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Abstract

This dissertation analyzes the global dynamics of 1-dimensional agent
arrays with nearest neighbor linear couplings. The equations of motion
are second order linear ODE’s with constant coefficients. The novel part
of this research is that the couplings are different for each agent. We
allow the forces to depend on the relative position and relative velocity
(damping terms) of the agents, and the coupling magnitudes differ for
each agent. Further, we do not assume that the forces are “Newtonian”
(i.e., the force due to A on B equals minus the force of B on A) as this
assumption does not apply to certain situations, such as traffic modeling.
For example, driver A reacting to driver B does not imply the opposite
reaction in driver B.

There are no known analytical means to solve these systems, even
though they are linear. Relatively little is known about them. To estimate
system behavior for large times we find an approximation for eigenvalues
that are near the origin. The derivation of the estimate uses (generalized)
periodic boundary conditions. We also present some stability conditions.

Finally, we compare our estimate to simulated flocks.
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1 SEQUENCES OF AGENTS

1.1 Introduction

In this dissertation we study the dynamics of a one-dimensional array of agents that
interact with each other. This system could be a model for a physical process or
agents equipped with engines. The agents can apply forces that depend on distances
or differences in velocity. This means that the equations of motion of our system do
not have to be Hamiltonian or even Newtonian (i.e., the force due to A on B equals
the minus the force of B on A).

The dynamics of a one-dimensional lattice of coupled agents is a model for many
physical systems and so has a long history. If all the agents are identical then connect-
ing nearest neighbors with Hooke’s Law results in a simple model of one-dimensional
crystals [1]. In this case, if one assumes periodic boundary conditions, then the eigen-
vectors of the system are the Discrete Fourier Transform basis functions. In the 1950’s
this nearest neighbor crystal model was extended to include agents of different mass
[9].

In the 1950’s, simplified “microscopic” traffic models appeared with agents cou-
pled with a force dependent on spatial differences and an added force that is a function
of the difference of agent velocities [7] (see [17] for a survey of traffic models). The
velocity-dependent force term originated as an empirical law and will play an impor-
tant part in our discussion. The basic idea is that an automobile agent attempts to
follow a leader by attempting to keep his own velocity close to the velocity of his
neighbors. Since this pioneering work, the subject of cooperative control has ma-
tured considerably [21, 25]. Recent technological advances make automated traffic
platoons possible so there has been renewed interest in one-dimensional lattice dy-

namics. There are several works on both single [18, 19] and double integrator systems



[22, 15, 18]. The results for both single and double integrator systems with nearest
neighbor interactions are summarized in [19)].

In the one-dimensional traffic platoon, one would like to know whether is it pos-
sible, or even reasonable, to have a long platoon consisting of N agents. If we form
a caravan of trucks, do we need to break the caravan into separate small chunks or
can we form a single caravan of, perhaps, over a thousand trucks? There is a large
volume of literature on this topic, but almost all the literature addresses this question
by citing an unrealistic case wherein all cars are identical or distributed in some other
highly improbable way. Each agent is distinct and may have a unique mass. We can
force the forward and backward couplings to have a specific ratio, but it is difficult
and certainly impracticable to insist that the force magnitudes are identical for all
agents. The entire Section 2 is devoted to this specific problem. Constraints are
placed on the ratios of the forward and backward couplings but the weights géa), gq(,a)
are chosen randomly from a distribution.

More specifically, in this work, we shall analyze a one-dimensional lattice of agents
with linear nearest neighbor couplings determined by the distance and the velocity
difference between neighbors. We will assume equations of motion where the force
on an agent is linear in position and velocity differences (double integrator system).
We shall not assume that the forces are “Newtonian” (i.e., the force due to A on B
equals the minus the force of B on A).

In previous work [5, 6] it was shown that if the agents are identical and the system
has periodic boundary conditions, then the equations of motion are solvable. This

system has equations of motion given by the ODE;,

z _gzLa: _ngv z



where 2 is the position vector, L, L, are row-sum zero circulant tri-diagonal matrices
and g,, g, are scales for the two matrices. We add negative signs so that the stability
conditions have positive g, and g,. Since the matrices are circulant, ¢, L, and g,L,
commute. This is instrumental in finding solutions and deriving the conditions of
stability. If the forces are extended to include next-nearest neighbor terms, then
assuming periodic boundary conditions, the equations of motion are, also, given by
equation (1). As in the nearest neighbor case, L, and L, are row-sum zero circulant
matrices, but this time, they have 5 non-zero diagonals. The solutions are more
complicated, as are the conditions of stability, [16]. For both systems, the matrices
L, and L, commute. In both these cases, the characteristic polynomial has a double
root at 0, which corresponds to the stable configuration where all agents are moving
at a constant velocity. The asymptotic behavior of the system may be found by
expanding the discrete zero locus around this point. On stable systems, roots near
the origin dominate the long-term behavior of the system, as other roots have larger
negative real components, and so decay faster. Expanding the characteristic equation
near the origin yields an approximation to the signal velocity and a dispersion term.

