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AN ABSTRACT OF THE THESIS OF Davood Asgharian for the Master of Science

in Applied Science presented May 16, 1978.

Title: A Technique to Calculate Complex Electromagnetic Fields by

Using the Finite Element Method.

APPROVED BY MEMBERS OF THE THESIS COMMITTEE:

D. Greiling

James L. Hedin

A computer program based on Maxwell's equations is developed toA
calculate two-dimensional complex potentials by the Finite Element
Method. This study offers a solution to a complex continuum problém by
allowing a subdivision into a series of simple interrelated problems.
The region of interest is divided into triangular elements. For each 4
node in the grid, the Finite Element Method is used to set up an equa-
tion for the potential as a function of those of the surrounding nodes.
All these equations are solved by the Gaussian Elimination Method. For
increased accuracy this method requires a high degree of di&ision of the
regiog of interest. This could cause a storage problem on tHe computer.

To eleviate this.problem a half-banded scheme is used. A comparison is



provided between the data obtained from the developed algorithm ang an
actual experiment. 1Ip this experiment two-types of sunken swimming
pools, reinforced and non-relnforced were used to hold three dlfferent
waters of conductivities 29uw/cm, 1500uwr/cm and 3000u2r/cm.  In order
to test the accuracy of the computer program developed the results of
another solved Problem are alsgo compared to another computer prograﬁ s
results which was based on capacitive and resistive distribution of

potentials. The result of this study shows the hazard may exist on the
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CHAPTER I
INTRODUCTION
1.1 REVIEW OF LITERATURE

A considerable amount of work has been done in the past in cal-
culating the self andtmutual impedance of two parallel ground return
wires. The following paragraphs summarize these attempts in chronolo-
gical order.

The first attempt was made by Carson (1). He investigated the
problem of wave propagation along a transmission system composed of
an overhead wire parallel to the surface of the earth. However a
complete solution of determining the actual impedance is impossible
because of the non-homogeneity of the earth. The solution to the
problem, where the actual earth is repiaced by a plane homogeneous
semi-infinite solid has promoted considerable.theoretical and prac-
tical interest.

In 1951, Lacey and Wasley (2) at the Hydro-Electro Power Commis-
sion of Ontario, Canada, developed an equation for the mutual impedance
of two finite length earth-return circuits, either parallel or at an
angle. The equation developed by them is to be a genefalization of
Carson's work.

In 1965, Wedepohl (3) published a paper on wave propagation in
multiconductor overhead lines which would permit the earth-return path

to have a relative permeability other than unity, which was not permissi-



ble in the analysis by Carson. In this paper, the new approach is applied
to the case of a two-layer earth, including the effects of displacement
currents. The results were in agreement with those obtained for the

case of a homogeneous earth.

In 1966, Krakowski (4) developed equations for the mutual im-
pedances of overhead lines with the earth as a return path. In this
paper the problem deals with two different lines which cross each other

at an angle, o, different from zero. A particular case of this problem
is the same as Carson's solution for a = 0. The general solution of
this problem is considered, assuming that the earth is uniformly con-
ducting and that both overhead conductors are parallel to the surface
of the earth.

In 1973, Nakagawa (5) published a paper in this area. This
solution permits the earth-return path to be considered as three layers
of different resistivities, permitivities and permeabilities. A strati-
fied earth causes marked &ifferences in the earth impedances and the
resultant wa&e deformations from the homdgeneous case. The depth of a
layer is a significant factor to the value of the stratified-earth
impedance. The displacement currents can influence earth-return
impedances. This 1is only at very high frequencies and under the con-
ditions of high earth resistivity and low conductor height.

All these papers prove that there are several ways of calculating
the distributed impedance of ground return transmission lines.

Magnusson (6) developed a method of calculating the mutual and
self-impedance of overhead lines with the earth as a return path. He

also calculated the mutual and self-iﬁpedance of the line under the



following conditions:

A. A conductor height of 35 feet

B. A line-to-ground short-circuit current of 2000 amperes.

C. A ground conductivity of 0.01 mho per meter
By the calculated value of the mutual and self-impedance of overhead
lines with the earth as a return path and the use of the developed
formula, hé calcﬁlated‘the current densities'in a typical below grade
swimming pool.

The densities change with respect to the distance of the swimming
pool from thé vertical plane of the transmission line. The calculated
current densities in the pool were found to be hazardous to the swimmer

in the swimming pool.
1.2 STATEMENT OF THE PROBLEM

The purpose of this investigation is to develop a computer code
based on Maxwell's equations to calculate potentials between points
of interest on the surface of the earth and swimming pool by knowing
at least two boundary conditions, using the Finite Element Method.

In order to check the validity of this study, the results are

compared to experimental values.



CHAPTER II

FINITE ELEMENT METHOD
2.1 DEFINITION

The Finite Element Method is a numerical technique for obtaining
approximate solutions to a wide variety of engineering problems. The
ability to use elements oflvarious types and sizes and to model a
system of arbitrary geometry, are the main advantages of the Finite
Element Method.

Other approximéte methods, for example the Finite Difference
Method, lacks these advantages. Using these approximate methods, a
specific numerical result may be obtained for a specific problem, but
a general computer solution applicable to all cases is not possible.

The Finite Element Method offers a way to solve a complex con-
tinuum problem by subdividing the continuum into a series of simpler
interrelated problems. It gives‘a consistent technique for modeling

the system as an assemblage of discrete parts or finite elements.
2.2 TFORMULATION OF FINITE ELEMENT METHOD

It is desirable to obtain results in a general form applicable to
any situation. For this purpose a division of the region into triangu-

lar shape elements is used as shown in Fig. 2.1.

The problem is to calculate the values of Hée) (i.e., voltage)

(e)

at each node, (N=1, 2, ..., n) by knowing values of HN at some node



(4)

Figure 2.1 Triangular division of the area.

as boundary conditions.

The integer numbers of 1, 2, ..., n represent the number of the
particular node and value of H at node S‘Which is written as HS' The
integer numbers written inside parenthesis, for example, (3) represents
the element's number.

| Each element has three nodes and each node has its own coordinate
values. For example, element (1) has nodes 1,2,7 and coordinate-
values of (xl, yl), (x2, y2), (x7,ly7), and element (5) has nodes 6,7,5
and coordinate values of (x6, y6), (xy$ y7), (xs, ys).

Fig. 2.2 shows a typical triangie from the whole area of Fig. 2.1.
The assumption is that the value of h (i.e., voltage) at any point
inside the triangle is a linear function of H at the triangle's three

nodes, or simply:
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ne) - [Née) Née) Nie)] B | = [N][H]

Figure 2.2 One triangle element.

Therefore, for the area of Fig. 2.1, the values of h in each

element are:

e

_ L (1) (1)
= N1 H1 + N2 H2 + N7 H7

(2) _ ,(2) (2) (2)
h = N2 H2 + N3 H3 + N7 H7

3) _ (3 (3) (3)
h = N3 H3 + N4 H4 + N7 H7

&) _ . (4) (4) (4)
R =N, + Ny’ Hg + N;°' H

(5) _ .(5) (5) (5)

h = N5 H5 + N6 H6 + N7 H7
(6) _ . (6) 6) .- ., (6)

h f N6 H6 + N1 Hl + N7 H7

Where [N] is called a shape function and will be seen later to

2-1

2-2

2-3

2-4

2-7

play a paramount role in the Finite Element Method. The shape function

is a function of area coordinates:
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n n n n

Where A = area of the triangle:

n m m
bn = yl - ym
cn = xm - XZ

For example N, for element (4) 1is:

7

) x4 B v

4) _ (4) . (&)
N, = 1/2A [a7 + b, 7

and so on.

The total h in this area is equal to the summation of hS in the

elements.

e=1

Where E is the number of the last node. Eq. 2-9 could be written in

matrix form as well as in summation form.

- . Ir
nD (Nil) Do o o o IR EY
n(? o w2 x® o o0 o0 N2 |,
P o o N® NP o o ¥ |n,
n{4) 0o 0 0 N24) N§4) 0 N;4) H,
n$>) o 0o o0 0 N;S) N> N> H,

- h(‘”_J - v 0 0 o o N n® f |

2-10



2,3 FORMULATION OF POTENTTIAL PROBLEMS WITH
SPATIAL FINITE ELEMENT SUBDIVISIONS

The current density JT consists of both conduction and displace-

ment components, respectively:

Jp = OE + (3/9t)D 2-11

where

D = jtWeE ' 2-12
After substitution of Eq. 2-12 into Eq. 2-11 one may obtain this result:
Jp = (0 + jue)E 2-13

Equation 2-13 by Kirchoff's law must satisfy the continuity

equation.
v JT =0 2-14
ot V. (o + jwe)E = 0 | 2-15
but E=-YV =0 2-16
Vo (o + Jue)W = 0 2-17
where v =.[(8/3x)Vax + (a/oy)Va + (3/32)Va,] 2-18

Substitute Eq. 2-18 back in Eq. 2-16:
V- (oc+ jwe)[(a/ax)Vax + (a/ay)Vay + (alaz)Vaz] =0 2-19

V- A= (3/3x)A + (3/5y)A + (3/dz)A 2-20

Therefore the resultant equation is:

(3/9x) (o + jwe) (3/3x)V + (3/3y) (o + juwe) (3/3y)V +

(3/32) (o + jwe) (3/3z)V = 0 2-21



In order to solve Eq. 2-21 one may need to know Euler's theorem of
variational calculus, as outlined in Appendix A. By the help of
variational calculus, a function I(V) could be found where SI(V) = 0

everywhere.

