurl)rfl(FCt) ® V3 on F' € Ay(T). In addition, by the identity (incu)p, =
curlp|(curlw)|pp (cf. (2.11d)) and (incu)g, = 0 derived in Step 1, there exists ¢ € XO(F*) ® V, such
that gradp¢ = [(curlu)’]pp. With Lemma 5.6, we further have ¢ — u;tp € [R2(F°')]2. Therefore, using the
dofs (5.9h) we conclude

[(curlu)]pr = grad pup. (5.12)

Since with (2.11e), we have

—curlp(upy) = trpeurlu = trp(curlu)’ = trp(curl u) p.
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With (5.12) and (2.6), we have
—curlp(upy)’ = trp(curlu)fpp = diVFu,{;F = curlp(upr) = curlp(up,)’,

and this implies that curlp(up,)’ = 0. Since up, € XL(F), the exact sequence (3.1d) yields up, €
grad([Sy41(F)]). Therefore by (5.91), we have up, = 0. Now with (5.12) and up, = 0, we have
[(curlu)]rr = 0 and so (curlu)’ € V! (T*) @ V.

Step 3. We show u € H'(T};S).
From Step 2, we already see that uprp = 0 and up, = 0, so we only need to show w,, = 0. Since (curlu)’ €
VL (T%) @V with curlu € V2 [(T%f) @ V and [(curlu)']pp = 0 on F, then by (5.3), we have

[t (curlu)'np]. = 0, for all e € AI(F<). (5.13)
We know that u € XL(T*f), up, = 0 and by (5.6) in Lemma 5.5 with £ = t., m = s,,
0 = [t.(curlu) np]e = [np(curlu)t ] = [(gradp unn) - se]-

Therefore, we have uy,, € R%(F) and (5.9j) implies uy, = 0 on F. Thus u|ar = 0.
Step 4. Using the second characterization of Theorem 4.8, u € U}(T™/). Hence (5.9k) implies incu = 0 on T
and using the exactness of the sequence (4.7) and the dofs of (5.91), we see that u =0 on T.

O
5.3. Dofs of the U? and U2 spaces
Lemma 5.9. A function u € U2_,(T™)), with v > 3, is fully determined by the following dofs :
/ UFF: K, K € QTL72, F e AQ(T), 12(r — 2) dofs, (5.143,)
F
/ Upn K, K€ ‘/;2_2(F6t), Fe A, (T), 6r2 — 6r dofs, (514]:))
F
/ UnF * K, K € leiVJ_Q(FCt), Fe AQ(T), 1202 — 247 4 12 dofs, (5.140)
F
divu - K, K € (0]3_3 (wa), 6r3 — 1872 4 12r — 6 dofs, (514d)
T
/ u: K, K € inc (D],,l (wa), 6r% — 2702 4 21r 4 18 dofs. (5148)
T

Proof. The dimension of U2 _,(T%/) is 12r® — 27r? + 15r, which is equal to the sum of the given dofs.
Let u € U2 ,(T%7) such that u vanishes on the dofs (5.14). By dofs (5.14b), we have u,, = 0 on each

F € Ay(T). By Lemma 5.3 and dofs (5.14c), we have u,r = 0 on each F' € Ay(T). Then, u € V2 ,(T*/) @ V.
With the definition of Q% , in Section 3 and (5.14a), we have u € V2(T*/) @ V and thus u € U2 ,(T*/). In
addition, since divu € div (U2_,(T%f)) € U3 4(T™7), we have divu = 0 by dofs (5.14d). Using the exactness
of (4.7), there exist x € U(T™f) such that incx = u. With dofs (5.14e), we have u = 0, which is the desired
result. O

A pictorial depiction of the lowest-order space UZ(T*7) is given in Figure 2. We only show the dofs associated
to one face of the macro tetrahedron in the figure. These are the only dofs that couple adjacent elements.

Lemma 5.10. A function u € U3_5(T%7), with r > 3, is fully determined by the following dofs :

/ u- K, Kk € R, 6 dofs, (5.15a)
T
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4+ nn-moments
- nF-moments

¥ rr-moments

FIGURE 2. An illustration of coupling dofs of UZ(T"f). Here, F F-moments, nn-moments and
nF-moments are associated with the dofs (5.14a), (5.14b), and (5.14c), respectively. Note the
absence of vertex or edge dofs.

