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First-principles calculations of lattice thermal conductivity in Tl3VSe4:
Uncertainties from different approaches of force constants
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1Department of Materials Science and Engineering, Northwestern University, Evanston, Illinois 60208, USA
2Department of Mechanical and Materials Engineering, Portland State University, Portland, Oregon 97201, USA

(Received 28 May 2023; revised 9 October 2023; accepted 16 November 2023; published 30 November 2023)

Accurate and reliable first-principles simulations of lattice thermal conductivity (κL) of highly anharmonic
crystals have long been challenging in condensed matter and materials physics. With recent theoretical advances,
the calculation of κL has evolved into a sophisticated process requiring the consideration of higher levels
of refinements, such as high-order phonon-phonon scattering, anharmonic phonon renormalization, and heat
transport beyond the phonon gas picture. Interatomic force constants (IFCs), however, as a shared pillar
of the above concepts, are sometimes ambiguously implemented in this process, resulting in non-negligible
uncertainties among different studies. Here, we revisit the ultralow κL of Tl3VSe4 and make a rigorous
comparison of κL obtained from IFCs extracted by different approaches (flavors). We find that the fourth-order
IFCs extracted with small-displacement data (0 K) are prone to yield significant phonon frequency shifting
(phonon renormalization) and four-phonon scatterings, which lead to distinctively increased or decreased κL,
respectively. Moreover, the different flavors of second-, third-, and fourth-order IFCs extracted with the same
large-displacement data (temperature-dependent) also result in significantly disparate κL owing to the mixing of
higher-order IFCs into the lower-order IFCs. Our work discloses the potential uncertainties of κL that arise from
the choice of different flavors of IFCs and underscores the pressing need for more rigorous and robust approaches
to extracting IFCs.

DOI: 10.1103/PhysRevB.108.184307

I. INTRODUCTION

Crystals exhibiting strong anharmonicity, such as rock
salts PbTe [1], PbSe [2], layered compounds SnSe [3] and
BaSnS2 [4], diamondlike compound AgGaTe2 [5], and
glasslike tetrahedrite Cu12Sb4S13 [6], pose a formidable
challenge to lattice dynamics studies. Prevalent weak bonds
in these materials make the lattice vibrations substantially
deviate from the harmonic picture, thus promoting phonon
frequency shifting and phonon linewidth broadening at finite
temperatures. These effects result in significant discrepancies
between the lattice thermal conductivity (κL) values obtained
by experimental measurements and first-principles calcula-
tions, including the lowest level of anharmonicity [harmonic
approximation for phonon dispersion and three-phonon
scattering for phonon lifetime (HA+3ph)] [7–11]. In order to
address this inconsistency, extensive efforts have been made
to develop an advanced lattice dynamics framework from first
principles considering higher-order anharmonicity based on
the perturbation theory [1,12–20]. By extending the Taylor
expansion of force Fa felt by atom a beyond the second order
(i.e., harmonic term), the anharmonicity can be captured by
higher-order terms such as the third- and fourth-order terms:

Fa = −�(2)
aa1

ua1 − 1

2!
�(3)

aa1a2
ua1 ua2 − 1

3!
�(4)

aa1a2a3
ua1 ua2 ua3 . . . ,

(1)
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where �(i) is the ith-order interatomic force constants (IFCs),
and u is the atomic displacement. By including the third-order
IFCs, one can account for three-phonon interactions, which
have two types of effects: first, three-phonon scattering, which
leads to finite phonon lifetime; and second, phonon frequency
shifting, referred to as phonon renormalization. Accordingly,
phonon linewidth broadening and frequency shifting induced
by four-phonon interactions can be described by the fourth-
order IFCs. On top of this, coherent phonon transport has been
proposed [21] as an extra channel for heat conduction and a
methodology for its incorporation has recently been demon-
strated in calculating the κL of CsPbBr3 [22] and Si [23].

Tl3VSe4 [24–27], a strongly anharmonic crystal under in-
tensive investigation, is particularly suitable for showcasing
how the above advanced theories help reduce the discrepancy
between experimental and calculated results. Mukhopadhyay
et al. [24] first calculated the κL of Tl3VSe4 to be 0.16 W
m−1 K−1 at 300 K at the HA+3ph level of approximation,
only half of the experimental value (0.30 W m−1 K−1). They
subsequently added an extra κL contribution from short-mean-
free-path phonons based on the Cahill-Watson-Pohl model
[28], which brings the total κL to 0.368 W m−1 K−1. Xia et al.
[25] later proposed that strong quartic anharmonicity plays a
vital role in determining the κL of Tl3VSe4. The calculated
κL based on phonon-gas model (population phonon channel)
with self-consistent phonon renormalization and three- and
four-phonon scattering considered (SCPH+3, 4ph) reached
0.29 W m−1 K−1. The κL through coherent phonon transport
channel was found to be relatively small, with a value of
0.08 W m−1 K−1 calculated in their work. Meanwhile, Jain
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[26] calculated the population κL with the same level of ap-
proximation (SCPH+3, 4ph) but got a distinct result of 0.08
W m−1 K−1 accompanied by a much larger coherence κL of
0.15 W m−1 K−1. The most recent work by Zeng et al. [27]
even goes beyond the perturbation theory. They recalculated
the κL of Tl3VSe4 using the molecular dynamics simulation
with a first-principles-based machine learning interatomic po-
tential, which gives population κL and coherence κL of 0.13
and 0.16 W m−1 K−1, respectively. Their results suggest that
anharmonicity up to the fourth order might still be inadequate
to describe the lattice dynamics of Tl3VSe4.