(V) = 1/25Q [(o + jue) (3V/3x)2 + (o + Jue) (3V/3y)” +

(o + j@e)(BV/az)Z]dx dy dz 2-22
but
3
v(e - %E;E NV, = (ng [v1 (8 2-23

The derivative of I(V) with respect to the Vi is equal to zero.

]

BI(V)(e)/BVi 0

- {t(o + 30e) v ® /23 (2/0v,) (37 1301 +
Q
[0 + Jue) (7<) o) (2/av,) av® /ap)] +

[(c + jwe)(BV(e)/Bz)(B/BVi)(BV(e)/az)]} dx dy dz 2-24

But from Eq. 2-23 it is obvious that the derivative of V(e) with respect
to x is:
(&) 3 (e)
V' /ox = :E (BNi/BX)Vi = [aN/ax][V] 2-25
i=1
(2/3v,) 3V ®) /ax) = (3/3V,) [(3N,/3x)V;] = N, /x 2-26
where
w(® /v = n, 2-27
i i

The result of the substitution of Eq. 2-25, 2-26 and 2-27 back in Eq.

2-24 is:
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3L(V) (E)/avi =0 = SQ{(O + Jwe) [aN/ox] [VI(aN, /ax) +

(o + jwa)[aN/ay][V](BNi/ay) +

(o + jwe)[aN/az][vl[aNi/a;]'}dx dy dz 2-28
Equation 2-28 could be written in general form as:

[K}[V] = [0] 2-29

Where:

Ki,j = fg {(c + jwe)(BNi/Bx) (aNj/E)x) + (o + jwe) (3Ni/8y)

(N, /2y) + (o + jwe)(BNi/Bz)(BNj/BZ)} dx dy dz 2-30

2.4 FINITE ELEMENT SOLUTION OF
COMPLEX POTENTIAL ELECTRIC FIELDS

The region of the problem can be subdivided into triangles in
any desired manner, insuring only that all different material interfaces
coincide with triangle sides. Figure 2.3 shows a typical region divided
into triangles.

It is assumed that there is a linear variation of potential within
each triangular element with respect to the nodal potentials.

A convenient set of coordinates Ll’LZ’L3 for a triangle 2,m,n,
Fig. 2.4, is defined by the following linear relation between these and

the Cartesian system:



y
2
n
m
X
Figure 2.3 Typical triangle with vertices marked.
L1=Q
\ \
L =1 REE L TLE VAN
2‘ \ A m
- < Y
(x v \)\ \\- \ \ \ (Xm,ym)
2’78

Figure 2.4 Area coordinates.

11
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X = lez + L2xm + L3xn 2-31
= + -
RS AL S A | o
l1=L,+L,+0L, - ' 2-33

1 2 3

To every set, L L3 (which are not independent, but are

19 L2’
related by the third equation) corresponds a unique set of Cartesian
coordinates. At point 1, Ll = 1 and L2 = L3 = 0, etc. A linear re-

lation between the area coordinates and Cartesian coordinates implies

that contours of L. are equally placed straight lines parallel to side

1
2-3 on which L1 = 0 etc. It is easy to see that an alternative defini-
tion of the coordinate L1 of a point P is by a ratio of the area of the

shaded triangle to that of the total triangle.

_ area Pmn _
1 area 2mn 2-34

One may write Equations 2-31 through 2-33 in matrix form and solve it

for L L L

1’ 722 73
Xl xm xn FLl T X
v, Yn Y, L2 =1y
1 1 1 L 1
| 1 = I
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_ (xmyn-- xnym) + x(ym - yn) + y(xn - xm)

- 2A
2-36

_ (xny2 - xzyn) + X(yn - yz) + y(xz - xn)

24 2-37

_ (xzym - xmyg) + X(yz - ym) + y(xm - xﬂ)

B C2A
2-38
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Where:

= * 3 = - -
2A = 2*(area of the triangle) (xmyn xnym) + (xnyz xgym) +

(xlym - x yg) 2-39

The area coordinates are the shape functions: Nl = Ll’NZ = L2 and
N3 = L3.
The potential inside the triangular element is a linear function

of the nodal's potentials:

v@® _ v 41 Vo+L

1, T Ly Va 2-40

3

After substituting Equations 2-36, 2-37 and 2-38 into Equation 2-40

one obtains:
v = 1o ey, - xy) + xG -y ) + y(x, = x )1V, +
[(anL - xzyn) +x(y - v+ y(xl -x )V +
[(xzym - xmyz) + X(y2 = V) oy - xz)]Vn] 2-41

In order to solve Equation 2-28 the shape functions must be known.

When they are determined they can be substituted in Equation 2-42.

[KI[V] = [0]" 2-42

‘Matrix K is calculated for a two dimensional problem.

Kij =J [(c + jwe)(aNi/BX)(aNj/BX) + (¢ + jwe)(aNi/a}’)

Q
(BNj/3Y)] dx dy 2-43



For each element (g + jwe) may be taken outside the integration

Therefore:
K. . = [(dN,/dx)? + (dN./dy)?]dx dy
1,1 1 1
2 2 2 2
) [(ym-yn) .\ (x =% ) | dx dy vy~ + %)
*
4%A% % 4xA
. ) (Ym"Yn)(Yn-yz) .\ (xn—xm)(xsz'—xm)]dx iy -
1,2 L% A2 4k Az
(ym—yn)(yn—yz) + (xn—xm)(xg—xn)
4%A
" _ (ym—yn)(yz-ym) + (Xn—xm)(xm_xz)
1,3 XN
Koo1 7%,
2 2
. ) (yn—yz) + (xl—xn)
2,2 bLkA
K _ [(yn—yz)(yl-ym) N (xﬁ_xn)(xm—xz)]dx 4y -
2,3 4*A2 ' 4%A2
Gy ) Oy + (=% ) (% ~x))
4*A
K =K

3,1 1,3

15

sign.

2-44

2-45

2-46

2-47

2-48

2-49

2-50
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- 2-51
Ky 0 =Ky 3 >

(7g=5)° + (e %))

K3,3 = TN 2-52

Substituting Equations 2-44 thru 2-51 into Equation 2-42 and writing the

result in matrix form:
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CHAPTER TIII
COMPUTER PROGRAM
3.1 SOLUTION TECHNIQUE FOR THE FINITE ELEMENT METHOD

A computer program is written to solve Eq. 2-53 for the region of
interest which consists of n-~type of materials and at least two boundary

conditions. This equation in the short form is given by:

[K1[Vv] = [0] 3-1

Matrix [K] is the coefficient matrix and consists of all the pro-
perties of the materials in the region. Each element in the region
could have a different property from the others. Matrix [K] is calcu-
lated for each element with its own propertles and then transferred to
the final coefficient matrix [F]. One example is given below.

Region S, Fig. 3.1, is divided into 18 triangular elements and
each element has been numbered from 1 to 18.

Also all nodes are numbered in a fashion to create a sparse [F]
matrix to reduce the band-width of the [F]-matrix. To do so, the side
which has less nodes than the other is determined. Then the nodes are
numbered from éne end to the other and returned to the original side,
as shown in Fig. 3.1. This method insures the smallest possible band-

width for the [F] matrix.



13 14 15 16

(14) (16) (18)

(13) (15) (17)

9
14 : 1

(8) (10) (12)

(11)
(6)

(7 9
5
(2) (4)
1) (3) | ]
1
2 3

(5)

12

19

Figure 3.1 Region S is divided in 18 triangular elements.
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The arbitrary element Z has nodes %,m,n and coordinates of (xN ,
YN ), (xNm, YNm), (xNn, YNn) and material property of P. By using

Eq. 2-53 we can solve for matrix K:

Kz,z Kz,m Kl,n
K = K K K 3-2
m,2 m,m m,n
K K K
n,2 n,m n,n

By transformation, K, , goes to the [F] matrix in row % and column
b

£ and then added to the previous value of F Similarly, K o 80es

2,2 2,

into the row £ and column m of the matrix [F] and then added to the pre-
vious values of F s and so on.
2,m

After completing the matrix [F], Equation 3-1 becomes:

[F1[V] = [O] 3-3
where it has the dimension of (No. of nodes by No. of nodes) and K is
a 3 by 3 matrix. Since Equation 3-3 is equal to zero, it requires
the boundary conditions for solution. The boundary conditions are used
to create values on the other side of the equation.