/ u- K, K € ﬁg_3(wa), 6r3 — 18r% 4 12r — 6 dofs. (515b)
T

Remark 5.11. Note that (5.15a) is equivalent to

/u~f£, k € PyR,
T

since by the definition of L2-projection, for any x € R,
/u-mz/u-PUfi, U € Uf_?,(wa).
T T

6. COMMUTING PROJECTIONS

In this section, we show that the degrees of freedom constructed in the previous sections induce projections
which satisfy commuting properties.

Theorem 6.1. Let v > 3. Let 112, : C®(T) @ V — UL, (T"f) be the projection defined in Lemma 5.2, let
L : C®°(T) @ V — UNT™S) be the projection defined in Lemma 5.8, let I2_, : C®(T) @ V — U2 ,(T*Y)
be the projection defined in Lemma 5.9, and let II2_5 : C®(T) @ V — U3_4(T"7) be the projection defined in
Lemma 5.9. Then the following commuting properties are satisfied.

e(IIu) = M}e(w), ue C®(T)®V (6.1a)
incIjv =1II7_,incv, veC®(T)®S (6.1b)
divIl}_,w =II2_gdivw, weC™®(T)®S. (6.1c)

Proof. (i) Proof of (6.1a): given u € C®(T) ® V, let p = (II%, ju) — I}e(u) € UN(T™7). To prove that
(6.1a) holds, it suffices to show that p vanishes on the dofs (5.9) in Lemma 5.8. Since inc o e = 0, we
have dofs of (5.9d), (5.9¢), (5.9f) and (5.9k) applied to p vanish. Next, with (5.1b), (5.1e), (5.1f), (5.1g),
(5.1i) applied to u, and with (5.9a), (5.9g), (5.9i), (5.9j), (5.91) applied to £(u), each term respectively imply
that (5.9a), (5.9¢), (5.91), (5.9j), (5.91) applied to p vanish. By the identity (5.7) in Lemma 5.6, for any
Kk € gradz[(RY(F))?, for all F € Ay(T), we have:

/F([(Curl p)'|rr — gradp (P#n)) k= /FgradF (3n (HEHU)F - 8nuF) k=0,
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where the last equality holds with (5.1h) applied to u. Thus, the dofs (5.9h) applied to p vanish. It only
remains to prove that the dofs of (5.9b), (5.9¢) applied to p vanish. To show this, we need to employ the edge-
based orthonormal basis {n},n_,t.} and write x € sym[P,_2(e)]**? as k = kynt (nF) + ki2(nf(ny) +
ng (nd))+r13(ndt, +te(nd)') +koang (ng) +ras(nd (ng) +ng (nd)') + Kastet, where kij € Pr_a(e). Then,

/ep tK= /[5(H2+1u) —Ie(u)] 1k = /E(Hgﬂu —u): K by (5.9b)

= /grad (I ju—u):k
e
= /grad (H2+1u — u)te . (mgnj + f<;33te) by (5.1d)
(&
— /(H2+1u —u) - 826 (k13nd + Kast.) integration by parts
= 0e by (5.1a) and (5.1c).

Thus the dofs of (5.9b) applied to p vanish. Next, letting x € [P,_1(e)]?, we note that

/(curl p)te k= /[curls(H2+1u - u)}/te K by (5.9¢)

€ €

= %/ [grad curl(II% yu — u)]te -k by (2.11f)

1
=3 /curl(HgHu —u) - Ok by (5.1a) and (5.1Db)
e

where in the last step, we have integrated by parts, and put d;x = (grad K)t.. The curl in the integrand
above can be decomposed into terms involving 9;(II%, ;u — u) and those involving 0, (IT2, u — w). The
former terms can be integrated by parts yet again, which after using (5.1a)—(5.1¢c), vanish. The latter terms
also vanish by (5.1d), noting that d;x is of degree at most r — 2.