The aforementioned studies have revealed that as higher-
order anharmonic terms are considered, the calculated κL will
be distinctly different. However, it is worth noting that even
with the same order of anharmonic terms included, dispar-
ities still exist in the results. For instance, the population
κL at SCPH+3, 4ph level in Xia et al.’s [25] work is 0.29
W m−1 K−1, whereas Jain [26] got a significantly lower value
of 0.08 W m−1 K−1. Apart from the most obvious differences
due to exchange-correlation functionals, criteria of conver-
gence test, potential energy surface sampling, force-fitting
optimizers [29], etc., we recently found that different ap-
proaches of extracting IFCs (which we refer to as IFC flavors)
would also lead to notable variances in calculated κL. The
causes of the variances are subtle and nontrivial, and have not
been systematically studied before.

We first categorize the most common IFCs extraction
methods into two types: (i) the finite-displacement approach
as implemented in PHONO3PY [30] or PHONOPY [31], THIR-
DORDER.PY [32], and FOURTHORDER.PY [33] (generating
second-order IFCs with DFPT method is considered aligned
with this approach), and (ii) the force-fitting approach rep-
resented by compressive sensing lattice dynamics (CSLD)
[34], temperature-dependent effective potential (TDEP) [35],
stochastic self-consistent harmonic approximation (SSCHA)
[36], or ALAMODE [18]. The former calculates IFCs as the
derivatives of Eq. (1) using crystal structure configurations
with small atomic displacement around the equilibrium posi-
tion, thus leaving all IFCs intact and without renormalization
from higher-order terms. We refer to these IFCs as bare
IFCs. The latter, in contrast, uses crystal structure snapshots
with larger atomic displacements, typically selected from ab
initio molecular dynamics (AIMD) trajectories at finite tem-
peratures. During the fitting process of Eq. (1), higher-order
IFCs can mix into lower-order IFCs (similar with the aliasing
problem in audio signal processing field [37–39]), which is
considered as having the same effect as anharmonic phonon
renormalization. The mixing can be further complicated due
to the choice of different orders of precedence to fit each set of
IFCs. Here we define five distinct flavors of IFCs based on dif-
ferences in IFC extraction approaches and fitting sequences:

(1) When using the finite-displacement approach for ex-
tracting IFCs from the small-displacement data, the resulting
IFCs are referred to as having a plain (pl) flavor.

(2) IFCs extracted from large-displacement data with the
force-fitting approach can be further classified according to
the fitting sequence.

(i) If the second-, third-, and fourth-order IFCs are
fitted simultaneously, they are regarded as possessing a
one-shot (os) flavor.

Force-displacement 
data

Small-displacement
(0 K)

Large-displacement
(T-dependent)

Fitting sequence

2nd, 3rd, and 4th 
together

First 2nd, 
then 3rd and 4th

First 2nd,then 3rd, 
last 4th

First 2nd, 
then 3rd and 4th

plain
(pl)

one-shot
(os)

HA-first
(ha)

step-by-step
(ss)

cocktail
(ct)

FIG. 1. Schematic of five flavors of interatomic force constants
(IFCs): plain (pl), one-shot (os), harmonic-first (ha), step-by-step
(ss), and cocktail (ct). The details of force-displacement data and
fitting sequence for each flavor are given by side.

(ii) If the second-order IFCs are fitted first, and the
third- and fourth-order IFCs are fitted together with
the residual, these IFCs are characterized as having a
harmonic-first (ha) flavor.

(iii) Or, if the third- and fourth-order IFCs are fitted
separately and sequentially with the residual of previous
terms, the IFCs are considered to have a step-by-step (ss)
flavor.
(3) Eventually, there is another flavor of IFCs called cock-

tail (ct), which combines the second-order IFCs extracted with
the finite-displacement approach and third- and fourth-order
IFCs extracted with the force-fitting approach.

All the IFC flavors and their respective definitions are
illustrated in Fig. 1. These IFCs with different flavors are
widely used in a diverse selection of κL -calculation studies
in the past five years. Some of them are classified according
to IFC flavors and listed in Table I. As indicated in Table I, five
different IFC flavors have been implemented in κL calculation
of various compounds including rock salts [40], pyrites [41],
perovskites [8], and clathrates [7,42]. Furthermore, multiple
flavors of IFCs are utilized in calculating the κL of a single
compound, i.e., Tl3VSe4, which adds another layer of com-
plexity when comparing the results of these works. Note that
our study is not intended to judge the appropriateness of each
IFC flavor, neither to directly compare the calculated κL val-
ues with experimental results. Clarification of the pros and
cons of each IFC flavor is a highly nontrivial task, particularly
due to the convolution of different orders of anharmonicity,
which will be left for future research. Instead, here we focus
on characterizing the differences in phonon spectra and κL re-
sulted from the corresponding IFC flavors.

Here, we revisit the first-principles κL calculations of
Tl3VSe4 with the state-of-the-art framework of perturbation
theory, which includes the three- and four-phonon scattering,
self-consistent phonon renormalization, and the two-channel
phonon transport. Readers can refer to the Appendixes for
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TABLE I. Collection of published κL studies, sorted by different flavors of IFCs used.