However, in this work, we do not assume that the agents are identical. Instead,
we introduce a repeating sequence of p distinct agents duplicating this string and use
an extension of periodic boundary conditions, first described in [3]. In particular, let

Ao, -+, Ay_1 be p agent types organized in a one-dimensional lattice,

Ap_lHAP_QH"'HAlﬁAo.

We then repeat this p—sequence ¢ times to get a total of N = pqg agents. In the
general form for this system, the matrices L, and L,, do not commute. The case

for p = 2 and p = 3 is analyzed in [3] for both nearest neighbor and next nearest



neighbor interactions. Since L, and L,, do not commute the system is considerably
more difficult to analyze, but some conditions necessary for stability are derived.

In this dissertation, we present a variety of tools to analyze this general system.
The goal is first to understand the periodic case and then to use these results to shed
light on the general system of N agents traveling on the real line. To pursue the
dynamics of a general system we start with the system in equation (1), where L, and
L, are the circulant matrices with —1 on the diagonal. The matrix L, is assumed to
have 1/2 on the sub and super diagonals. The matrix L, is assumed to have fixed
values p, 4 on the super-diagonal and p, — on the sub-diagonal. This is the system
in [6] except that we extend this by scaling each row by a distinct value, which is the

same as taking distinct weights gg(ga) and gl(,a). In this case equation (1) becomes

i z _ 0 I z | @)
Z -G, L, —-G,L, Z
where G, and G, are diagonal matrices with positive real values. Again, we note
that G,L, and G,L, do not commute, so this system is more difficult to analyze. In
Section 2.5 we analyze the dynamics by expanding the characteristic polynomial root
locus around the double root at 0. As in the problems above, the asymptotic behavior
of the system is given by roots near the double root at 0. Expansion around 0 results
in expressions for the signal velocity and a dispersion term, given in Theorem (2.5.1).
The expansion, used in Section 2.5, requires an extension of the periodic boundary
condition first found in [5] and [3]. We take the p distinct agents and repeat them g
times. This guarantees that the discrete locus is well approximated by a continuous
curve as q gets large, and this allows us to use a Taylor expansion. In the simulations

in section 2.8 we will set ¢ = 1 and show that the results apply well to the general



case of N = p distinct agents.

The stability of this general system is complicated. If the system is stable, then all
the eigenvalues of the linear operator must have eigenvalues in the left half complex
plane (e.g. the real part cannot be positive). This is called “Hurwitz Stability” and

is captured in the following definition.

Definition 1.1.1. Given a linear dynamical system that is governed by a matriz M.
The system is called Hurwitz stable if all the eigenvalues of M lie in the open left half

complex plane except for a possible double eigenvalue at the complex origin.

In Section 2.7 we discuss and derive some necessary conditions for stability. If one

adds additional constraints one can derive more general stability conditions.

1.1.1 Graph Laplacians

The Laplacians in the one-dimensional problem are circulant in the periodic case
and almost circulant for other boundary conditions. This simplified structure is a
result of the simplified configuration where agents are on either R! or S and agents
interact with their k-nearest neighbors. A more general system assigns agents to a
node of a graph and interactions are determined by the graph edges. For details on
Graph Theory, see [8, 13]. The Laplacian on a graph is a model for disease [23], agent
dynamics [24, 27], diffusion and Markov Chains [14, 8]. In these applications, the

equations of motion have some variant of the following linear system,
Cll’k
ar = —Zij$j7 (3)
j

where Lj; is the graph Laplacian. The graph Laplacian is a row-sum zero matrix.

It’s a generalization of the discrete Laplacian. For a function f : R — R the discrete



derivative is

Fla) = o+ A/2) — fla — A/2)).
The second derivative is

F@) = X ('l + Af2) = fla = AJ2)) = 55 (fo+ A) = 2(2) + f(z — &)

In the discrete case we set A = 1 and get the row-sum zero pattern,

fi” = [17 -2, 1] [fi+17fi7fi—1]T'

In [28] the structure of the Laplacian is related to the structure of the underlying
directed graph. In a directed graph, an edge is an ordered pair of nodes (4, j), which
we denote ¢ — j. To every edge (i,j) we assign a positive weight w;;. To construct
the Laplacian, we first construct the combinatorial adjacency matrix );; where the
value @Qj; is the edge weight for the edge j — 7. We divide each non-zero row of @);;
by the sum of the weights in that row and get the normalized adjacency matrix, S.
The Laplacian is L = E — S where E is the identity on non-zero rows or zero on
zero sum rows. This Laplacian is row-sum zero and is the graph equivalent to the
Riemannian manifold Laplacian. As in the Riemannian case the Laplacian reflects
the underlying geometry.

Given a vertex ¢ in a directed graph, the “reachable set” of i is the set of vertices,
R(i), with j € R(i) if there are a series of directed edges from i to j. A “reach” is a
maximal reachable set. A “cabal” is a collection of vertices for which the reachable
set of the vertex is the entire reach. These features of the graph are all reflected in the
Laplacian. Assume that the graph has N vertices. The matrix L is singular N x N

matrix. The vector 15 = [1,1,---,1] is in the kernel. More generally, one can show



that the dimension of the kernel of L is the number of reaches of the underlying graph
(see [28]). One can also show that the eigenvalues of L are all located on the right
half plane.