(ii) Proof of (6.1b): given v € C=(T)®S, let p = incIllv —I12_,incv € U2_,(T™/). To prove that (6.1b) holds,

we need to show that p vanishes on the dofs (5.14) in Lemma 5.9. By using (5.14b) on incv, we have

/ Prnk = / [inc (TI}v —v)] K, for all k € V2, (F). (6.2)
F F

From (5.9¢), we have that the right-hand side of (6.2) vanishes for k € V.2 5(F<)/Py(F). With (3.5) of
Lemma 3.3, we have for any k1 € P1(F),

/ Prnkl = / (curlF (Hiv — U)FF)tlil +/ (Hiv - U)FFt- (rOtplil)/. (6.3)
F OF OF

By (2.11b), curlp(ITtv — v) ppt k1 = [curl(ITtv — v)] ppt k1 = curl(Illv — v)’ : kynt’, so the first term on the
right-hand side of (6.3) vanishes by (5.9¢). The last term in (6.3) also vanishes because

/BF (v — v)FFt - (rotpr) = /6F Q(Myv —v)Qt - (rotpkp) = / (Iv — v)Qt - Q(rotpry)’

OF

= / (Iv —v) : sym(Q(rotFm)'t) =0,
oF

where we used (5.9b) in the last equality. Thus, the right-hand side of (6.3) vanishes, and therefore the
right-hand side of (6.2) vanishes, i.e., the dofs (5.14b) vanish for p.
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Next using (5.14¢) we have

/ PnF - K= / [inc (M}v — v)]nF - K, for all k € leiV,T_Q (F). (6.4)
F F

The dofs (5.9f) imply the right-hand side of (6.4) vanishes for all x € Vi, . ,(F)/R(F). Considering
k € R(F) in (6.4), we may conduct a similar argument as above, but now using (5.8) of Lemma 5.7, to
conclude the right-hand side of (6.4) vanishes. Thus, we conclude that (5.14¢) vanishes for p.
In addition, note that (5.9d) and (5.14a) imply that the dofs (5.14a) vanish for p. Finally, the remaining
dofs of (5.14d) and (5.14e) applied to p also vanish, thus leading to (6.1b).

(iii) Proof of (6.1c): given w € C=(T) ® S, let p = divII2_,w — II2_sdivw € U3_5(T%7). To prove that (6.1c)
holds, we will show that p vanishes on the dofs (5.15) in Lemma 5.10. Using (5.14d) and (5.15b), we have
for any k € U3_5(T™),

/p'n:/(divﬂf_zw—divw)-n:/(divw—divw)'li:O.
T T T

For k € R, we find
/ prK= / (divIZ_,w —divw) - K by (5.15a)
T T

:/ (Hf_gw—w)np-fi
T

= by (5.14b) and (5.14c).

Thus, p = 0, and so the commuting property (6.1c) is satisfied.

7. GLOBAL COMPLEXES

In this section, we construct the discrete elasticity complex globally by putting the local spaces together.
Recall that 2 C R? is a contractible polyhedral domain, and Thwf is the Worsey—Farin refinement of the mesh
Ty, on .

We first present below the global exact de Rham complexes on Worsey—Farin splits which are needed to
construct elasticity complexes; for more details, see Section 6 from [23]:

0= 8 (TT) =% £y (B) = 92 (T0) 25 Vit (1) — o, (71a)
0 SY(T) B2 1 (1) < 22, (T ) 2% 924 (7)) — o, (7.1b)

where the spaces involved are defined as follows:
sS(Thwf) = {qgeC Q) : qlp € SOT™), forall T € T},
S (lef> ={v e [C(Q)]?: curlv € [C(Q)]?, v|r € S!_, (T*]) for all T € Ty},

Lr (Thwf) ={ve[C]®:v|r e X}_, (T“’f), forall T € 7, },
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22, (T) = {w e [CO)  wlr € X2y (T™), forall T € T, }
725(T07) = {w € H@iv; Q) s wly € V2o (1), for all T € Ty, 6, (w- 1) =0, forall e € £(7;) }
“//70?’,3(7;lwf)={p6L2( ):plr € V3 (wa), forallTET;HQ()—OandeGE(wa)}

and we recall 6,(-) is defined in (2.3). Above, these spaces are defined through their continuity requirements.
They can also be defined using their local dofs given in Sections 5.1 and 5.3 from [23]. The two definitions are
proven to be equivalent in Lemmas 6.6 and 6.7 from [23]. We will follow a similar approach for the elasticity
complex and define the global spaces in the elasticity complex in terms of their continuity requirements and
show that the spaces are the same as those given through local dofs. With the global spaces defined, the global
analogue of Theorem 4.4 is now given.