IFC flavor Author Codes Year Compound

S. Mukhopadhyay et al. [24] PHONOPY & PHONO3PY 2018 Tl3VSe4

plain T. Jia et al. [41] PHONOPY & THIRDORDER.PY 2020 ZnSe2

T. Pandy et al. [43] PHONOPY & PHONO3PYa 2020 TlBr

one-shot L. Xie et al. [44] TDEPb 2020 AgCrSe2

N. K. Ravichandran et al. [40] In-house codesb 2018 NaCl
HA first A. Jain [26] In-house codesb 2020 Tl3VSe4

T. Pandy et al. [43] TDEPa,b 2020 TlBr

step-by-step J. Klarbing et al. [45] TDEPb 2020 Cs2AgBiBr6

T. Tadano et al. [7] ALAMODE 2018 Ba8Ga16Ge30

Y. Xia et al. [25] CSLD 2020 Tl3VSe4

Q. Zhong et al. [46] ALAMODE 2021 M3Sb(M = K, Rb, Cs)
cocktail Y. Zhao et al. [8] ALAMODE 2021 Perovskites

Y. Nishimura et al. [47] ALAMODE 2022 (Pb1−xSnx)Se
M. Ohnishi et al. [42] ALAMODE 2022 Ba8Ga16Sn30

aThe authors performed a comparative study by using both flavors of IFCs.
bThese studies generated the initial second-order IFCs as bare ones, but they fitted the final renormalized IFCs in a pure force-fitting approach.

details on the formalism of SCPH (Appendix B), the nu-
merical evaluation of phonon scattering rates (Appendix C),
and solving the Peierls-Boltzmann transport equation for two-
channel κL (Appendix D). By enforcing all the conditions
(except IFC flavors) to be the same when calculating κL, we
systematically compare the impact of IFC flavors on phonon
frequency and phonon linewidth. Results suggest that when
calculating κL with pl flavor of IFCs, the fourth IFCs are
highly sensitive to the displacing scheme and the displace-
ment amplitude, and the pl flavor fourth IFCs tends to bring
significant phonon mode hardening and phonon scattering.
The other four flavors of IFCs induce the inevitable mixing of
higher-order IFCs to lower-order IFCs, which also brings sig-
nificant uncertainties of calculated κL. Our findings indicate
the potential uncertainty when comparing the κL calculated
with different flavors of IFCs, which highlights the need for a
universal IFC-extraction method that is independent of fitting
flavors in future lattice dynamics studies.

II. METHODOLOGY

A. Density functional theory (DFT) calculations

We used the Vienna ab initio simulation package (VASP)
[48] to relax the atomic positions (lattice parameters fixed at
300 K experiment value of 7.71 Å [24]), obtain the energies
and forces, and run AIMD simulations. The energy cutoff for
plane-wave basis was 500 eV. We adopted an 8 × 8 × 8 �-
centered k mesh to sample the Brillouin zone of the primitive
cell. The �-centered k mesh of the same density was used
in subsequent calculations on supercells. We set a force and
energy convergence criteria of 10−3 eV Å−1 and 10−8 eV,
respectively, for the structure relaxation and static calculation.
The PBEsol [49] exchange-correlation functional was chosen
based on our previous work [25].

B. Interatomic force constant (IFC) extraction

When extracting the second-order IFCs with pl and ct fla-
vors, we utilized PHONOPY [31], which is implemented with

the finite-displacement approach. To balance the efficiency
and accuracy, a 2 × 2 × 2 supercell (64 atoms) was chosen
based on our previous work [25]. We performed the nonan-
alytic correction of the phonon dispersion near the Brillouin
zone center using the mixed-space approach [50], with macro-
scopic static dielectric constants and Born effective charges
determined by density functional perturbation theory (DFPT)
encoded in VASP [51,52]. The pl flavor third- and fourth-order
IFCs were subsequently extracted from the same supercell by
using THIRDORDER.PY [32] and FOURTHORDER.PY [33] scripts,
respectively. For those IFCs extracted with force-fitting ap-
proach (os, ha, ss, and ct flavors), we utilized CSLD [34]
to perform the fitting. The force-displacement data were ob-
tained from a collection of 100 snapshots, equally spaced
in time, extracted from a 40 ps trajectory of an AIMD
simulation on a 2 × 2 × 2 supercell at 300 K. We tested
the number of snapshots from 40–100, and found that cal-
culated κL (SCPH+3, 4ph) converged within ±5% at 80
snapshots, which is consistent with the convention of previous
Tl3VSe4 study using CSLD [25]. For both approaches, the
cutoff radius for second-, third-, and fourth-order IFCs are
tested to be converged at 10 Å, 7 Å, and 4 Å, respectively.
Further details regarding the convergence test of cutoff radii
are presented in Appendix A.

III. RESULTS AND DISCUSSIONS

A. Effects of displacement schemes and amplitudes

We first examined the impact of pl-flavor IFCs on κL,
using three different displacement schemes and amplitudes.
PHONOPY [31], THIRDORDER.PY [32], and FOURTHORDER.PY

[33] scripts were used to generate force-displacement
structures by displacing one atom at a time with small
displacements of 0.01 Å for second-order IFCs, and 0.03 Å for
third- and fourth-order IFCs (denoted as Fourthorder group).
CSLD [34] was also used to generate the force-displacement
structures, but with a scheme that moves all the atoms
towards a random direction at 0.01 Å for second-order IFCs,
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HA + 3ph

HA + 3, 4ph

SCPH + 3ph

SCPH + 3, 4ph

FIG. 2. Lattice thermal conductivity (κL) calculated with three
different schemes (Fourthorder, CSLD-0.03, and CSLD-0.06)
aligned with the increasing level of approximation. HA: harmonic
approximation. SCPH: self-consistent phonon renormalization. 3,
4ph: three- and four-phonon scattering.

and 0.03 Å (CSLD-0.03 group) or 0.06 Å (CSLD-0.06 group)
for third- and fourth-order IFCs. We selected up to 0.06 Å
displacements as the reference group for internal comparisons
of the pl flavor, since larger displacements such as 0.09 Å
are already approaching the average atomic displacement of
0.1 Å in snapshots generated by AIMD simulations at 50 K,
which might not be considered as small-displacement data.