For instance, region S in Fig. 3.1 has two boundaries, one at each
end. Nodes 1,5,9 and 13 from one end and nodes 4,8,12 and 16 from the
other end are the boundary nodals and have known values of voltage.
Therefore we can leave these nodes out of'our calculations. For example:
element (7) has nodes 5,6,9 where nodes 5,9 have known values and node 6
is an unknown.

The matrix notation for this element after calculating the K

matrix is:
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Kss K56 X591 | Vs 0
Ke.s5 %e,6 Ke,9 ve | T |0 3-4
LK9,5 K6 K9 ng | 0]

Therefore there is just one equation and one unknown and it is
easy to transfer the known values to the other side of the equationmn.

The result is:

[Kg, 61 1V6] = [Kg 5 * V5 = K g * Vgl = [Bg] 3-5

Now this equation is transferred to the [F] matrix:

[F1[V] = [B] 3-6

For the small size of matrix [F] we can find the inverse of the
[F] matrix and multiply it with the [B] matrix to find the values of
tﬁe nodes.

All finite element solutions require a high subdivision of the
region for the ufmost accuracy. This makes matrix [F] so large that it
becomes useless to solve by the invertién of the [F] matrix.

Due to the nature of the problem, provided that the nodes are
numbered in a careful manner, the non-zero terms in matrix [F] will be
concentrated in a narrow band situated adjacent to the 1eading diagonal.
This fact, combined with the symmetriéal nature of matrix [F] indicates
that only a relatively small portion of the matrix is of real interest.
If advantage is taken of these observations, demands on the computer
storage may be considerably reduced. Moreover, if the solution procedure
is so arranged that many of the operations involying the zero terms are

eliminated, the speed of the solution can be increased. Methods which
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take a&vantage of the banded nature of matrix [F] are often called
'banded methods'.

Methods which offer potentially greater economies are the so-called
'half-banded schemes'. The upper half of the diagonal band of the matrix

is stored as a rectangular matrix as shown in Figure 3.2.

& B —p
? UPPER
HALF
BAND
SIZE
A
-’
- Cd
v . ZERO
MATRIX F MATRIX A

Figure 3.2 Banded form of a symmetrical matrix.

The upper half band part of matrix [F] is stored in matrix [A]
which is much smaller than matrix [F]. Matrix [A] has a number of columns
equal to the bandwidth and rows equal to the number of nodes. Each row
of matrix [F] is transferred to patrix [A].

To calculate the band-width of a finite element problem, one must
know the number of all elements and their node numbers, because bandwidth
is equal to the largest difference between two nodes in one element;
that is compared to the rest of eléments + 1.

Figure 3.3 is a flow chart of the computer program which finds the
bandwidth of matrix [F] or any other symmetrical matrix. Figure 3.4
is a flow chart which determines the coefficient matrix and transfers
the upper half part of matrix [F] to matrix [A].

Equation 3-6 takes the form:
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[A][V] = [B) 3-7
It is impossible to find the inverse of [A] because it is no longer a

square matrix. Therefore, the Gaussian Elimination Technique is used

to solve Equation 3-7. Another step to save memory space is to eliminate
matrix [V] from the equation. To do so, the problemibetween [A] and
[B] is solved and the result is stored in matrix [B]}. Matrix [B] has
the same dimension as matrix [V].

For more understanding of the Gaussian Elimination Technique an
example is solved in Appendix B.along with the flow chart. ’

Appendix D includes a listing of the main program as well as all

subroutines discussed in this chapter.



SET BANDWIDTH=0

READ NODES AND LAST NODE
BEFORE BOUNDARY NODE

YES NODE GREATER

THAN LAST NODE

CALCULATE THE
(DIFFERENCES BETWEEN
EACH TWO NODES) + 1

FIND THE LARGEST
LET IT BE Bwl

BANDWIDTH = Bl

K ># OF ELEMENT

RETURN

Figure 3.3 Flow chart, subroutine "BANDWIDTH'".

K = K+1
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NO

IS
N(M) - N(I)>O

START

M=1, NUMBER OF NODES IN EACH ELEMENT

I=1, NUMBER OF NODES IN EACH ELEMENT

25

MM -h(n) MM = N(X)

MM = N(M)

CALCULATE A(MM,1)| |CALCUIATE A(MM,1)

CALCULATE A(MM,1)].

v

Figure 3.4 Flow chart, subroutine "FIND".
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YES/\

o~

P, od

N(M) LAST NODE

N(I) LAST NODE

MM = N(I)=-N(M) +1
NN = N(M)

CALCULATE B(NN)

WHERE NN = NQM) CALCULATE A(NN,MM)

7

Figure 3.4 (Continued)
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Is
YES N(M) LAST NODE
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NO

~

NO

N(M) LAST NODE

NO

N(I)  LAST NODE

MM = N(I)=N(M) +1
NN = N(M)

CALCULATE B(NN)

CALCULATE A(NN,MM)
WHERE NN = N(M)

7

Figure 3.4 (Continued)
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NO

IS

YES

CALCULATE B(NN)
WHERE NN = N(M)

NCI) LAST NODE

MM = NCI)=-N(M) +1
NN = N(M)

CALCULATE A(NN,MM)

‘NEXT I

NEXT M

RETURN

Figure 3. 4 (Continued)
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3.2 RESULTS OF THE COMPUTER SOLUTION

The problem was to calculate current densities everywhere in the

region S. Region S was a large area of soil with a sunken swimming pool
in the center of the region. The region was divided into 760 elements
with three types of materials and two boundary conditions. Figure 3.5
shows the subdivided region of 'S'.

For large problems such as this involving many elements, it is
useful to possess a routine which generates fhe complete set of data for
the finite element program.

Region 'S' was subdivided into five regions. Region one was below
the swimming pool, region two and four were the swimming pool ends and
the soil; region three was the swimming pool and surrounding soil; and

region five was above the swimming pool. Figure 3.6 shows these five

regions.

The reason for dividing region 'S' into five regions was to make
data preparation easier. Regions 2,3,4 were divided in a different
fashion than 1 and 5. Region 1,5 and 2,4 are identical in values of x
and y with some constant. Also the results of each region can be stored
in a different matrix and recalled when needed. All nodes on each
boundary are given the same number for simplification purposes.

A subroutine was written to find the coordinates of all nodes.
Figure 3.7 shows a flow chart of such a subroutine.

~Figure 3.5 shows that nodes 1,10,19,28 and 37 have the same value
of x and nodes 1,2,3,4,5,6,7,8 and 9 have the same values of y. Therefore

coordinates of nodes are calculated and stored in a matrix for later use.
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Another data file is generated which consists of all elements with
their nodal numﬂgrs. Figure 3.8 shows a flow chart of this program
(called "TES") which can read the element's number and their nodal numbers
from the file and find the corresponding coordinate values and store them
in a separate file, which lacks the in}ormation about the first and last
row of the region 'S'. This information cbﬁld be added to the file
easily.

This data file is ready to be given to the main program for cal-
culation of voltages at each node. A program is written to calculate

the current densities in the region in the y-direction.” Results of

computer program, in tabular form are given in Appendix E.

A comparison of the computer results with experimental results is

given in Chapter V.



Figure 3.5 The finite element model.
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REGION ONE
e e e e —— e -~
RE[GION TNQ_______________,..
REGJON THRI|EE
"""""""""" REIGION FOUR |
REGION FIVE
X

Figure 3.6 Regional division of the experimental model.
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START

READ ALL X,Y

LET NODES OF AREA BE
REPRESENTED BY A MATRIX
i.e,

K=0

nu

[y

L o
==

ACL,J) = K+J
YACI,J) = Y(I)

K = K+M

NEXT J,I

l

CAICULATE THE X-COORDINATE

|
K=0

I =1,N
J=1'M

Xa(J,I) = X(I)

K = K¥N
l

NEXT J,I1

RETURN

Figure 3.7 " Flow chart, subroutine "GOOD".
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READ X(I), Y(I) FROM STORAGE

Keail

READ NUMBER OF ELEMENT,

ITS' NODES AND PROPERTY

L = NODB 1
J = NODE 2
K = NODE 3

XN(1) = X(L), YN(1) = Y(L)
XN(2) = X(J), YN(2) = Y(J).
XN(3) = X(K), YN(3) = Y(K)

K = K+1

I8 ‘ NO

X >> NODE

YES

READ IN DATA FOR AREA 2,4
OF THE REGION'S®

STOP

Figure 3.8 Flow chart, program "TES".
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3.3 COMPARISON OF RESULTS WITH OTHER COMPUTER TECHNIQUES

In order to check ihe accuracy of the proposed theoretical technique
which is based on Maxwell's equations, solutions to selected problems were
compared to results obtained using another computer program, which calcu-
lates electric fields in configurations with both capacitive and resis-

tive distribution of potentials (Anderson, 1976, Ref. No. 16).

Figure 3.9 Resistive and complex admittance networks.