The dynamics on the graph determine the flow of functions f : V' — R, where V

is the set of N vertices. The basic linear differential equations have two forms,

dp N
k
dt = - Z Li;pjs (4)
=1
dp N
k
p ;pj[/ﬂw (5)

where pg(t) is the value at vertex k. The dynamical system described by equation (4)
is called consensus and the system described by equation (5) is diffusion. By choosing
—Ly; we guarantee that the eigenvalues are all in the negative half plane.

One property of the diffusion equation in equation (5) is

d N N
dt <Zpk> == il =0,
k=1

jk=1

since Ljj is row-sum zero. The property is a variant of the conservation of mass.

Next, setup a point mass with p, = 1, but all other p; = 0. Equation (5) is

dpy,

N
T ijij = —Lpx <0,
=1

so that the point mass will decrease in time. The only case where p; does not decrease
in time is when the node £ has no incoming vertices, so that Qx; = 0 for all j. This

means the kth row of Lj; is zero and k is a singleton Cabal. In all other cases the



“mass” decreases at k. If there is a vertex k — ¢, then Q;; > 0, so

dpz

= Zp] ji=—Ly; > 0.

If the edge k — i exists, then the value p; increases. If k is a singleton Cabal, then
there are no such edges, and the system is static. In general, the mass diffuses from
node k to ¢ and continues to flow opposite to the edge direction until the mass reaches
the Cabal. The zero eigenstates of this system consist of equal weights among the
Cabal elements.

Let’s look at how a point mass behaves under the consensus equation (4). As

before, we set p; = 1 and all other p; = 0. The evolution of py, is given by

d
pk = Zijp] = —Ly, <0.

Again, the mass decreases unless k£ has no incoming edges, in which case the derivative

is zero. If there is an edge k — 7, then

dp;
p = ZLz]p] zk>0

In this case p; increases, even if k is a singleton Cabal. The “consensus” flows from
the Cabal down the edges throughout the entire reach.

The graph in the problem presented in this document is either a cyclic or a line
graph and consists of a single reach. The graph structure is simple and does not help
understand the dynamical system. Further, our system is second order and so it is

not explicitly covered in any of the above references.



1.1.2 Reading this Document

The new research in this document pertains to the system described in Section 2.2.
One of the main results is Theorem 2.5. We explore the consequences of this result
in Section 2.8.

To introduce basic concepts, Sections 1.2 and 1.3 describe the one-dimensional two
and three agent systems. These sections are independent of the rest of the document.
Section 1.4 contains a description of the general one-dimensional N-agent system and
introduces notation that is used in the remaining sections of the document. Sections
1.5 and 1.6 describe one-dimensional systems that make additional assumptions on
the parameters. These sections are not required for Section 2.

Section 2 contains a description of one-dimensional systems with unique weights
and is the essence of the thesis. Section 2.1 describes the basic strategy of fixing
forward and backward interaction ratios, and varying the agent interaction weights.
Section 2.2 describes one of the basic strategies of combining ¢ copies of a sequence
of p-agents with random weights. As ¢ — oo, the eigenvalues become a continuous
curve. In Sections 2.3, 2.4 and 2.5, we analyze this curve near the origin. We assume
that stable systems are determined by the eigenvalues near the origin, as all other
eigenvalues have large negative real parts and so decay more quickly. In Section 2.7,
we make a few comments on stability. We close with Section 2.8, which is a collection

of simulations that compare the results with various experiments.

1.1.3 Tools

All simulations were written in Matlab and run on Windows 10 with
MATLAB Version: 9.7.0.1190202 (R2019b).

Some computations where done with SAGE,



SageMath version 9.0, Release Date: 2020-01-01
Using Python 3.7.35.

1.2 Simple Coupled Oscillator

In this section we describe a simple example of two agents. We introduce the notation
that is used in the remainder of this dissertation.

Given two agents, Ay and A;, that lie on R!, we apply forces so that Ay and A;
keep a fixed distance A > 0 between them. If zj is the location of Ag, and z; the

location of Ap, the forces will try to enforce the condition,

T + A = 29. (6)

Notice that the stable configuration has x; < xy. We apply linear forces that depend
on x and ‘fl—f. The force is the sum of two terms. The first is a generalization of
Hooke’s Law. The second term is a dispersion term that acts like a friction term in
this simple example. If Fy, F} are the forces applied to Ag and A;, respectively, then

we define

Foz—K(xo—(xl—i—A))—B(%—%) (7)
FI——K((xquA)—mO)—B(%—%) (8)