Figure 2 shows the κL of Tl3VSe4 calculated at four
different levels of approximation (HA+3ph, HA+3, 4ph,
SCPH+3ph, and SCPH+3, 4ph) using the three groups of
IFCs. The comparison of κL at a higher level of approxima-
tion (SCPH+3, 4ph+two-channel) is trivial and exhibited in
Appendix D. As can be seen in Fig. 2, regardless of which
group of IFCs are used, κL (3, 4ph) are always smaller than
κL (3ph), whereas κL (SCPH) are always larger than κL (HA),
which indicates the four-phonon scattering tends to decrease
the κL, while SCPH tends to increase the κL by hardening the
essential heat-carrying phonon modes of Tl3VSe4. The three
groups present similar κL at HA+3ph level, but soon show
distinct values after including the effect of the fourth-order
anharmonicity. The κL in Fourthorder group experiences the
most pronounced influence. It shows approximately less than
half of the value of the other two groups at HA+3, 4ph and
SCPH+3, 4ph levels. Meanwhile, it is significantly larger
than the other two groups at SCPH+3ph level. The large

κL variation among the three groups beyond the HA+3ph
level of approximation hints at the underlying influence from
the fourth-order IFCs.

To evaluate the influence from the fourth-order IFCs and
beyond, we look into the temperature-dependent phonon dis-
persion [shown in Figs. 3(a)–3(c)] and four-phonon scattering
rates [shown in Fig. 3(d)]. The Fourthorder group in Fig. 3(a)
shows evident phonon hardening across the whole Brillouin
zone at frequencies ranging from 0–125 cm−1 with increasing
temperature, whereas the CSLD-0.03 group in Fig. 3(b) and
the CSLD-0.06 group in Fig. 3(c) show only moderate phonon
frequency shifts below 50 cm−1. In Fig. 3(d), substantial four-
phonon scattering rates are also observed in the Fourthorder
groups at 300 K, nearly double the scattering rates of the
CSLD-0.03 and CSLD-0.06 group across 0–125 cm−1.

In summary, bare fourth-order IFCs of Tl3VSe4 calcu-
lated with the finite-displacement method (Fourthorder group)
are prone to stiffen the phonon modes and strengthen the
phonon scattering significantly. This effect could possibly
be compromised by the renormalization of the fourth-order
IFCs from higher-order anharmonic terms (from fifth-order
to infinite-order) as observed in CSLD reference groups.
This emphasizes the significant impact from higher-order
anharmonicity on phonon dispersion and scattering rates. Fur-
thermore, comparison between Fourthorder group (in which
one atom is moved by 0.01/0.03 Å at a time) and CSLD-0.03
group (in which all atoms are moved by 0.01/0.03 Å at a
time) indicates the potential impact of phonon mode corre-
lations induced by the collective atomic displacement in the
fitting data of the CSLD reference group. Even using the same
atomic displacement scheme, in CSLD reference groups, one
can obtain rather different renormalization effects using dif-
ferent amplitudes of displacements. As can be seen from
Figs. 3(b) and 3(c), noticeable differences between phonon
frequencies 0–25 cm−1can be observed. In Fig. 3(d), this also
leads to distinct phonon scattering rates between CSLD-0.03
and CSLD-0.06 groups around 25 cm−1. The comparison
between CSLD-0.03 and CSLD-0.06 group suggests that the
fitting of high-order anharmonic terms is highly sensitive to
the amplitude of atomic displacement.

B. Effects of fitting sequence

We now shift the focus to the influence of the fitting se-
quence on IFC extraction. Given that IFCs could substantially

(a) (b) (c) (d)
0 50 100 150 200 250 300 0 50 100 150 200 250 300 0 50 100 150 200 250 300(K) (K) (K)

FIG. 3. Temperature-dependent phonon dispersion of (a) Fourthorder, (b) CSLD-0.03, and (c) CSLD-0.06 groups from T = 0 to 300 K
(temperature implemented only in SCPH equation). (d) Four-phonon scattering rates of the three groups at 300 K and SCPH+3, 4ph level of
approximation
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HA + 3ph

HA + 3, 4ph

SCPH + 3ph

SCPH + 3, 4ph

FIG. 4. (a) κL calculated with one-shot (os), HA-first (ha), step-
by-step (ss), and cocktail (ct) flavors of IFCs, aligned with increasing
level of approximation from HA+3ph to SCPH+3, 4ph.

vary with the displacement amplitude of the fitting data,
we further explore the remaining four flavors (os, ha, ss,
and ct) of IFCs extracted by CSLD using the same set of
force-displacement data generated at 300 K by AIMD. As
depicted in Fig. 4, each flavor has the same trend of calculated
κL versus the level of approximation with that of pl flavor,
i.e., κL (HA+3, 4ph) <κL (HA+3ph), κL (SCPH+3, 4ph)
<κL (SCPH+3ph), and κL (HA) <κL (SCPH), which again
emphasizes the importance of fourth-order anharmonicity in
Tl3VSe4. However, the detailed comparison of κL in Fig. 4
indicates a more sophisticated influence from the four IFC
flavors. We list the main differences between the flavors as
below:

(1) κL (ss) is always the highest value at all levels of
approximation.