Theorem 7.1. The following sequence is exact for any r > 3:

S (T @ V] st - 2] [#2,(T07 )@V
[grad, skw] Srl (,z,hwf> ®V curl 2~ *curl %272 (,]—hwf) QV [ div ] r .
s@rev) ] S T vy ev
Moreover, the kernel of the first operator is isomorphic to R and the last operator is surjective.

Proof. The result follows from the exactness of the complexes (7.1a), (7.1b), Proposition 2.1, and the exact
same arguments in the proof of Theorem 4.4. O

Similar to the local spaces defined in Section 4.4, the global spaces involved in the elasticity complex are
derived as follows:

UM(TW‘) STH(wa)@V Ul(wa) {sym( ): uGS},('J;lwf)@)V},

(7.2)
Q(wa) {u erz (%wf) @V :skwu = O}, U 3(wa> =V3, (Thwf) ®V.
Theorem 7.2. We have the following equivalent characterization of U}(Thwf):
Ul(wa) {uGH(Q S) w|r € UHT™F), for all T € Ty,
(curlu) € V1| (Thwf> ® V,inc(u) € #2, (lef) ®V}.
Proof. This is proved similarly as the proof of Theorem 4.8 using Theorem 7.1 in place of Theorem 4.4. d

Now, we show that the global spaces defined in (7.2) are equivalent to those induced by the local dofs
presented in Section 5. To be more precise, we denote the global spaces induced by the local dofs in Lem-
mas 5.2, 5.8, 5.14 and 5.15 as U,(,)H(’];wa), U} (Thwf) U2 2(’wa) and U2 3(’T,Z”f) respectively. For example,

UTH(wa) {u ulp € U, (T"7), for all T € T,"/, such that

the dofs (5.1a)—(5.1h) applied to u from adjacent elements coincide}.

The next lemma shows that such spaces are the same as those in (7.2). Its proof is similar to Lemma 6.7 of [23],
so we will be brief.
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Lemma 7.3. The global spaces U'SH(’Z;wa), UNTMT), U2 (T and U3_4(T,°7) are the same as the spaces
UL (T,0), UNT), UZo(T) and UR_o(T,"T), respectively.

Proof. We only show the proof for UTI(Thwf ) as the remaining cases follow by the same reasoning. To prove that
UNT™T) = UNT™T), we use the characterization of U}(7,%) in Theorem 7.2. Clearly, UN(T,") ¢ UNT"T)
since the continuity conditions in the characterization of Theorem 7.2 imply that the dofs (5.9) applied to any
win UNT,"T) are single valued.

For the other direction, let function x(.5) denote the characteristic function of a simplex S. Let T} and T5
be adjacent tetrahedra in 7, that share a face F'. Let K; and K3 be two tetrahedra in the Alfeld splits 77 and
T, respectively, such that K; and K share the face F. Let K" 7 be the triangulation of K; in ’Thwf , where
1<i<2 Letu € U(T") and uy € UNT7) such that u; and uy have the same dof values (5.9a)—(5.9j)
associated with the common vertices, common edges and the triangulation F°'. Note that the natural extension
of uy (resp., uz) from Ki”f (resp., K;“f) to all of Ki”f U K;Uf maintains its original smoothness properties
across the interior faces of Ky ! (resp., K7’ ! ). Thus, by applying the unisolvency argument in the proof of
Lemma 5.8 verbatim to w := u; — ug, we conclude that w = 0, (curl w)rp =0, (curl w)p, =0, (inc w)np =0
and (inc w)pp = 0 on F. Therefore, u := uy x(T}) + uax (1) € UF(T U TT), and we conclude the reverse
inclusion U} (Thwf) c U} (lef)_ O

Then we have the global complex summarized in the following theorem. Its proof follows along the same lines
as Theorem 4.5, with Theorem 7.1 in place of Theorem 4.4.

Theorem 7.4. The following sequence of global finite element spaces
0-RS UL, (Th“’f) Ul (Th“’f) ine, Uf_Q(Th“’f) v, s, (Thwf) -0 (7.3)
is a discrete elasticity complex and is exact for r > 3.