Figure 3,9 shows triangular elements and their complex admittance

network. The resultant equation for the complex potential at the center

node is:
1 6

v

o ((‘rl"JB)n Vn _ - 3.8

- —~6—-————-.-—-—-—.—
2_(GHB)_ 0=l
n=1

To check the accuracy of the program, results of a specific problem

are compared.
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A square of 100 x 100 mm is divided up into two series connected
halves, one where the capacitive distribution dominates, and one where
the resistive distribution dominates. Permittivities and conductivities
are chosen in such a way that the voltage across each half has the same
magnitude (Fig. 3.10). A very coarse subdivision of only 16 triangular

elements is used.

vV =100
Y
C -
e = 100
B y=20
f = 50 Hz
e = 0.01 1
A Y = 278.031 o=
X
V=20

Figure 3.10 Two materials in series.

Table 3.1 shows the comparison of results using Andersen's solution
and the proposed solution, to the actual values. As evident from Table

3.1, agreement between the proposed solution and the actual values is very

close.
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TABLE 3.1

Sta. | Actual Values Andersen's Proposed Solution
. Solution

Y 100+j0 100+j50 100+0
C 75+j25 74.99+524 .97 74.9999+j24.9695
B 504350 49.98+§50.02 | 49.9999+j50.0001
A 25+425 24,99+§24.99 24.9999+j24.9999
X 0+30 0+30 0+30

Also, the accuracy of the proposed theoretical solution was veri-
fied by comparing the results of the theoretical solution to known actual

values. In all cases very close agreement was observed.



CHAPTER IV

EXPERIMENTAL PROGRAM

In conjunction with the theoretical analysis, an eiperimental
program was set up. This experiment was based on an average current
density of 0.07 amp per square meter in the uniform ground under the
transmission line. (See Appendix C.)

In order to create a similar situation for the experiment, a large
box with conductors at two ends was chosen to hold the soil and the
swimming pool. figure 4.1 shows a schematic diagram of the box.

To create a uniform current density throughout the soil a known

voltage calculated from Equation 4-1 was applied across the conductors.

J=Eg = Efp 4-1

where J = current density
p = resistivity of soil
o = conductivity of soil

E = applied voltage

Resistivity of the soil was calculated from Equation 4-2.

R=V/I =p8/s = 2/os 4-2

The experiment was done for three different resistivity values for
the soil, each soil type with two different types of swimming pools,

reinforced and non-reinforced swimming pool; and each swimming pool
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containing three different types of water.

Three resistivity values for soil and conductivity values for water

were:
For Soil For Water
‘a: 1000 ohm-meter 30 micro-mho/cm
b: 55 ohm-meter 1500° micro-mho/cm
c: 10 ohm-meter 3000 micro-mho/cm

To determine the current densities, first potentials at predeter-
mined points were measured and then current densities were calculated
from potential measurements.
difference in two potentials

(distance between two potentials)* conductivity of
the material

current densities =

Figure 4.2 shows a schematic diagram of the circuit used to measure the
potentials at each point.

Reference 18 contains a detailed description of the experimental
program and results. ‘Selected results of this experimental program are

presented in tabular form in Appendix F.
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\ )
| % ' L o' "I Conductor

Conductor ‘Trqnsverse Cross Section

1

(T

5l

< 144" : 2l

Longitudinal Cross Section

Figure 4.1 Schematic diagram of the experimental model.



CONDUCTOR 1

Aiz L,
A-C 3 -,
PROSE 2
< ,
SWIMMING
POOL
PROBE_1
ROBE_ >
—_— CONULUCTOR 2
4
\
1l 2
SWITCH
| DIGITAL METER|
- +
p 4

SWITCH 1 TO MEASURE VOLTAGES IN THE SOIL.
SWITCH 2 TO MEASURE VOLTAGES IN THE WATER.

Figure 4.2 Schematic diagram of the electrical circuit.



CHAPTER V

RESULTS
5.1 COMPARISON OF CALCULATED VALUES WITH EXPERIMENTAL RESULTS

In order to éompare the calculated results with the measured
values, current densities of medium case (resistivity of the soil = 55
ohm-meter) are plotted in Figures 5.1 to 5.8.

In these figures, current densities are plotted versus distance.
Each figure represents calculated and measured current densities in
the soil as well as the swimming pool.

The calculated current densities in these figures show the expected
symmetry of the system about the center line, Figures 5.1-5.8. This is
one verification of the accuracy of the computer program.

The measured values of current densities do not show the same
exact symmetry. This could be explainedJin terms of the accuracy of the
instruments. Also the conductivity of the soil is not uniform everywhere
and the given value of conductivity is only an average measured value.
Another reason for the discrepancy between the theoretical and measured
values is the two dimensional computer modeling, which assumes the
swimming pool walls to be infinitely long in the z-direction (depth).

The calqulated values of the current densities between stations
.l to 6 and 12 to 17, Figures 5.1-5.2, iﬁ the soil are higher than
measured values. The measured values of current densities inside and

outside the swimming pool between stations 6 to 12 are higher than
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calculated values. Between stations 6 to 12 the theoretical model
assumes a plate of iron bars of infinite depth. Due to this plate of
high conductivity, the potential gradients along the plate are zero,
resulting in zero current densities along the line 'C'. Furthermore,
the curtent flowing along the paths 'A' and 'B' are attracted toward the
infinite iron plate resulting in lower values of current densities along
'A' and 'B' as compared to the experimental case, where only finite
plates of iron bars exist.

Along the line 'D', the calculated current densities must-go through
the infinite iron plate, while in the measured case the current paths
go through the bottom surface bars of the swimming pool. Results in
tabular form are shown in Appendices D and E.

The reason for higher current densities and potential gradients
along the liné 'C' between stations 6-8 and 10-12 is the sharp change in
material conductivities at these stétions (soil conductivity = 1.8 x 10_1
mho/m; iron conductivity = 1.1 x 106 mho/m). Due to high conductivity
of iron bars the cufrent is attracted toward the pool walls and thus

increasing the field (potential gradient) around the corners.
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CURRENT DENSITIES IN SOIL AND POOL WATER (m-Amps/m?)

SOIL RESISTIVITY=59158__ohm-meters
WATER CONDUCTIVITY = 1500 micro-mho/cm

POOL TYPE: ® Rainforced
[1Non-reinforced

LINE C Calculated Measured ————
A—] 7 7 s T = X
-
B ¢ t H #H + —t
C ; N 4 : :
D 2‘ 3 + e e i } foome ¢_

Y

jation>=1 2 3 4 5

Numbear

CURRENT DENSITIES (mili- Amps/m?)
100 |

Vi

A—— Sy

LN
v

678 9. L2 13

Figure 5.1 Calculated current densities.



CURRENT DENSITIES IN SOIL AND POOL WATER (m-Amps/m?)
SOIL RESISTIVITY=23 _ohm-meters ~ POOL TYPE: K Reinforced
VATER CONDUCTIVITY =[5 OO micro-mho/em LiMon-reinforced
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"LINE D Calculated Measured —— ——

———naed 3 SLL * 1 v
A — } oy o T —t —Q$r~

89
T

1
——yt

«
3
j:

iz 13 14 15 1817

©

Station=} 2 3 4 5 678
Number

200

1
=
e
—_—
poar—

100

1

CURRENT DENSITIES (mili- Amps/m?)
ya

Figure 5.2 Calculated current densities.
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CURRENT DENSITIES IN SOIL AND POOL WATER (m-Amps/m?)

SOIL RESISTIVITY=55__ohm-meters

POOL TYPE: B Reinforced

WATER CONDUCTIVITY =30QQ micro-mho/cm . LiNon-reinforced
LINE C Calculated Measured —— ——
A— — F o ::'r ; 5 =X
l
8 S S — I S S S
|
D— — e —H + H— — = frmte ¢
v ¢
Station=>=1 2 3 4 5 6,78 S o2 13 14 15 1817
Number '
O-{
S
AN
-~ .
£ ‘ﬂ
E
a | ~ \
£ {
< |
= \
E n
o \
0l \
= \
2o Al
2"39 N ey // \‘
. ' 1 \ T
z 1|~ 1~" \\ L
% 4 \ / Y
/]
- / 1
o |
2 /
4 \ J
L” M
O . Hd

Figure 5.3 Calculated current densities.
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CURRENT DENSITIES IN SOIL AND POOL WATER (m-Amps/m?)
SO RESISTIVITY=523 _ohm-meters ~ POOL TYPE: B Reinforced
WATER CONDUCTIVITY =3Q0Q micro-mho/cm LINon-reinforced

LINE D Calculated _ Méosured —— e
A—] — . = : o : X X
] o .
B — T it , I
C —t H et } ot
D et F + + R e o e} (E
Y | ¢

Station>! 2 '3 4 5 678 9. o2 13 14 15 1817 .
Number ‘ oy T

200
e

1

\
7 |
j

)
i
(
)

CURRENT DENSITIES (mili- Amps/m2)

o o [ e et e

Figure 5.4 Calculated curreﬁt densities.
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CURRENT DENSITIES IN SOIL AND POOL WATER (m-Amps/m?)