(2) κL (os) and κL (ha) show similar values at SCPH but
distinct values at the HA approximation level.

(3) κL (ct) is always the lowest value at all levels of ap-
proximation.

Based on the aforementioned analysis, the influence of
different orders of IFCs on κL manifests intricate interactions.
The determination of the sole influence stemming from indi-
vidual IFC orders becomes challenging when the remaining
orders of IFCs vary concurrently. To disentangle the effects
of individual IFC order, we employ the control variates (CV)
method, keeping fixed those IFC orders that are not the subject
of our investigation. For example, when investigating the im-
pact of the second-order IFC flavor, we hold the higher order
IFCs (the third- and fourth-order) constant for each group,
while using the second-order IFCs from each flavor. This en-
sures that any observed κL differences are solely attributed to
the second-order IFCs with different flavors. According to our
previous study [25], the fourth-order polynomial is assumed
to adequately define the major features of the potential energy
surface of Tl3VSe4 at 300 K. Based on this prerequisite, the
os flavor IFCs tend to induce less mixing from higher-order
IFCs during the fitting. Therefore, we choose the IFCs with
the os flavor as the default setting and change the IFCs we
want to study one at a time. Meanwhile, when investigating
the κL differences resulting from the individual sets of IFCs,
we adopt the HA+3, 4ph level of approximation to rule out
the renormalization from the SCPH theory. The SCPH+3,

(a)

(b) (c)

FIG. 5. (a) Left: Phonon dispersion of the four flavors converted
from second-order IFCs without SCPH effect. Right: κL differential
with respect to the phonon frequency. Higher values indicate higher
κL contribution from phonon modes at this frequency. (b) Three-
phonon scattering rates versus phonon frequency at the HA+3, 4ph
level of approximation for four control variate (CV) groups. (c) Four-
phonon scattering rates versus phonon frequency at the HA+3, 4ph
level of approximation for four CV groups.

4ph level of approximation is used exclusively for the purpose
of evaluating the renormalization effect of fourth-order IFCs.
All the results are listed in Table II.

We first study the influence of second-order IFC flavors.
Results in the first row of Table II suggest that κCV

L (os)
and κCV

L (ct) are similar, while κCV
L (ha) and κCV

L (ss) (the
two flavors have identical second-order IFCs) present values
nearly twice as high as theirs. This result can be explained
by the phonon κL contribution and phonon dispersions in
Fig. 5(a). The right panel of Fig. 5(a) is generated by cal-
culating the derivatives of accumulative κL with respect to
the phonon frequency. A peak in this figure generally means
major κL contribution from phonons at the corresponding
frequencies. The left panel of Fig. 5(a) compares the phonon
dispersions converted from the second-order IFCs with four
different flavors. As suggested by the phonon κL -contribution
curves, ha- and ss-flavor phonon modes with frequencies less
than 25 cm−1 contribute most of the κL, whereas os- and
ct-flavor phonons have more averaged κL contribution from
phonon modes with frequencies ranging from 0–75 cm−1. In
the phonon frequency range of 0–25 cm−1, ha and ss flavors
produce harder phonon branches than os and ct flavors. One
of the most extreme examples is, as shown in Fig. 5(a), that
the acoustic phonon modes with ha and ss flavor show signif-
icantly higher frequency (14 cm−1) than that with os and ct
flavor (2 cm−1) at the H point, which enhances the group ve-
locity of neighboring phonon modes, and thus leads to a larger
κL. This is due to the fitting sequence of the ha and ss flavors
that results in higher-than-second-order terms mixing into the
second-order terms when the second-order IFCs are fitted first,
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TABLE II. κL at 300 K calculated with IFCs allocated by control variates (CV) method. Varied IFCs comes from each corresponding
flavor, whereas fixed IFCs always come from the os flavor. The first three rows of κL are calculated at HA+3, 4ph level of approximation, and
the last row of κL is calculated at SCPH+3, 4ph level of approximation.

κL(os)
/Wm−1 K−1

κL(ha)
/Wm−1 K−1

κL(ss)
/Wm−1 K−1

κL(ct )
/Wm−1 K−1

second-order IFCs varied, 0.079 0.138 0.138 0.069
third- and fourth-order IFCs fixed
third-order IFCs varied, 0.079 0.081 0.142 0.077
second- and fourth-order IFCs fixed
fourth-order IFCs varied, 0.079 0.087 0.097 0.077
second- and third-order IFCs fixed
Renorm. second-order IFCs varied, 0.242 0.256 0.207 0.241
third- and fourth-order IFCs fixed

which can have an effect similar to that of renormalization.
However, this is not the case when the second-order IFCs are
calculated with the finite-displacement method (the ct flavor),
or to a lesser extent when the second-order IFCs are fitted
concurrently with third- and fourth-order IFCs (the os flavor).

The κCV
L calculated with varied flavors of third-order

IFCs in the second row of Table II suggest that κCV
L (os),

κCV
L (ct), and κCV

L (ha) are similar. What stands out the
most is the κCV

L (ss), which again shows nearly double
the value of others. The impact of third-order IFCs can be
evaluated by three-phonon scattering rates, as depicted in
Fig. 5(b). The ss-flavor third-order IFCs present significantly
lower scattering rates across the whole phonon modes,
whereas the other three show a similarly higher level of
scattering rates. The results indicate a non-negligible amount
of the higher-than-third-order IFCs might mix into the
third-order IFCs during the fitting of ss-flavor IFCs, resulting
in substantially weakened three-phonon scattering.