8. CONCLUSIONS

This paper constructed both local and global finite element elasticity complexes with respect to three-
dimensional Worsey—Farin splits. A notable feature of the discrete spaces is the lack of extrinsic supersmoothess
and accompanying dofs at vertices in the triangulation. For example, the H(div,S)-conforming space does
not involve vertex or edge dofs and is therefore conducive for hybridization. The efficient implementation of
these elements with hybridization, with an emphasis on the lowest-order pair, is a subject of future work.
Our results suggest that the last two pairs in the sequence (7.3) are suitable to construct mixed finite ele-
ment methods for three-dimensional elasticity. However, due to the assumed regularity in Theorem 6.1, the
result does not automatically yield an inf-sup stable pair. Further study of commuting projections for the pair
U2 ,(T;*7) x U3_4(T,7) is required to prove inf-sup stability.

APPENDIX A. PROOF OF THEOREM 3.4

We require a few intermediate results to prove Theorem 3.4. First, we state a corollary of Theorem 3.1.

Corollary A.1. Let r > 1. The following sequence is exact.

gradp curlg

0— ‘SO’S(FCt) ®V2 —_— Qilnc,rfl(FCt) - ‘O/Clurl,rf2 (FCt) N (‘77"272(}?“) ®V2) — 0. (Al)

Proof. This directly follows from the exactness of the sequence (3.1d). O
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Lemma A.2. The following sequences are exact for r > 2:

L
F
SO (F*)@Vy| [gradp skew] ) " mer o . |:fF] v,
XO(Fct) Qinc,r (F ) ® VQ - ‘/;"72(F ) - R | (AQ)
skew
divp V2 (F)

l .
[&} [C x ] SOJrl(Fct) AYE, leiv,rfl(FCt) @V, — 14,

V2L(F) @V

Here, f;‘ u:= [, ztudr with 2+ defined in Definition 2.2.

Proof. Using (2.10c¢) and the identity f; curlp u = [, 7w for any u € V!

a1 (F€), we find that the following
sequence commutes:

SO+1(FCt) VQ % 1nc r(FCt) VQ curl V::url7 I(FCt) — VQ

V / % (A.4)

gradp JF

)O(g(FCt) ‘oflurl,rfl(FCt) % ‘/;“Z—Q(F(:t) — R

C

Moreover, the transpose operator 7 from chr” L(FY) to Vclurlr ((F°") is a bijection, and the top and
bottom sequences in (A.4) are exact by Corollary A.1 and Theorem 3.1, respectively. Using the identity
incp = curlg 7 curlp and Proposition 2.1, we conclude that (A.2) is exact.

Likewise, using the identity dive 7u = skew rotp u for any u € (XY(F) ® V,) and rotpz® = 7, we find that

the following sequence commutes:

ro div
R —— S0 (F*) ——2 XY(F) ——F s V2 (F)
L. T skew (A5)

Vo 5 XU ) @ Vo =5 VA (F) @ Vy ~5 V2, () @ Vs,

The top and bottom sequences in (A.5) are exact by Corollary 3.2. We then find that (A.3) is exact by Propo-
sition 2.1, using the identity airyp = rotprrote. ]

Now we are ready to prove Theorem 3.4:

Proof. (i) Proof of (3.6): from the definitions of the discrete spaces and operators, we see that (3.6) is a complex,
so we only need to show exactness.

Let v € Q2 ,(F<). Then since v L Py (F), we have Jrv=0and fli' v = 0. By the exactness of (A.2), there
exists u € Q
found a function w = symu € Q
Next, let u € QL ine.r(F) and incp 2 = 0 due to

(2.10b). By exactness of (A.2), we have z = grad pw + skew s for some w € Sr+1( F)®@V,y and s € XO(F).
Then u = sym(z) = ep(w) — sym(skew s) = ep(w).

ine.r(F") such that incpu = v. But by (2.10b), we have incpsymu = incpu = v. Thus we

ine.r (F°") such that incpw = v.