SO RESISTIVITY=22.5 ohm-meters POOL TYPE: O Reinforced

WATER CONDUCTIVITY =1600 _micro-mho/cm

R Non-rainforcad

LINE C Calculated Measured —— ——
A—] ; i x x ; g X
l .

B t t HH e R S

C + ; H St e

D e r H— — i mad

A\

3 ¢ . o
Station>! 2 '3 4 5 678 9 K2 13 14 15 I8i7 .
Numbear ’ ' T

o

(@]

Qd

3 il

100

CURRENT DENSITIES (mili- Amps /m?)

Figure 5.5 Calculated current densities.
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CURRENT DENSITIES IN SOIL AND POOL WATER (m-Amps/mz)
SOIL RESISTIVITY=29.5 _ohm-meters POOL TYPE: I Reinforced
WATER CONDUGTIVITY =16QQ _micro-mho/cm B Mon-reinforced

LINE D Calculated Measured — — ——
A— T } i = : A
i
g S + ’l. ;'1 :ﬁ i :
|
D — 3 _i_ I — ) lL fo o i} Q‘
! :
Station>1 2 3 4 ) 6,18 9. Ioi2 13 14 15 1517
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Q |
o
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a _ - \
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<
= \
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2 / ‘
L / |
- | ‘
=20 \
e \
— ____/’/ \
pzd 1R 7/ N A
% N— {_—. 4 \\// \
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O

Figure 5.6 Calculated current densities.



CURRENT DENSITIES IN SOIL AND POOL WATER (m-Amps/m?2)
SOIL RESISTIVITY=89.D5 ohm-maters  POOL TYPE: [JReinforced

WATER CONDUCTIVITY =3QQQ micro-mho/cm & Non-reinforced
LINE C Calculated Measured —— ——

A—T — T T er : e X
|
Bt + b # 1 i
C + + + H H -+ et + :
D S ' + e o e e e
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Y ¢

Station>l 2 3 4 5 678 S. o2 13 14 15 vl
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200

100

CURRENT DENSITIES (mili- Amps/m)

Figure 5.7 Calculated current densities.



CURRENT DENSITIES IN SOIL AND POOL WATER (m-Amps/mz)
SOIL RESISTIVITY=5Q.5 ohm-meters POOL TYPE: 3 Reinforced

WATER CONDUCTIVITY = 30QQ micro-mho/cm . K Non-reinforced
LINE D Calculated Measured ———— |
A— — ¥ 5 T : — = X
I
Byt t : : et ——t
C—p—+———t + 4 —t
D — - e —H —i- — — e ¢
! é |
Station=12 3 4 5 678 9. IoHj2 I3 14 15 1817
Numbar ‘ _ '
o /"r h
O i
N

1

|
-—
-
— -

k]
L]
/
N\
/
\
)
]
i

-1,

CURRENT DENSITIES (mili- Amps/m?)
100
——
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Figure 5.8 Calculated current densities.
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5.2 POTENTIAL HAZARD TO THE HUMAN BODf

It is known that the real measure of shock intensity lies in the

amount of current (aﬁperes) forced through the body, and not the voltage
(17). Figure 5.9 shows levels of current hazards to the human body.

To define how hazardous the observed current densities are to
humans, currents through the human body are calculated. The human body's

resistance is in the neighborhood of 1000 ohm (17).

the human body if one is standing in the vicinity of the swimming pool.
Similar calculations are done for a persoﬁ who is inside the swimming
pool and resylts are shown in Table 5.5.

In comparing the calculated currents traveling through the human
body with Fig. 5.9, one concludes that hazard may exist»oﬁ the edge of
the swimming pool where the resistivity of the surrounding soil is very
high. However, this analysis does nof include the presence of a human
body in the model. Also, the effecgs of short duration currents (1-10

cycles) on the human body need further investigation.



AMPERES

0.2

0.

0.0l

.00I

| O LA

SEVERE BURNS
-BREATHING STOPS

LR

L

V///BEA TR/

EXTREME BREATHING
DIFFICULTIES

BREATHING UPSET
LABORED

SEVERE SHOCK
MUSCULAR PARALYSIS
CANNOT LET GO

PAINFUL

AV TTd

MILD SENSATION

THRESHOLD OF SENSATION

Figure 5.9 Levels of current hazards to the human body.

53



54

TABLE 5.1
CALCULATED CURRENT TRAVELING THROUGH THE
HUMAN BODY STANDING ON THE SOIL
LINE A  STANDING ON THE SOIL

SOIL RESISTIVITY=1160 OHM-METER WATER CONDUCTIVITY=1500 MICRO-MOH/CM

'POOL TYPE: REINFORCED
FOOT TO FOOT RESISTANCE OF HUMAN BODY = 1000 OHM
FOOT TO FOOT DISTANCE = 50 CM.

BETWEEN  VOLTAGE GRADIENT VOLTAGE ACROSS BODY CURRENT THROUGH BODY

ST# ST# VOLTS/METER VOLTS AMP .,
1 2 102.500 51.250 0.05125
2 3 101.836 50.918 0.85092
3 4 100.472 50.236 0.05024
4 5 96.782 48.391 0.04839
5 6 84.769 42.384 0.04278
6 7 69.020 34.510 0.03451
7 8 67.368 . 33.684 © 0.03368
8 9 53.210 26.605 ) 0.02660
9 10 51.741 25.870 0.02587
10 11 64.211 32.105 0.03211
11 12 65.882 32.941 0.03294
12 13 80.417 40.208 0.04021
13 14 91.500 45.750 0.04575
14 15 94.874 47.437 0.04744
15 16 - 96.447 48.224 . 0.04822

le 17 96.235 48.118 T 0.04812

...__—_—._.__.-..._——___.—._—_..-..—_—._-—_——.__....__
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TABLE 5.2

CALCULATED CURRENT TRAVELING THROUGH THE
HUMAN BODY STANDING ON THE SOIL

LINE B STANDING ON THE SOIL
SOIL RESISTIVITY=1160.00 OHM-METER WATER CONDUCTIVITY=1500 MICRO-MOH/CM

POOL TYPE: REINFORCED
FOOT TO FOOT RESISTANCE OF HUMAN BODY - 1000 OHM
FOOT TO FOOT DISTANCE = 50 CM.-

BETWEEN  VOLTAGE GRADIENT VOLTAGE ACROSS BODY CURRENT THROUGH BODY

ST# ST# VOLTS/METER VOLTS AMP,
1 2 104.737 52.368 0.05237
2 3 104.492 52.246 0.05225
3 4 104.961 52.480 0.05248
4 5 105.509 52.755 0.05275
5 6 103.148 51.574 ' 0.05157
6 7 71.176 . 35.588° . . o 0.03559 -
7 8 62.632 " 31.316 . - 0.03132
8 9 28.275 : 14.137 ‘ 0.01414
9 10 27.056 - 13.528 0.01353
10 11 58.947 ‘ 29.474 0.02947
11 12 67.255 ’ 33.627 0.03363
12 13 97.199 48.600 - . 0.04860
13 14 99.493 49,747 - 0.04975
14 15 98.984 49.492 0.04949
15 16 98.852 - 49.426. 0.04943

16 17 98.209 49.105 - 0.04910

= e em e em e e em m wa tm oam e S e mm em e e mm e mm Se . mm e e me e w e e e e e e e
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TABLE 5.3

CALCULATED CURRENT TRAVELING THROUGH THE
HUMAN BODY STANDING ON THE SOIL

LINE C STANDING ON THE SOIL
SOIL RESISTIVITY=1160 OHM-METER WATER CONDUCTIVITY=1500 MICRO-MOH/CM

POOL TYPE: REINFORCED
FOOT TO FOOT RESISTANCE OF HUMAN BODY = 1000 OHM
FOOT TO FOOT DISTANCE = 50.CM

BETWEEN VOLTAGE GRADIENT VOLTAGE ACROSS BODY CURRENT THROUGH BODY

ST# ST# VOLTS/METER . VOLTS AMP.

1 2 105.066 '52.533 0.05253
2 3 104.951 52.475 0.05240
3 4 105.945 52.972 0.05297
4 5 108.403 54.201 0.05420
5 6 122,431 61.215 0.06122
6 7 200.980 100.490 0.10049
7 8 0.000 0.000 0.00000
8 9 0.000 0.000 0.00000
9 10 0.000 0.000 . 0.00000
10 11 0.000 ) 0.000 0.00000
11 12 188.235 94.118 0.09412
12 13 115.208 57.604 . 0.05760
13 14 102.185 - 51.093 0.05109
14 15 99.882 49.941 0.04994
15 16 99.276 49.638 "~ 0.04964

16 17 98.536 - 49.268 ‘ 0.04927

-—_._-.._.__.._.—.__——._-..A.......—._——-._.——-.——__——.,
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TABLE 5.4

CALCULATED CURRENT TRAVELING THROUGH THE
HUMAN BODY STANDING ON THE SOIL

LINE D STANDING ON THE SOIL
SOIL RESISTIVITY=1160 OHM-METER WATER CONDUCTIVITY=1500 -MICRO—MOH/CM

POOL TYPE: REINFORCED
FOOT TO FOOT RESISTANCE OF HUMAN BODY = 1000 OHM
FOOT TO FOOT DISTANCE = 50 CM.