In the third row of Table II, although the trend of κCV
L (ct)

<κCV
L (os) <κCV

L (ha) <κCV
L (ss) is maintained, the calcu-

lated κCV
L with different flavors of fourth-order IFCs show

less distinct values. Figure 5(c), on the one hand, shows that
four-phonon scattering rates is overall smaller than three-
phonon scattering rates, suggesting a nondominant role of
four-phonon scattering. On the other hand, the scattering rates
of the ha and ss flavors start approaching that of the os
and ct flavors from the frequency of 12 cm−1, leading to a
smaller amount of the κL difference arising from four-phonon
scattering rates. However, the influence of fourth-order-IFC
flavors is manifested not only in four-phonon scattering but

also in the renormalization based on SCPH theory. We plot
the temperature-dependent phonon dispersion of the four IFC
flavors in Fig. 6 to illustrate the effect of renormalization. Fig-
ures 6(a) and 6(d) show that low-frequency phonon branches
(<25 cm−1) with os and ct flavors present pronounced hard-
ening with increasing temperature. On the contrary, phonon
branches with the ha and ss flavors in Figs. 6(b) and 6(c)
display insignificant hardening at low frequencies, but evi-
dent hardening at high frequencies (>25 cm−1). Compared
with the os and ct flavors, the insignificant hardening of
low-frequency and significantly hardening of high-frequency
phonon branches of ha and ss flavors in Figs. 6(b) and 6(c) are
tangled with their prehardened low-frequency and presoftened
high-frequency phonon branches before the implementation
of SCPH as shown in Fig. 5(a), respectively. This is because
when fitting second-order IFCs individually with ha and ss fla-
vors, we already have part of the fourth-order IFCs mixed into
the second-order IFCs and prerenormalized it before solving
the SCPH equation.

To give a conclusive evaluation of the renormalization
based on SCPH theory, we also calculate the κL at 300 K at the
SCPH+3, 4ph level of approximation with only the renormal-
ized second-order IFCs changing. The results in the last row
of Table II show that κCV

L calculated with ss-flavor renormal-
ized second-IFCs is the lowest due to the most insignificant
low-frequency phonon hardening observed in Fig. 6(c). We
attribute the phenomenon to the weakened renormalization
ability of ss-flavor fourth-order IFCs. This, in combination
with the weaker four-phonon scattering rates previously de-
picted in Fig. 5(c), suggests an overall weakened ability (both

(a) (b) (c) (d)
0 50 100 150 200 250 300 0 50 100 150 200 250 300 0 50 100 150 200 250 300 0 50 100 150 200 250 300(K) (K) (K) (K)

FIG. 6. Temperature-dependent phonon dispersion of (a) one-shot (os), (b) HA-first (ha), (c) step-by-step (ss), and (d) cocktail (ct) flavors
from T = 0 to 300 K (temperature implemented only in SCPH equation).
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renormalization and scattering) of ss-flavor fourth-order IFCs.
This weakening is linked to the aforementioned mixing of
higher-than-third-order terms into the third-order terms of ss
flavor, which leaves less residual for fitting the fourth-order
terms. Other three flavors of renormalized second IFCs yield
similar κCV

L with the highest value goes to κCV
L (ha), which

suggests an overall stronger renormalization with ha flavor as
is also observed in Fig. 6(b).

Through the CV analysis above, we can again list the origin
of the main differences between κL calculated with different
flavors of IFCs:

(1) When fitting the IFCs with the ss flavor, the mixing
of the higher-order IFCs into the third-order IFCs results in
significantly weakened three-phonon scattering, which is the
dominant factor leading to κL (ss) higher than others.

(2) The mixing of the third- and fourth-order IFCs into
the second-order IFCs might be substantially neutralized
when considering four-phonon scattering and SCPH simulta-
neously, which contributes to less different κL (os) and κL (ha)
at SCPH than at HA approximation level.

(3) Pure force-fitting flavors (os, ha, and ss) of IFCs have
more or less higher-order IFCs mixing into the second-order
IFCs, which serves as a prerenormalization of bare second-
order IFCs before SCPH. This effect, if not appropriately
separated from SCPH, may result in the double counting of
anharmonic renormalization, leading to a larger value than
κL (ct), which is evaluated by bare second-order IFCs.

IV. CONCLUSION

In summary, we have performed a systematic investi-
gation of the impact of five different IFC flavors on the
calculated κL of Tl3VSe4, which explicitly reveals the fea-
tures of each flavor. The pl-flavor IFCs extracted with the
finite-displacement method are bare with no mixing from
higher-order anharmonicity. They tend to present signifi-
cantly varied κL after including the four-phonon scattering
and SCPH, which is possibly due to the lack of consid-
eration of higher-than-fourth-order anharmonicity. The pure
force-fitting flavors, namely the os, ha, and ss ones, have
higher-order IFCs mixed into and prerenormalize the second-
order IFCs, which gives a higher estimation of κL than the
ct flavor with bare second-order IFCs. For the ha and ss
flavors, the mixing of third- and fourth-order IFCs into the
second-order IFCs can be compromised by considering the
SCPH and four-phonon scattering simultaneously, whereas
the significantly weakened third-order IFCs that solely exist
in the ss-flavor IFCs can still lead to significantly larger κL.
We assume the relative magnitude of κL with different IFC
flavors should be highly system dependent, but the uncertain-
ties induced by using different flavors of IFCs substantially
exist. Our study prompts caution for choosing and using these
different flavors of IFCs and the pressing need for a more rig-
orous and robust fitting method of IFCs at finite temperatures
for future studies of lattice dynamics.
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APPENDIX A: INTERATOMIC FORCE CONSTANT
CUTOFF RADII