F°) with incgp u = 0. Then u = sym(z) for some z € QL

mc, 7"(



3398 S. GONG ET AL.

(ii) Proof of (3.7): again, it is easy to see that (3.7) is a complex, so we only need to show exactness.
Let v € V2 3(F )®@Vy. Then by the exactness of (A.3), we have u € Vi, o (F)®V; such that divpu = v
and skew u = 0 and thus making u € Q}_,(F*°").
Next, let u € QL_o(F*") with divp u = 0. Then again using (A.3) and skew u = 0, there exists z € SO(F*!)
such that airyp z = u.
Finally, for any u € S9(F°) with airypu = 0, we have u = w + 2+ - s for some w € R, s € Vo, and = a
point on the face F. Therefore, u € P (F).

O

APPENDIX B. PROOF oF LEMMA 4.6

Proof. We first show that dim PyR = dim R = 6. This follows if we show that the kernel of Py is empty. Let
v € R and assume that Pyv = 0. Then, by the definition of Py and the fact that v is a linear function, we
must have that v vanishes on the barycenter of each K € T™/. This implies that v = 0 if there are three such
barycenters that are not collinear. To see that there are such barycenters, recall that the barycenter of K € T*f
is the average of the four vertices of K. Hence the line connecting barycenters of two adjacent K € T%7 is
parallel to the line connecting the two vertices opposite to the common face F' = 9K, N OK_. Thus taking,
for example, three subtetrahedra in 7%/ with a face contained in a common F € Ay(7},), we see that their
barycenters cannot be collinear, since no three of their vertices are collinear.
We now prove (4.9). Since dim R = 6 and by the definition of U3(T*7), we have

dim U3 (T"7) > dim U (T"f) — dimR = 36 — 6 = 30.

We use that N
v (re!) = G () @[3 (1)

and obtain dim[U3 (T )]+ < 6. However, one can easily show that PyR C [U3(TF)]* which implies

dim[U3(T*/)]+ = 6 and PyR = [U3(T/)]*. O

ApPPENDIX C. PROOF OF LEMMA 5.3

Proof. Fix F € Ay(T), and let e € AI(F) be an internal edge in the induced Clough-Tocher split of F. Let
f be the corresponding internal face of 7%/ with e as an edge, and let ny is a unit-normal to f. We further set
te to be a unit tangent vector to e and s = ng X t. to be a unit tangent vector of F' orthogonal to t..

Since ny-t. = 0, we have ny = (ny-np)np+ (ns - se)se. Since o € V2(T/)®V, we have on is single-valued
on e and hence, by symmetry of o, (cf) - ny is single-valued on e. Therefore, on e, with (¢¢) - np = nfpol =0,
we have (0f) -ng = (ng - sc)(cf) - s and so [ops - se]e = [(0€) - sc]e = 0 for any e € Al(F). Therefore,
ore € Vi, . (F) on each F € Ay(T). O

ApPENDIX D. PROOF OF LEMMA 5.4
Proof. Since w € V.1 {(T"/)®@V and w’ € V2 | (T*f)®V, then nyw, wt. and wt, are continuous cross e on F:
[nfjw]e =0, [wt]e=0, [wts]e=0. (D.1)
Let se = aqny + Bits, nyp = agny + Pats, and note a # 0 and [ # 0.
Since npwQ|r = 0, for any e € Al(F),
0= [[n}«“w%]]e = [[(aZn/f + ﬂQt;)w(alnf + Bits)]e
= aqag[nwngle + aafi[njwts]e + a1 foltiwng]e 4+ G261 [tiwt]e
=y Be[tiwng]e.
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Thus, we have
[tiwng]e =0,

and therefore
[siwse]e = af[[n’fwnf]]e + a1 fi[npwt]e + a1 S [tiwng]e + B [twts]e = 0.

We have [tLwn¢]. = 0 since wpp = 0 and
0 = [tLwse]e = [tLw(aing + Bits)]e = ar[tiwng]e + Bi[tiwts]e= aq[towng]e,

where we use (D.1). This implies that
[tiwng]e =0

since
[[t’ewnp]]e = [[t/ew(OCan + ﬂgts)ﬂe =0.