The equations of motion are simpler with the coordinate transformation,

10



Using Newton’s Law and the coordinate transformation, we get the equations

d220 K ( ) B ng le
—_—— = —— 2y — Z - - =
dt? m Y et dt
d221 K ( ) B le dZo
— = (1 —2)—— | ———|.
dt? m Y et dt
We write this in vector form using
dzo
Z —
z= ’ = # (10)
dzy

dt

z z
=M , (11)
z 2z
where
M — 0, I,
_Lx Lv

We denote by 0 the k X k zero matrix and Ij is the k X k identity matrix, and

K _K

L,=| ™ ™ (12)
_K K
B _B

L= ™ ™ (13)
_B B

The 4 x 4 matrix M has the form described in Proposition C.1.1. The eigenvalues

11



and corresponding eigenvectors are found by solving

(V* +vL, + L) v =0. (14)

In this simple example the commutator vanishes, [L,, L,] = 0. This means that
L, and L, preserve each other’s eigenspaces. In this case they both have two unique

eigenvectors given by

15 has eigenvalue 0. Plug this into equation (14) to get

(V*+ VL, + L,) 1, = v°1, = 0.

This means v = 0 is an eigenvalue with multiplicity 2. The kernel of the matrix M

of equation (11) is the span of the two four-dimensional vectors,

19 0
0 1o

Notice that the second vector is not an eigenvector, but is in the kernel of M?2, so
is in the 0 eigenspace. This two-dimensional eigenspace corresponds to the solution

where
e 2, = a, for a fixed a. This means x;, = a — KA.

o %, = b for a fixed b.

12



The second eigenvector u_ satisfies

2B 2K
(VP + VL, + L) u_ =1 +v=—+="—=0. (15)
m o m

By Proposition B.2.1 the roots are stable if and only if B > 0 and K > 0. We can

write down the eigenvalues,

v = —g + /(BJmE = 2(Km) = —g iR m) = (Bm).

If we ignore the trivial solution corresponding to the 0 eigenvalue, we get the general

solution,

Z(t) =cou_ exp (—gt) exp (it\/Q(K/m) - (B/m)2>

+ ciu_ exp (—gt) exp <—it\/2(K/m) - (B/m)2>

where ¢y and ¢, are constants that depend on the initial conditions. The system has
distinct regions. When B? > 2Km, then the system is damped and does not oscillate.
If B? < 2Km, then the system oscillates as it damps. But the system damps if B > 0.

The starting amplitude is related to the constants cg, ¢;. The phase of the motion
is also determined by the constants cg,c;. The eigenvector u_ has the two agents
moving completely out of phase. For example, let ¢y = ¢; = 3 and assume that

B? < 2Km. Use equation 9 to revert to coordinates z;, and we get the solution,

zo(t) 1 0
o1t = Cp . exp <—7it) cos (t\/Q(K/m) - (B/m)z) + N . (16)

This is just a damped oscillator. But if we tweak the parameters, we can get other

13



solutions.

1.2.1 Generalizations

The coupling in equation (11) is not Hamiltonian because of the dispersion term

controlled by the constant B. But if B = 0 then the system is just a coupled

oscillator and the equations of motion are derivable from a Lagrangian. However, we

shall consider system where the forces Fjy and Fj are not equal and opposite. To do

this we make the coefficients K and B depend on the agent number. Equations (7)

and (8) become

We write the Laplacians as

0

93

L, —
—q!
0
9

L, —
—g;

—g°

9

—g2

9

where ¢\® =

o =

where g{® =

K (@)
m

B

m

(19)

(20)

The Laplacian matrices L, and L, are still row-sum zero so the 0 eigenvalue solution

still exists. The non-zero solution is more interesting. The characteristic polynomial

14



is given by

2 0 0 _ < O, 4 99(60))

— (gfjl)u + gg(gl)) <V2 + ¢y + g§1)>

=12 (V4 (97 + 9w + (9 + gi)) -

(21)

We have the double root at v = 0 because the Laplacians L, and L, are both row-sum

zero. The remaining polynomial is Hurwitz stable if and only if

T, =Tr(L,) = ¢ + ¢ >0 (22)

T, = Tr(L,) = ¢! + ¢V > 0 (23)

v

where we have defined the two traces T, and T;,. In any case the additional eigenvalues,

are given by

T, xTZ—4T, T, +i\/4T, — 17 (24)

v =
2 2

The stability conditions in equations (22) and (23) do not require that all ¢ and

gq(fy) are positive. For example, we have the following:

Example 1.2.1. Define a system using the following:

g =4 g =1
g =2 g = -1

With this choice of parameters L, and L, do not commute. The eigenvalues of the

system follow from equation (24),

v =—0.5 £ 1.66:.
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The eigenvector corresponding to the eigenvalues are most easily computed as the
kernel of equation (21) with the eigenvalue substituted. The eigenvector corresponding

to the non-zero eigenvalue is

Take A =1 and ¢y = ¢y = 1/2 to get the following solution,

= exp (—0.5¢) cos (1.66t) + . (25)

Trajectory of Two Agent System
N = 2, Delta=1.0
gx0=4.0, gx1=-1 .0, gv0=2.0, gv1=-1.0

—x
45 0
X

i

\ 7x0—3

-1.5 -1 0.5 0 0.5 1
Distance

Figure 1: Two Agent Plot

The trajectories of zo(t) and x1(t) are shown in figure 1. The line in red shows
the distance A from z, which is the stable distance. Agent 0 (in blue) has a larger

weight and so reacts faster. Agent 1 (in green) has a negative weight, so pushes
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away from the stable distance, but the magnitudes gg(cl) and gq(,l) are smaller than the
corresponding magnitudes in agent 0, so the forces are less. The two agents move with
the same phase, which is quite unlike the standard coupled oscillator. We emphasize,

again, that the system is not Hamiltonian, and the forces are not Newtonian.