Given the intricate interplay between different orders of
interatomic force constant (IFC) across different IFC flavors,
a rigorous convergence test of IFC cutoff radii was supposed
to be performed for each flavor separately and following the
according fitting sequence. However, the computational de-
mands for such an endeavor can be overwhelming. Given that
os flavor requires the least interference and is thus less biased,
We determined a set of cutoff radii using the os flavor and
used them when extracting the other four flavors of IFCs. For
the second-order IFCs, we set a sufficiently large cutoff radius
of 10 Å, which covers the longest distance between any two
atoms in a 2 × 2 × 2 supercell of Tl3VSe4 (measured to be
7.7 Å). Beyond this distance, pair interactions are considered
unphysical and are automatically excluded. Regarding the
third- and fourth-order IFCs, we conducted a convergence
test of κL with different cutoff radii. Due to the limited com-
putational capacity, we performed the κL calculation only
at HA+3ph level of approximation. We fixed the fourth-
order IFC cutoff radius at 4 Å as was done in all previous
Tl3VSe4 studies [25–27]. Figure 7 demonstrates that κL varied
within 5% when increasing the third-order IFC cutoff radius
from 7 Å–7.7 Å, providing evidence of convergence for the
third-order IFCs at a cutoff radius of 7 Å. Our conclusion
about the κL uncertainties arising from different IFC flavors
should be considered as self-consistent within these unified
cutoff radii.
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APPENDIX B: SELF-CONSISTENT PHONON
(SCPH) APPROXIMATION

In SCPH theory, the anharmonic phonon dispersion at fi-
nite temperature can be obtained by adding the first-order
correction to the harmonic phonon frequency, which accounts
for quartic anharmonicity [15,16]. The SCPH equation in the
diagonal form is

�2
θ = ω2

θ + 2�θ Iθ , (B1)

where θ is a composite index for phonon mode with wave
vector q and on the sth phonon branch. ω is the harmonic
phonon frequency, and � is the corresponding renormalized
phonon frequency. The quantity Iθ can be defined as

Iθ = h̄

8N

∑
θ ′

V (4)(θ,−θ, θ ′,−θ ′)
�θ�θ ′

[1 + 2n(�θ ′ )], (B2)

where h̄, N , V (4), and n are the reduced Planck constant, the
number of sampled wave vectors, the reciprocal representa-
tion of the fourth-order IFCs, and the phonon population.
Because phonon population obeys the Bose-Einstein distribu-
tion, the Eq. (B1) and Eq. (B1) are temperature dependent. We
sampled the reciprocal space with a q mesh of 2 × 2 × 2 and
solved SCPH equation self-consistently by iterating Eq. (B1)
and Eq. (B2) with fixed fourth-order IFCs at corresponding
temperature until a convergence criterion �� of 10−4 meV
is reached. As previous studies [1,7,53] have shown, the
second-order correction to � from the cubic anharmonicity is
negligible compared to the first-order correction. Therefore,
we omitted it from this study.

APPENDIX C: THREE- AND FOUR-PHONON
SCATTERING RATES

Based on the single-mode relaxation time approximation
(SMRTA), the three- (τ−1

3ph,θ ) and four-phonon (τ−1
4ph,θ ) scatter-

ing rates can be expressed as [19]:

τ−1
3ph,θ =

∑
θ1θ2

[
1

2

(
1 + n0

θ1
+ n0

θ2

)
ζ− + (

n0
θ1

− n0
θ2

)
ζ+

]
, (C1)

τ−1
4ph,θ =

∑
θ1θ2θ3

[
1

6

n0
θ1

n0
θ2

n0
θ3

n0
θ

ζ−− + 1

2

(
1 + n0

θ1

)
n0

θ2n0
θ3

n0
θ

ζ+−

+ 1

2

(
1 + n0

θ1

)(
1 + n0

θ2

)
n0

θ3

n0
θ

ζ++

]
, (C2)

where the three-phonon scattering rates of the absorption (+)
and emission (−) process can be further expressed as:

ζ± = π h̄

4N
|V (3)(θ,±θ1,−θ2)|2�±

δ(ωθ ± ωθ1 − ωθ2 )

ωθωθ1ωθ2

, (C3)

and the four-phonon scattering rates of recombination (++),
redistribution (+−), and splitting (−−) process are calculated
by [ω in Eq. (C3) and Eq. (C4) can be substituted by � at
SCPH level of approximation]

ζ±± = π h̄2

8N2
|V (4)(θ,±θ1,±θ2,−θ3)|2�±±

× δ(ωθ ± ωθ1 ± ωθ2 − ωθ3 )

ωθωθ1ωθ2ωθ3

, (C4)

where the reciprocal representation of the third- (V (3)) and
fourth-order IFCs (V (4)) are

V (3)(θ,±θ1,−θ2) =
∑

a,p1a1,p2a2

∑
αα1α2

× �(3)
aa2a3

eθ
αae±θ1

α1a1
e−θ2
α2a2√

mama1 ma2

e±iq1·rp1 e−iq2·rp2 ,

(C5)

and

V (4)(θ,±θ1,±θ2,−θ3)