BETWEEN  VOLTAGE GRADIENT VOLTAGE ACROSS BODY CURRENT THROUGH BODY

ST# ST# VOLTS/METER ‘ VOLTS : AMP.
1 2 105.461 52.730 0.05273
2 3 105.410 52.705 0.05270
3 4 106.929 53.465 0.05346
4 5 110.787 55.394 0.05539
5 6 127.153 63.576 : 0.06358
6 7 131.961 65.980 0.06598
7 8 IN WATER IN WATER IN WATER
8 9 IN WATER IN WATER IN WATER
9 10 IN WATER IN WATER IN WATER
10 11 IN WATER IN WATER : IN WATER
11 12 123.922 61.961 0.06196
12 13 119.630 59.815 0.05981
13 14 104.394 52.197 : 0.05220
14 15 100.795 50.398 0.05040
15 16 99,717 49.859 0,04986

16 17 98.863 49.431 ~0.04943

_.___________._________________,_________.,____..______
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TABLE 5.5
CALCULATED CURRENT TRAVELING THROUGH THE
HUMAN BODY INSIDE THE SWIMMING POOL

SOIL RESISTIVITY=59.50 OHM-METER WATER CONDUCTIVITY=3000 MICRO-MOH/CM

POOL TYPE: NON-REINFORCED
FOOT TO FOOT RESISTANCE OF HUMAN BODY = 1000 OHM
FOOT TO FOOT DISTANCE = 50 CM
BETWEEN  VOLTAGE GRADIENT VOLTAGE ACROSS BODY CURRENT THROUGH BODY

ST# STi# VOLTS/METER VOLTS ' AMP.

..—___...-.._..—-._.-._._...—-.—-—___.._...__._...___.—._..._..

1 2 0.875 0.438 0.00044
2 3 0.800 0.400 0.00040
3 4 0.775 0.388 , 0.00039
4 5 0.787 0.394 0.00039
5 6 0.788 0.394 0.00039
6 7 0.788 0.394 0.00039
7 8 0.800 0.400 0.00040
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5.3 THE LIMITATIONS AND ACCURACY OF THE THEORETICAL TECHNIQUE-

The technique used in the proposed solution is éalléd The Finite
Element Method. This is a powerful numerical technique to solve problems
which require a high degree of accuracy. The solution of problems solved
using this technique are comparatively more accurate than those solved
by other numerical methods such as the Finite Difference Method.

However, there are some limitations as described below:

(1) This program as it exists now can only handle two-dimensional
prqblems. However, with further development, it would be
possible to solve three-dimensional complex electro-magnetic
and electro-static field problems.

(2) This program uses only the triangular division of the region
of'interest. Rectangular or other shapes can be accommodated
if the program is modified.

(3) The computer storage is another limitation. This limitation

was improved by using the half-banded method.



CHAPTER VI
CONCLUSION

In this.study a computer code based on Maxwell's Equations was
developed to use the Finite Element Method to calculate complex voltage
gradients and current densities on the surface of any desired region.

In order to evaluate the accuracy of this program, the solution to
a selected problem was compared to the solution using another computer
technique. In addition, solution to several problems were compared to
actual known values. In all cases close agreement between the theoretical
solution and actual values was observed.

Also in order to check the validity of the program, theoretical
results were compared to results obtained from experimental tests, and the

comparison showed close agreement.
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APPENDIX A

EULER'S THEOREM OF VARTATTIONAL CALCULUS

The transition from a variational statement to an equivalent
governing differential equation is relatively simple and will be demon-
strated here. The reverse process, however, is more involved and any
generalized processes restrictive for the very reason that frequently
on variational principle can be established.

Let us take a problem which is to be minimized.

g = f(x,y,z,H,H ,H ,H )dv +\ (qH + pH2/2)ds A-1
v X'y oz c

. . . . . 9 .
In this equation f is an arbitrary function, HX = —3-%, etc., and ¢ is a
portion of the boundary surface on which prescribed values of H are not
imposed. On remainder H = HB.

Considering an arbitrary small variation of the unknown function

and its derivitives

_ of of
Sg f ( 6H + — (SH + S (SHy + ___BH GHz)dv +
y
j (q8H + pHSH)ds A-2
c .
as
SH = ( ) = — (SH), etc.
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Equation A-2 can be written as;

of of 3 of 3 f B
6g=5 [ 6H + = — (8H) + = — (SH) + = — (SH)]dv
v OH aHx X aHY oy aHZ 92z
+j (q8H + pHEH)ds = 0 A-3
v

In the abové we have equated 8§x to zero, as at the minimum (or
stationary point) the 'variation' becomes zero.
Now putting dv = dxdydz and integrating the second term of Equation

A-3 by parts with réspect to x

f 3 _ af - _9 ,of
f SH 3% (6H)dv ——j S GHLde j T (—-aH ) SHdv
v X s X v X
In which Lx is the direction cosine of the normal to the outer surface

with the x axis. Performing similar operation on the other terms of

Equation A-3 and substituting, it becomes;

of 9 ,of 3 ,of 3 ,of
68=§6H =G =) = () dv +
v oH 3% "oH oy aHy 9z “oH,
af - of of -
jGH q+pH+LXaH +Ly3H+LzaH ds A-4
c X y z

The second integral is only taken over the boundary C as on the remainder
of surface S we have prescribed values of H and therefore §H = 0.
For Equation A-4 to be true for any arbitrary variation H first

integral should be equal to zero;

) -2 @ -2 E =0 A-5a
X y
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Everywhere within the region V, and on the boundary C

of of of :
Lx:—aﬁ—“l‘Ly-a—ﬁ—-FLz-a—H——O A-5b
‘ X y z
These two equations, if satisfied by H, minimize g. If the solution

is unique then formulations A-1 and A-5 are equivalent. The above

differential equations are known as the Euler equations of the problem.



APPENDIX B

THE GAUSSIAN METHOD

As an example, the solution of three equations and three unknowns

is described below:

-100X + 200Y - 100z

In matrix form:

200

-100

0

L

Let us first solve this

it to the banded form.

prte

200
-100

0

.

Divide the first row by

OX - 100Y + 100Z

-100

200

-100

-

0

-100

100

.

200X - 100Y + 0Z =

I
|
o

Y =

Z

o

B-2

problem as it is in the form o% B-2 then reduce

-100

200

-100

the diagonal element of the first row.

o]

-0.5

200

-100

0

-100

100

-100

100

—

— -

-0.04
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Multiply the f;rst row by the first element of the second row and subtract °

the first row from the second row.

_ T

l "005 O —Oo 04
0 150 100 || -12
0] -100 100 -8
I R

This manipulation introduced a zero to the second row, therefore
these are two unknowns in the second row. Now divide the second row

by the diagonal element of the row.

1 -0.5 0T -0.04—1
0 1 ~-2/3 -0.08
|0 -100 100 | | -8

Multiply the second row by the second element in the third row and subtract
the second row from the third row.

1 -0.5 0 --0.04-1

0 1 -2/3 | o1 -0.08

0 0 100/3 L -16

This introduced two zeros to the third row and the third row
contains just one unknown. The unknown may now be easily calculated.
One may proceed to the second and third rows and calculate all the un-

knowns. The answer:

100/3z = -16 Z = -0.48
Y - 2/3Z = -0.08
Y - 2/3(-0.48) = -0.08 Y = -0.4
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X - 0.5Y = -0.4

X =-0.04 + 0.5(-0.4) = -0.24

Now put the upper half band of the coefficient matrix in a new [D]

matrix and solve the problem.

D B
Kkddkkkkdhk Kk kkkk
200 -100 -8
200 -100 -8
100 0 -8

For simplicity let us not multiply or divide the first columns by
any numbers. At the end substitute 1 for all these elements. Also,
due to symmetry of [A], D(1,2) = A (2,1) and D(2,2) = A(3,2).

First store D(1,2) in ¢, because it is the same as A(2,1) and
there is no A(2,1) in our [D] matrix.

Divide the first row by the first element of the first row.

200 -0.5 -0.04

200 -100 | 2 -8

100 0 -8
- . L §

Then multiply the first row by the stored value of ¢ and subtract
D(1,2) from D(2,1), because these two elements correspond to the same

unknown in matrix [A].

200 -0.5 -0.04
150 -100 3 -12

100 0 -8



Now store D(2,2) in ¢ and divide the second row by the first

element of the row.