1.3 Three Coupled Agents On A Circle

We generalize the previous section to include three agents. We have to distinguish
between the system with periodic boundary conditions and the system on R!. The
relationship between periodic boundary conditions and the system on a line is subtle.
In this section we illustrate the periodic system and present it in a manner similar to
systems with a larger number of agents. We only sketch the ideas that are illustrative
of later concepts.

The three agents on a ring attempt to keep a distance A between them, where
A is a fixed constant and the circumference is 3A. The system is stable and has no

interacting forces when

xp=wx9— Ak, k=0,1,2.

Periodic boundary conditions mean that

The dynamical equations for the system with periodic boundary conditions have the

form

A’z
“ dt2k - Mgf)_l (rp — 21 + A) — Nmki (T — Tpp1 — A)
&) (dry  drpy &) ((dry  drgg
— — = — — = 26
/J/’U,—l ( dt dt ) l’[’v,l ( dt dt < )
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where £ = 0,1, 2. Since we assume periodic boundary conditions, all index arithmetic
is mod (3). This means, for example, that k+3 = k. The superscript m*) above the
couplings indicate the agent type. This will be more useful when we discuss systems
of N agents drawn p agent classes. All agents from a particular agent class have
identical couplings.

We change variables using

2k(t) = zx(t) + Ak. (27)
The equations become
k k
2, ey i
dt2 = m®) (Zk - Zk:—l) - m (Zk - Zk+1)
k k
B M;ll dzp  dza\ MSE dzp  dzpi (28)
m®) \ dt dt m®) \ dt at )

We introduce a new notation that we will use in the remainder of this dissertation.
We write these equations in the following form,

d2 Zk (k)

— (k)
T

<Zk + p;’,?zk-i-l + Pz,—12k—1> — g (Zk + Pq(ﬂékﬂ + Pq(;]f)—ﬂ'k—l)

where

9s — (29)
(k) (k)
0, = 0, _ _Hae1
9z Pzl = m(k) 9z " Pz—1 = m ) (3())
k k
G m®
(k) (k)
:uv,l :uv,fl
#m“:_mm gw%ﬁz_mw, (32)
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(«
x?

The constants p ) and pf}alz satisfy

L+> % =0 (33)
k

1+> o8 =0 (34)
k

This notation is easily generalization and is consistent with the graph theoretic for-
mulation of this and related problems. These linear equation can be expressed in

matrix form where

= (20, 21, Zz)T z= (73072"1722)T

0 0) (0 0) (0
W 00 O,

Lo= | g'pbl ¢ apl)

2) (2 2) (2 2
Q:S:)P;,i gs(c)/);,)—l gé)

0 0) (0 0) (0
W GO,

— 1 1 1 1 1
Lo = go0ly gt g0l

g8 gPpP g

In matrix form our ODE has the form

d [z z
7 =M (35)
t s P
where the matrix M is
M — 03 I
_Lz _LU

We denote by Of the k£ X k zero matrix and Iy is the k x k identity matrix. This
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system has a 3 x 2 = 6 degree characteristic polynomial given by Proposition C.1.1,

P(l/) = det (y2 + vL, + Lx) =0 (36)
v+ v + gt (voo%+ ") (vololy + g0l
= det (ngfl)pﬁﬁ + gi-”pil,ll) V2 +vg + gV (ngﬁ”pﬂ + g.il)pil,i)
(V952) P+ gff)pfi) (ngf)pff)_l + gf)pif)_l) V2 +vgd + gt

But the matrices L, and L, have row-sums zero so there is a double root at the
origin. The characteristic polynomial is »? times a fourth degree polynomial. The
full polynomial is too complicated to write down but one can write down the first two

terms. The following proposition is quite general and only depends on the general

form of M.

Proposition 1.3.1. The polynomial in equation (36) is a sizth degree and the first
two terms are given by

Vot (g + gl + g)

Proof. The two highest order terms of the characteristic polynomial P(r) are given
by

Vo — Tr(M)v® = 0% — Tr(—L,)v° = v° + Tr(L,)v°
where M is the matrix defined in equation 35. O
Corollary 1.3.2. If the system is Hurwitz stable then Tr(L,) > 0.
Proof. This follows from Proposition B.0.1. O]

This condition also appeared in the two-agent case in equation (23). The condition
in equation (22) is not as straightforward. The characteristic polynomial P(v) is too

complicated to write down so we will make some additional assumptions. We will
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assume that pffil and pff‘il are all independent of . We introduce the parameters

Bz and f,,

o a [ o 1-— ﬁ;a) [ 1 + 5&04)

B = p( ) P( 11 = /09(51) = 5 and P;ll = 5 (37)
o a [ [ 1— BT(JQ) [e] 1 + 67(1&)

B =pf =y =l = g and Y = (38)

Since ,6,(30‘) and Bg(ca) are independent of «, we denote them by ., 5,.