APPENDIX E. PROOF OF LEMMA 5.5

Proof. Write £ = a1t + asta, m = aits — asty, where tq, 1y are tangential basis defined in Section 2.3. We also
set t3 = np, and write u = ) uijtit;-. We then have the following identities for the components of curl u
(s €{1,2,3}):

,j=1

' (curl u)ty = Oy, us3 — Opyusa,
' (curl u)te = Oy us1 — O, us3, (E.1)

th (curlu)ts = Oy, usa — Op, Ust -
We then compute

O (curlu)m = (arty + agts)’ (curlw)(arty — agty)
= (1) (O, ur1 — O ur3) — (a2)?(Dy,uns — Oy, una)
+ a1az(0r,ug1 — Oy a3 — O, urz + Opyu12)
= 0O, ((a1)2u11 + (a2)2u22 + arag(u9r + U12)) (E.2)
— a1(ag0,u13 + a10, u13) — az(a10y, ugs + az0y,uz3)

= O, (('uppl) — a10purs — a20puz3
= Bn(ﬁ'uppﬁ) — 8l(an . E) = an(f/quf) — gradF(an . E) .

Similarly, by using (E.1), we have

¢ (curlu)l = (arty + asty) (curlw)(arty + asty)
= (a1)2(3t2ul3 — Ogyu12) + (a2)2(5’t3’u21 — O, u23)
+ a1a2(0, u2s — Oyyuoe + Oy ur1 — O u13)
= Oy (—((11)2U12 + (a2)?u21 + araz(uyr — UZQ)) (E.3)
— a1(—a10y,u13 + a0y, u13) + a2(a10k,uzz — 20y, U3)
= O, (M'uppl) + a10muis + a20muss
= -0 (mM'urpl) + Om(upy - £) = —0n (M uprpl) + gradp(upy, - £) - m.



3400 S. GONG ET AL.
Finally, again by using (E.1), we have

n'p(curlu)l = t5(curlu)(arts + asts)
= (a10,us3 — a20%, us3) + O, (asusi — arass) (E.4)

= Omuss — On(tunr - m) = (gradpusz) - m — Op (Upp - Mm).

Lemma 5.5 now follows from (E.2)—(E.4) and the first case in Lemma 5.1. O

APPENDIX F. PROOF OF LEMMA 5.6

Proof. (i) Continuity: we show the continuity of wrp — gradpu,. Recall the notation from Section 2.2. Since
w € VL, (T*) @ V (by Thm. 4.8), for any e € Al(F) we have [wrpte]. = 0 due to [wt.]. = 0.
Consequently, because u is continuous, we have

[[(wpp — gradFu,J;F)te]]e =0. (F.1)

Now to prove the continuity of wrr — gradpuy on F, it suffices to prove [(wrp — gradpuz)sc]e = 0 for
all e € AI(F°t). Using w’ € V2 ,(T%/) ® V and wg,, = 0, by Lemma 5.4 we have

[siwrpse]e = [siwse]e = 0. (F.2)

Next we show that [s,grad - (up)sc]e = 0 and [t.(wrr — uip)se]e = 0. Since u € XL (T*)@V and upp = 0
on F', we have

[scgradp (U#F)Se]]e = [gradp (U#F : Se) “Sele = [gradp (u#n ’ 36) - Sele
= [gradp(upy - te) - se]e = —[tL(curlu)'t.]. = 0, (F.3)

where the third equality comes from (2.6) and the fourth equality uses (5.5) in Lemma 5.5 with ¢ = ¢, and

m = s.. Similarly by (5.4) in Lemma 5.5 with ¢ = s., m = —t, and (2.6), we have [t.gradp(u;p)sc]e =
[t.(curlu)'s.]e. Therefore, we have

[t.(wpr — grad puyp) sele = [tLl(curlw) ] prse]e — [t.(curlu)’s.]. = 0. (F.4)
Combining (F.1)—(F.4), we conclude that wpp — grad pu;p is continuous on F.
(ii) Proof of (5.7): with (2.11g), (2.11h) and (2.5), we have
2wpp = gradp(gradp (v - np) X np — (Opvp) X ng).
Then with (2.11i), (2.11j) and (2.6), we obtain
2gradp ulp = 2gradp[(e(v))nr]” = gradp(gradp(v - np) X np + (vr) X np).

Therefore, by computing the difference of the above two equations, we conclude that wrp — grad pup =
gradp(Onvr X nR).

]
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