[ 200
150

100

s

-
-0.05
-2/3 9
0
i

-
-0.04

-0.08

-8

J

Multiply the second row by the stored value of c and subtract

D(2,2) from D(3,1), because these two elements correspond to the same

unknowns,

200
150

100/3

Divide the third

200

150

100/3
Now substitute 1

1
1

1

row by the first element.

=

-0.04
-0.08

—0048

-0.04
-0.08

-0.48

This is the séme result as before in banded form. Therefore,

the problem has been solved by the use of a simpler method and also

it saved memory space.

Fig. 3.1 shows a flow chart of such a program.
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START

FORWARD REDUCTION OF MATRIX
BY GAUSSIAN ELIMINATION.

N =1, SIcE

L =1, BAND

Is
A(N,L) = 0

YES

I = NL-1

CALCULATE C
C = A(N,L) / A(N,1)

MULTIPLY THE ROW BY C

AND SUBTRACT FROM NEXT ROW

NEXT L

NEXT N

FORWARD REDUCTION OF CONSTANTS

Figure B. Flow chart, subroutine "SOLVE'".



1 = N+L~-1

CALCULATE THE CORRESPONDING CONSTANT

NEXT L

B(N) = B() [/ a(N,1)

NEXT N

SOLVE FOR UNKNOWNS BY
BACK - SUBSTITUTION

M = 2, SIZE
N = SIZE+1-M

L = 2, BAN

CALCULATE THE UNKNOWN

NEXT L

NEXT M

RETURN

Figure B. (Continued)
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APPENDIX C
CALCULATION OF CURRENT DENSITY

The equation for mutual impedance (6) between two infinitely long
conductors, at héights hl and h2 meters above the earth, and separated

by a horizontal distance of yl meters, in the power series form is:

. jwuo 4 WH,
1 T
1 . 12 12
@ -1 wuohl ) quo(hl ¥y ) )
327 64

'2 '2 '2 '2
wit, (hy ™ -y ) hy Yy

Iom [R,n(—-—r——) + 2Y - 5/2] c-1

Where Y is Euler's number, 0.577216

1 A L I ]
hl = hl Vbuool s h2 = hz/buocl s Yy = Y1 /buocl

and current density equation is:
—-— : p—
J = le(hl,O,yl)* o * IS Cc-2

Based on.equations C-1 and C-2, impedances and current densities
on the surface of the earth for various values of y and different values
of p are calculated and given in Tables C.1 to C.3.

The worst case is for y = 0 and the current density for such

" value of y is 0.07 amp per square meter.
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APPENDIX D

LISTING OF PROGRAMS AND SUBROUTINES

Listing of Programs:

MAIN
GOOD
TES
SEARCH

and Subroutines:

BAND
PROPT
FIND
SOLVE
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FROGRAM MAIN

e e e 10 e S0 S e st S ot Pmen

COMMON AC401520)yN(3y760) 9 XN(I9760)9YN(I9760) yMAT(760) 9 IEL(760)
COMMON ER(401)sV(403)

INTEGER HNyNOUELLNODEIEL s IELE

COMFLEX AsByFROFsF1sF2yP3yVsRBCY

F1=(1.8182E-04y3,542E~11)
FP2=(30.,0E-00+0,00E+01)
F3=(3.0E-03,7.4374E-10)

ITRW - RAND-WIDTH OF THE COEFFICIENT MATRIX

NMODE - NUMERER 0OF NODES

LNODE- NUMBER OF LLAST NODE RBREFORE THE NODE WITH EOUNDRAY CONID,
TEL ~ NAME OF MATRIX WHICH STORES ELEMENTS MUMERER

IELE - NUMRER g ELLEMENTS

READN(1Sy1)NODE-IELE » LNODIE» RCV
FORMAT(I3»1X»1351XrI392¢1XsF7,3))

WRITE(66967)F1
URITEC(LO6rE2IFR
URITE(S465690F3
FORMAT(2(1X»E14,6))

I1BW=0

g 20 I=1,JELE

READCIS 2)TELCIY s NCLI o T) o NC(2rI) o N(3yId o XNCLIsI) s YNCLI»I) p XN(2: 1)y YN(2
CrId s XN(3yI)sYN(3sT) s MATL(I) ’

FORMAT(IZ»3(1XsI3)»&6(1XsF843)91X511)

CONTINUE

ng 22 I1=1,IELE

THIS SUBRdUTINE FINIDS THE EBAND-WIDTH OF THE MATRIX

CALL BAND(N,I»L.NODEsIRW)

D0 &40 I=1.LNODE

DO 60 J=1sIRW

AT dd=(0.0,0.0)

13 199 KK=1.LNODE
VIRKKYI=(0,0,0.0)
VILHODF+1)=(0.0+y0,0)
VILNDQDESZ) =RCV

0D 1920 K=1y1ELE

SUBROUTINE FROPT FINDS THE FROFERT OF MATERIALS AND AREA OF IHE
ELEMENT,



78
FROGRAM  HMATN (CONT.)

Wt ves S40e ek s0s rems mees Shme See) ives mtm ot eciy S Mt Fiwe Fs stes teee SEIe seve

CALL PROFT(MATyKyFROFyF3sF1sF2y5s XNy YN)

C
( THIS SURROUTINE FINDS THE COEFFICIENT MATRIX ANIN CONSTANTS.
C
C
C .
CALL FIND(NsKyLNODE» YNs XN SyFROFPYEBIV-A)
(W
190 CONTINUE
G
C
C
C : ‘
C THIS SUBROUTINE CALCULATES THE VOLTAGES AT EACH NODES.,
C
CALL SOLVE(LNOLE» TRUyArE)
CALL RESULT(RBRCV,R)
C
G
1000  CONTINUE
S5TOF

ENDD
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PROGRAM  GOOD

. e e Poes $4ta sayp Brem seen Bede Same vm Bher e bive Pems

DIMENSION X(401)7Y(401)2XX(17) yYY(17)
REATC1Sy2) Ly MsNXyNY
FORMAT (413)

00 10 I=1sNX
REATNC 15y 1) XX (D)

N0 20 I=1yNY
READCLSy 1YY (D)
FORMAT(F8.43)

=

L1=1

00 30 I=LyM

NERES

XCI)=XX ()

Y (I =YY (L)

Ti=1-L+1

IFCIL,LT.NX) GO TO 30
F=I1/FLOAT(NX)
L1=IFIXC(F) -

Fafell

IF(F.EQ.0.0) GO TO 35
GO0 TO 36

J=0

Li=l141

CONT TNUE

DO 50 T=lsM
WRITE(163) 15X (I »Y(I)
FORMAT (3Xs I3, 2(2XsF843))

79
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100
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FROGRAM TES

DIMENGION N(3ry760) y XN(35780) s YN(3y760) s MAT(760) yIEL(760) 9y X(401)
DIMEMSION YC(401)

0De S I=15401

FEADCLIZ,1IKK s X(I)»Y(I)

FORMAT(BX I3y 2(2XF8.3))

e 10 I=17,744

READICLI4,2)IELCI) wNCLyI)sNC(2sI) s N(3sI) sy MAT(I)
FORMATCIZy3C(1XsI3)9s1XyI1)

L= {1,1)

J=N2, 1)

K=MN(3,1)

XN(1sI)=X{L)

YNl T)=Y (L)

XH{2yI)=X(J)

YH(2yI)=Y(J)

XH{ZyI)=X(K)

YH{37,I)=YL(K)

CONTINUE

00 20 I=1,16
RERD(1673)IEL(I)rH(lrI)!N(QvI)!N(3!I)!XN(1!I)!YN(l!I)!XN(ErI)!YN(Q
CrId s XH(3sIXsYN(3,I)yMAT(I)
FORMAT(IZ»3CIXyIZ) v S (1XyFB,3)91Xs1I1)

D0 40 I=745,7460

READMLSyIITELCI) s NCLy I pNC25I) o NCEvI) o XNCLsI) s YNCLyI) yXN(2y 1) s YN(D
CoyIieXN(IyI)»YNC(IZ,»I) s MAT(I)

00 100 I=1+760
WRITEC1Z74)TELCI) sNCLyI) s NC(2sI) o NC3yI) s XNCLsI) s YNCLoI) s XN(25sI) s YNC
C2yI)eXN(3sI)sYN(3,I)sMAT(I)
FORMAT(I3s3C(1IXrI3) 96 (1XsFB.3)91Xr1I1)

STCPR

END
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FROGRAM SEARCH

FIE=3,1415926

W=377.0

XMU=4XFTEX(10E-8)

ZEGMA=0. 1

GAMA=0.577216

H1=10.68

HeHLRGQART (WEXMUXZEGMA)

WRITEC(LS 1)

WRITE(1S2)

FORMAT(2Xy "DISTANCE " y4X s "REAL. FART*»5Xy *IMAGINARY " »3Xy " MUTUAL *

CrSXs "ANGLE" »3Xy "CURRENT ")