Remark 1.3.3. The assumption that the pfg,ﬂ are independent of o is a natural
assumption for robotic agents. The agents cannot change their overall weight nor can
they change the internal engine that applies the forces. However, they can control the
ratio of forward and backward pull. Every agent in a group can fix this ratio to a

specific value even though the actual forces are dependent on the actual agent.
With this assumption we have the following:

Proposition 1.3.4. The term in the characteristic polynomial with lowest degree has

the form

3+062 (4

= (070" + 99l + 9Pg”) v

Proof. This is a direct computation. We shall compute a similar quantity in a more

general setting. O]

Corollary 1.3.5. If the system is Hurwitz stable then
995 + 99 + 9P gl > 0.

Proof. This follows from Proposition B.0.1 and Proposition 1.3.4. n

This is the equivalent to (22) in the two agent case.
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Example 1.3.6. To demonstrate the odd behavior of negative weights we take a con-

crete example with,

gg(co) =4.0 gg(cl) =—4.0 gf) =4.0
=10 ¢PV=-05 ¢P=05
pes = —0.25 p, 1 =—0.75
pv1 = —0.25 p, 1 =-0.75

Trajectories of 3-Agent System, A=1.0
gx0=4.00, gx 1=-4.00, gx2=4.00,

gv0=1.00, gv1=-0.50, gv2=0.50,

5 \
e K
456 0
X
4t < |
—X%,
3.5 q
,L
Q
E 25
l—
.l
1571
.|
05
0
-0.5 ) 0.5 1 15 2 25

Position (MOD(3))
Figure 2: Three Agent Plot

The trajectory for the eigenvalue —0.57 4+ 2.40i and eigenvector [1.000.23, —().66]T
is shown in figure 2. The weights gg(cl) and gf}) are both negative so this agent is
repulsed by both of its neighbors. But the system is still stable.

Notice that agents 0 and 2 are both attractive. These two agents have phase
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difference of m, as typical for coupled oscillators. Agent 1 is in phase with agent 0.

1.4 A Sequence of Agents

In this section we present a general framework for a sequence of agents in a one-
dimensional space. There is very little known about the general system. In subse-

quent sections we shall make a series of assumptions to study specific cases.

Consider N agents moving along either R! or S*. We label the agents, Ag, Ay, -+ - Ay_1
as shown in figure 3. We label their x—coordinates by xg, x1, -+ ,zy_1. The system
we shall study consists of N agents on either S* or R! that attempt to keep a distance

A between neighbors so that the stable configuration is,

xr=x9— kA fork=1,2--- N —1.

Figure 3: Sequence of Agents

We assume a force that depends on the spatial separation with a interaction force
similar to Hooke’s law. We also have a velocity dependent term that depends on the

differences of the velocities. The equations of motion have the form,

i = =g ST 0 @y —an— (= B)A) = g® ST o) (g — i) (39)

JEN (1) JEN (k)

where N (xy) are all the agents that interact with agent k. If displayed on a graph, the

agents are the vertices, the edges indicate an interaction term such that N(xy) is the
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set of neighbors of the vertex k. We shall assume that the IV agents consist of agents
chosen from ¢ different species. All agents from the same species have identical forces
with their neighbors. We will label the species with an index «, so the equations of

motion, which is restatement of equation (39), is

i = — gl Z P;aj) (zhyj — 2 — (j — k)A) — g{ Z PEZ) (Th4j — k) (40)

JEN (z1) JEN (zk)

In the case where each agent is unique then we just have a = k£ and we revert to
equation (39).

The constants that control the dynamics are the following.

) pf} is coupling constant for the force on k£ applied by k + j computed from the
difference of the two position coordinates. The superscript () indicates that

the constant is the same for all agents of species a. In our current example,

each agent is its own species, but we shall restrict this in subsequent examples.

) pfjfyj) is coupling constant for the force on k£ applied by k + j computed from the

difference of the two velocities.

° gg(na) is the overall scale of the spatial forces. By adding this scale, we can insist

that > pl% = 1.
JEN(zk)

° gf,a) is the overall scale of the velocity forces. By adding this scale we can insist

that > pl%) = 1.
JEN (wk)

We can simplify equation (40) with the change of variables,

2 = 2 kA (41)
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With this change of variables equation (39) becomes,
o (a+ (o ) «(a+
—g;" Z pxazkﬂ]) i Z pi ])Z](€+]J (42)
JEN xk) EN(ack
where the constants p:(r 3 = pq(dao) = 1 so that we are consistent with the normalization of

,093 j ) and Po.j () "The constant ,0(m ; and px ] ) control the relative strength of the neighbor

interactions and the values gg(g ), gfj ) control the overall interaction strength.