=
∑

a,p1a1,p2a2,p3a3

∑
αα1α2α3

× �(4)
aa2a3a4

eθ
αae±θ1

α1a1
e±θ2
α2a2

e−θ3
α3a3√

mama1 ma2 ma3

e±iq1·rp1 e±iq2·rp2 e−iq3·rp3 ,

(C6)

where p, a, and α index to the primitive cell, basis atoms,
and Cartesian coordinate, respectively. m and r represent
the atomic mass and the lattice vector of primitive cell, re-
spectively. q, n0, and e denote the wave vector, equilibrium
occupation number, and eigenvector of phonon mode, respec-
tively. The momentum conservation was strictly enforced by
�± ≡ δ(q ± q1 − q2) and �±± ≡ δ(q ± q1 ± q2 − q3), and
the energy conservation was enforced by a δ function ap-
proximated by adaptive Gaussian smearing [54] for τ−1

3ph,θ
and

regular Gaussian smearing [32] for τ−1
4ph,θ

.

APPENDIX D: LATTICE THERMAL CONDUCTIVITY
BASED ON THE TWO-CHANNEL MODEL

The population part of lattice thermal conductivity (κL)
was calculated by solving the Peierls-Boltzmann transport
equation (PBTE) [55] iteratively under the single-mode relax-
ation time approximation (SMRTA) [32] as:

κL = 1

�NkBT 2
=

∑
θ

(h̄ωθ )2nθ (nθ + 1)vθ⊗vθ τθ , (D1)

where �, kB, and T are the volume of primitive cell, Boltz-
mann constant, and absolute temperature, respectively. The
coherent lattice thermal conductivity κc

L is computed using
our in-house implementation [56,57] based on SMRTA [ω in
Eq. (D1) and Eq. (D2) can be substituted by � at SCPH level
of approximation]:

κc
L = h̄2

�NkBT 2

∑
q

∑
s �=s′

ωs
q + ωs′

q

2
vs,s′

q ⊗ vs′,s
q

× ωs
qns

q

(
ns

q + 1
) + ωs′

q ns′
q

(
ns′

q + 1
)

4
(
ωs′

q − ωs
q

)2 + (
τ−1

s,q + τ−1
s′,q

)2

(
τ−1

s,q + τ−1
s′,q

)
, (D2)

where vs,s′
q is the generalized group velocity tensors calculated

as [22,58]

vs,s′
q = i

ωs
q + ωs′

q

∑
α,β

∑
m,p,q

es
q(α, p)Dpq

βα (0, m)

× (Rm + Rpq)eiq·Rm es′
q (β, q). (D3)
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TABLE III. Population lattice thermal conductivity κL, co-
herence lattice thermal conductivity κc

L and total lattice thermal
conductivity κ total

L calculated with five different flavors of IFCs at
SCPH+3, 4ph level of approximation.

pl
(W m−1 K−1) Ia IIa IIIa os ha ss ct

κL 0.063 0.190 0.117 0.242 0.254 0.397 0.216
κc

L 0.086 0.080 0.067 0.062 0.070 0.052 0.078
κ total

L 0.149 0.270 0.184 0.304 0.324 0.449 0.294

aI for Fourthorder, II for CSLD-0.03, and III for CSLD-0.06.

Here, e, D, and R denote the polarization vector, the dynam-
ical matrix, and the lattice vector, respectively. α/β, m, and
p/q are indices labeling the Cartesian coordinate, the unit cell,
and the atoms within the unit cell.

The total relaxation time was determined following
Matthiessen’s rule as τ−1

θ = τ−1
3ph,θ + τ−1

4ph,θ . We adopted a
16 × 16 × 16 q mesh for κL calculations involving three-
phonon scattering process and a 12 × 12 × 12 q mesh for
those involving three- and four-phonon scattering process,
which remained consistent with our previous work [25]. The
coherence lattice thermal conductivity κc

L and total lattice
thermal conductivity κ total

L = κL + κc
L we calculated based on

SCPH+3, 4ph level of approximation are listed at Table III
along with the population lattice thermal conductivity κL. As
is obviously indicated by Table III, κ total

L has exactly the same
trend with κL because the variation induced by κc

L is still
rooted in the group velocity vs,s′

q and phonon scattering rates
τ−1

s,q used in Eq. (D2). Therefore, the origin of κ total
L variation

is consistent with that of κL variation and will not be repeated
here.
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Lett. 124, 065901 (2020).

[26] A. Jain, Phys. Rev. B 102, 201201(R) (2020).
[27] Z. Zeng, C. Zhang, Y. Xia, Z. Fan, C. Wolverton, and Y. Chen,

Phys. Rev. B 103, 224307 (2021).
[28] D. G. Cahill, S. K. Watson, and R. O. Pohl, Phys. Rev. B 46,

6131 (1992).
[29] E. Fransson, F. Eriksson, and P. Erhart, npj Comput. Mater. 6,

135 (2020).
[30] A. Togo, L. Chaput, and I. Tanaka, Phys. Rev. B 91, 094306

(2015).
[31] A. Togo and I. Tanaka, Scr. Mater. 108, 1 (2015).
[32] W. Li, J. Carrete, N. A. Katcho, and N. Mingo, Comput. Phys.

Commun. 185, 1747 (2014).
[33] Z. Han, X. Yang, W. Li, T. Feng, and X. Ruan, Comput. Phys.

Commun. 270, 108179 (2022).
[34] F. Zhou, W. Nielson, Y. Xia, and V. Ozoliņš, Phys. Rev. Lett.
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