2 FORMAT (2Xy “FROM CENT® y3Xy * IMPEDANCE® »SXy *IMFEDANCE* » 26Xy *LENSITY ")
Do 99 N=0»30
Y1=N%10.0
YaY LRGART CWkXMUXZEGMA)
A= HXK2EY XK2
Tk 2 - YRoK2
C=al.0GIA/4)
D=AL0GCA/A)
REALLI=C(1.0/8,0)~(H/(4,24286A4%XFIE) )~ ((R/(32XFIE) )X (CH+2XGAMA-2.3))
XIMAGL=( (1, 0-2%X0AMAY / (AXFIE) )+ (H/ (4, 24264%FIE) )~ (R/64)
REAL=WEXMUXREALL '
XKIMAG=WHXMUXXIMAG]
ZuGART (REALXKZ+XTMAGKXZ)
FHI=ATAN(XIMAG/REAL)
FHI=FHIX(180.0/FIE)
XJ=2HZEGMA%X20000.0
WRITECLS 30 YLy REAL y XIMAGy ZyFHI » XJ

3 FORMAT(2XsFO 198Xy EQ e 49 5XrEP e 42 GXrEP. 42Xy FS 1y 3XF8. 692Xy
CUAMP. FER SQ. METER®)

P9 CONTINUE
STOF
END

-t
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S50

SUBRROUTINE

B L ey

SUBROUTINE RAND(Ns IsLNODEyIRW)
DIMENSTION N(35740)
IF(NCLyI)GTLLNODE)Y GO TO 40
IFINC2s 1) .GTLLNODE) GO TO 60
ITF N3y 1) JOTLLNODEY 6D TO 60
IB1=ARSINC(LyI)~N(2y1))
IR2=ABS(N(2y 1) ~N(3+1))
IBI=ARSINCLT)-N(3y1))
TFCIBLLLTLIR2)Y GO TO 40
IFCIRLLLTLIR3Z) GO TO 45
IRWL=TB1+1

GO TO S50

ITFCIRZVLTVIRZY GO TO 43
IBW1=TR24+1

GO TO 50

TRWL=TR3+1

TFCIRWLLTWIBWL) GO TO 59

30 TO 60

TERW=TRW1

ITRW1L=0

RETURN

END

BRAND

82
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SULROUTINE PROFT

- e e e ot a—

SURROUTINE FROFPT(MAT YKy FPROFYFPIsFLsF295y XNy YN)
DIMENSION MAT(760) yXN(39760) 2 YN(39760)
COMPLEX FROFyFLeF2yF3
IF(MAT(ND) LEQ. L)Y GO TO 10
IF(MAT(K) L EQ.2) GO TO 20
FROP=F3
GO TO 30
10 FROF=P1
GO TO 30

20 FROP=FP2

30 G2k COXNCLyK)KYNCRyK) ~XNC2yK)KYNCL oK) D+ CXNC2yKIRYNCS K ) ~XN (35 K)XYN

CC2rK) Y HCXNCEPK)KYNCLyK) =XNCLyK)XYNC35K))) :
RETURN

END
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SUEROUTINE FIND

-t See ere e e o ey g ooy $o0s g i0e Sare

SUBROUTINE FIND(NsKyLNONE»YN»XNsSsFPROPIEIVSA)
DIMENSTOM AC(401520)sV(403)yRB(401)sN(39760) sy XN(31760)sYN(3:,760)
COMFLEXY PROFsArEIX»V
g 929 M=1,3
g 90 I1I=1,3 .
IFM.ZQ.,I) GO TO 80
IFC(HMyRI-N(IK))Y.GT.0) GO TO 90
IFMM.EQ.1) GO TD 68
IF(M.EQ.2) GO TO 85
IF{I.EQ.1) GO TO 82
GO TN 23
68 IFC(ILEQ.2) GO TO 81
GO TO e2
85 IF(I.EQ.1) GO TO 81
GO TO 83
81 IF(N(H»K).LE.LNODE) GO TO 181
GO TO 20
181 IF(N(IK)Y.LE.LNODE) GO TO 281
K=Y N2 RKI=YN(IsKIIKCYMCI oK) =YN(LsR) D HF(XN(2sRK)=XN(3sRKIIXK(XN(3sK)
C-XNC(1sK)))I)/SIXFROF
MM=N{I,K)
HH=N(HK)
BOMNNY==-X%XV(MM)+E (NN)
GN TO 20
82 IF(N(MSKYLE.LNODE) GO TO 182
GO TO 290
182 IF(NCIPK)WLELLNODE) GO TO 282
X=(CCTH2yK)=YNC3 oK) IRKCYNCL oK) ~YN(29K)I I+ (XN(2sK)=XN(3 oK) IK(XN(1:K)
C—-XN(2,K)))/S)YXFROF
MM=N(I»K)
NN=N(HMsK)
BONN) ==X%XV (MM)+R(NN)
GO TO <90
83 IF(N(MYK)JLEL.LNODEY GO TO 183
GO 70O 290
183 IF(NCIRKY.LE.LNODE) GO TO 283
X=(CCYNCIyR)=YN(LyRKIDRCYN(LsK)=YN(2yKI )+ (XN(IyR)=XN(1sKIIK(XN(1yK)
C-XN(2.K))>)>/8)%FROF
MM=N(IsK)
NN=N(H»K) .
BONN) ==XXU(MM)+EB (NN)
GO TC <90
281 MM=N(TIsK)=~N(MsK)+1
NN=N{MsK) -
ANNeHHI=CCCYN(2sK)=YN(IsK)IRKCYNC(IsRK)=YNC(L s KI )+ (XN(2yK)I-=XN(3sK) I X<
CAN(IsKI)=XN(1sK)))/SIXPFROP+A (NN MM)
GO TO 90
282 MM=N(IsK)-N(MsyK)+1
NN=N(}MK)
ACNNHMI=CCCYNCR2rRKI=YN(ZsK)IXRCYNCLYK)=YN(2yKIIF(XN(2sK)=XN(3sK) )%
CXNC(L1sRKI=XN(2yK)))/SIXPROF+A NNy MM)



85

SUERROUTINE FIND(CONT.)

et ot e s tnte e e s e o e St R e o o St G Gt S04 s Saay

GO TO 90
283 MHM=NC(IyK)-N{MyK)+1
HN=N(MsyK) . )
ANNHM) = CCCYNCI s R)=YNCLsKIDRCYN(LyR)=YNC2yK) ) F(XN(IyKI~XNCL KD ) X(
CANCLsK)=XN(2yK)I)I/SIXPROFPHFACNNy MM)
GO T0O 90
80 IF(N(HMyRD) WGTLLNOQLE)Y GO TO 90
IF(M.EQ.1) GO TO S1
IF(M.EQ.2) GO TO S2
MiM=N(HYK)
AMMs 1)=CCCCYNCLyK)=YNC(2sKIIXX2)F(XNC(LyK)~XN(2yK) ) XX2) /S)XFROFHA(N
CHisyl)
GO TO 90
a1 MM=NI{MyK)
ANy 1)=CCCCYNC(2yK)=YN(IyK)IRX2)H(XN(2yK)-XN(3yK) IXXK2) /S)XFPROFP+A(M
CHy1)
GO TO0 90
MM=M MY R)
AMMr1)=CCCCYN(I P KI-YNCL R IXX2)H(XN(IyR)~XN(1yK)IX%2) /S)XPROF+A (M
CHr1)
20 CONTINHUE
?? CONTIHNUE
RETURN
END

&)
N
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SUBROUTINE SOLVE

et suan sase e et o cam Fame PS4 S1be S Sren Sere Sewp Buie teee Sers swme meew

SURROUTINE SOLVE(NSIZEyMEBANDYASR)
DIMENSION AC401,20)RB(401)
COMPLEX AsEeC

FORWARD REDUCTION OF MATRIX(GAUSS ELIMINATION)
00 100 N=1syNSIZE

00 200 l.=2yMRBAND

IF(AINSL) JER.(O0.020.0)) GO TO 200
Te=NtL-1

C=A(NyLY/A(Ns1)

J=0

N0 30 K=LsyMBAND

NMENE S

ACTs D =ACTIyJ)~CXAI(NIK)

A(NyL)=0C

CONTINUE

CONTINUE

FORWARD REDUCTION OF CONSTANTS

Nno 10 N=1eNSIZE

00 20 L=2yMBAND

IF(AINSLY JERL(0.,020.0)) GO TO 20
T=N4L -1

RO =RBCI)~A(NyL)XEIN)

CONTINUE

B(NY=R(N)Y/A(NYL)

SOLVE FOR UNKOWNS RBY RACK-SURSTITUTION
N0 40 M=2yNSIZE

Na=MSTZE+L M

00 %0 L=2sMBAND
TF(A(NYLYJERL.CO0,0¢0.,0)) GO TO 50
KN4 ~1

BN =R(N)Y-ANyLIXB(K)

CONTINUE

CONTINUE

RETURN

END
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COMPUTER RESULTS
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