This is a linear ODE that has the matrix form,

d [z On Iy z z

dt |\ ; ~G,L, -G,L,| \: :

where Oy is the N x N zero matrix, Iy is the N x N identity matrix,

T
z_(Zo 2 e ZN—1)

T
22(% Zpoce ZN1)
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gz
0

0

1
e

0
0

N—2
Pq(),z )

N—-1
p1(),1 )

N—2
Pfj,s )

N—1
P£,2 )

(N-1)

N-1
0;3 )

)

0
P>

1
P

N-2
/)1(;,4 )

N-1
Pq(J,s )

0
P;,)fl
1
Pfc,)—Q

(44)

(45)

The matrix M has the special form given in Proposition C.1.1. The eigenvectors

of the matrix M have the form, [u, z/u]T where u € RY and v is an eigenvalue of M.

The eigenvalue v is a root of the 2N polynomial,

The following proposition follows immediately from the above,

P(v) = det <y2 +vG,L, + GzLx) :

(46)

Proposition 1.4.1. If L, and L, are row-sum zero then the following polynomial
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vanishes identically,

R(v) = det (VGULU + Gme) = 0. (47)

Proof. Let 15 € RN be the vector 1y = (1,1,1,---,1)". Tt satisfies
L,y =L,y = 0.
It follows immediately that,
1y € ker(vG,L, + G,L,) # 0.

From this it follows that the determinant in equation (47) vanishes. O]

Corollary 1.4.2. The characteristic polynomial P(v), in equation (46), has a double

root at 0.

Proof. When computing the terms in P(r) you must have a v? in the term or the
term comes from R(v). This means that the constant and linear terms of the poly-
nomial P(v) are the constant and linear terms of the polynomial R(r) which vanish

identically. O]
Remark 1.4.3. The 0 eigenvalue corresponds to a two-dimension eigenspace but
there is only one 0 eigenvalue.

2
ON IN ol ON IN ﬁ[ 0

-G,L, -G,L, Bl -G,L, -G,L, 0 0

This eigenspace corresponds to the linear solution,

zk(t) = at + 5.
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Since the polynomial in equation (47) vanishes identically the v? term of the
characteristic equation (46) must contain exactly one v? from the Iyv diagonal terms
and all the other terms from the constant terms of (46). We shall use this repeatedly
in the subsequent chapters. To see how this works we introduce the following 1st

degree polynomials,

O W) = (gl + ¢©) (48)
U w) = (g0l + g p) (49)

The characteristic polynomial in equation (46) becomes,

2+ydw) 0w Py ()
) BT, 1 ) TS B PR N ()
P(v) =det| 42w WAy 2+0@w) o @) (50)
W) ) ) e 2+ )

where all index arithmetic is mod (V). This means, for example, that we identify
p(,]\lfﬂ) = ps\l,)_l. we know, by Corollary 1.4.2 that P(v) has a double root at v =
0. Writing down the complete polynomial P(v) is, at this point, more than we

can manage but we can make a few statements that we summarize in the following

proposition.

Proposition 1.4.4. Write the characteristic polynomial in equation (50) as,

2N 2N—-1 2N—-2 2
P(v) =v™" +asn_1v + QaN—2V + -+ agv” + a1v + agp.
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We have,

ar=ay=0 (51)
oN-1 = 91(10) + 91(;1) +ot gqu_l) (52)
N—
Z k+1) k+2) g(k+N ))
k=0
k+1 k+1 k+1
1 pUrt U I,
k+2 k+2 k+2
g 1 pUrE s P
L s 1 oY, (53)

(k—1) (k—1) (k—1)
Pz~ (N-2) Pz —(N-3) Po—(N-1) " 1

Proof. The characteristic polynomial has degree 2N. Using Corollary 1.4.2, both a;

N-1

and ag vanish. To get a term with 2V ~! we must get v terms from N — 1 rows. The

2N—-24+1 _ , 2N

remaining row must contain a v term to get v =v . This means the ay_;

term is the 2V ~! term of the polynomial,

VN2 () + )+ 0V 0)

Equation (52) follows. To compute the term as we notice that the v? coefficient of
R(v) ( equation (47) ) vanishes. The v? terms in P(v) must contain a row with 1?2
and all remaining rows in det contain just constants. For each for k we get a 1/

term from the diagonal element and an (N — 1) x (N — 1) determinant of constants.

Formula 53 follows. O

Corollary 1.4.5. If the polynomial in Proposition 1.4.4 is Hurwitz stable then the
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following condition must be true.
g + g+ gV >0,

Proof. This follows immediately from Proposition 1.4.4 and Theorem B.0.1. O]

Corollary 1.4.6. Assume that p;alz is independent of a for all k and that py; < 0
for all k. With these assumptions, if the polynomial in Proposition 1.4.4 is Hurwitz

stable then the following condition must be true.

i

(gD g2 g+N=1)) 5

x

il

0

Proof. In equation (53), each term has a factor,

k41 k41 k1

1 Pt Y,
k+2 k+2 k-+2

5,71) 1 a(v,l ) T PE:,N—)S
k43 k-3 k-3

ch,jz) pg(c,irl) 1 T Pij\?i
(k—1) (k—1) (k—1) o 1

Pz (N-2) Pz, —(N-3) Pz —(N-4)

This matrix (N — 1) x (N — 1) is independent of k. By Gershgorin’s theorem each
eigenvalue is contained in one of the N — 1 Gershgorin disks that are centered at 1

and have radius given by,

|:0m,1| + |p:r,2 +oeee |Pm,N—1|7
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where exactly one of the p,j is removed. Since all the p,; < 0 we have,

\pot1] + |po2l + -+ |pen=t| = |po1 + e+ -+ pan_1]| <1,

since 1 + pg1 + pg2 + -+ pzny—1 = 0. This means that the det factor in ay is
independent of k and is positive. The Proposition now follows from Theorem B.0.1.

]

1.5 Sequence of Identical Agents

Equation (43) is not easily solved without additional assumptions. In this section

(@) )

) ,px?‘]? and pz(f;) are all

we will assume that all the agents are identical so that g ', g
independent of a. With these assumptions the equation (43) takes on a simpler form

with,

Gx = ga:IN = GxLx = g:r:an

Gv = g’vIN = GxLx = ngva

We will, also, assume that the system have periodic boundary conditions so the
Laplacian’s L, and L, are circulant matrices. In Proposition C.3.4 we see that all
circulant matrices commute. This means that the characteristic polynomial has the
form,

det |2 4+ vg,Ly, + g, L,| = 0. (54)

If all the agents are identical then the eigenvalues of the linear system are solvable.
Construct the matrix M,

M =v*+vgL, + g,L,. (55)
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By Theorem C.4.4 we know the circulant matrices have a set or orthogonal eigenvec-

tors given by w(wh}) for m = 0,1,--- N — 1. By Proposition C.1.1 the eigenvectors of

M have the form,

! , where (1/2 + vL, + Lx) v =0.

rvv

For each w(wyy) we get two eigenvalues of M as,
(y2 +vL, + Lx) w(wy) = (1/2 + vAym + )\x,m) w(wyy),
where,
— 2
Ax,m = Oy Z Pz.k exp <ka)
k=0
= 271
Aom = Go Z o,k €XP (ka)
k=0
For each m there are 2 solutions of the quadratic,

v+ VApm + Agm = 0.

Each of these solutions correspond to an eigenvector of M of the form,

w(wpy)

vw(wyy)

(56)

(57)

(58)

(59)

Equation (59) determines the Hurwitz stability of the system (see Definition 1.1.1).

Since A, ,, and A,,, are complex we use Proposition B.2.3 to derive the stability

conditions. In the general circulant case there are 2N + 2 system parameters which
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make the problem difficult. We turn to a few specific cases that are solved in the

literature.

1.5.1 Nearest Neighbor Interaction

If we restrict identical car system to nearest neighbor interactions then we have con-
stants py 11, pv.+1, 9, and g, for a total of 6 parameters. In this case the system is

solvable for asymptotically large N.

The Hurwitz stability of the system is described in the following theorem.

Theorem 1.5.1. The system described in Section 1.5 with nearest neighbor interac-

tions 1s stable for large N if and only if the following conditions are satisfied,

e g. >0 andg, >0,

® Pr1 = Px,—1 = _1/2
Proof. See [6] Theorem 1. O

For this system there are functions that approximate the trajectories asymptoti-

cally for large N. This is summarized in Theorem 2 of [6].

1.5.2 Next-Nearest Neighbor Interaction

We can include next-nearest neighbor interactions in the identical car case. This in-
troduces a significant complexity and makes both the Hurwitz stability and dynamics
less tractable. The next-nearest neighbor case starts with the system in Section 1.5

and then sets all p, ; and p, ; to zero except the following,

9z Gus P, 415 P, 425 Pv,£15 Pu,+2-
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This system is described in detail in [16]. Both the stability and dynamics are too
complicated to discuss here. The stability is discussed in Remark 4.1 in [16]. There

are numerous conditions that must be satisfied to insure stability.

Remark 1.5.2. Although the stability conditions are numerous and complicated, they
are still useful. A practical system should have system constants that are Hurwitz
stable in a reasonable neighborhood. This will guarantee Hurwitz stability even as the
system parameters change, as they might under different conditions and wear and
tear on the agents themselves. As discussed in the introduction, Hurwitz stability is

necessary but not sufficient for reasonable dynamics.

1.6 Sequence of Three Agent Types

This section contains a brief discussion of a sequence of agents with three different
agent types. The agent types are alternated as in figure 4. The sequence W hite —
Green — Red is repeated ¢ times and the number of agents is N = 3¢. This system
is described in [3, 2]. We give a brief summary of this work, focusing on the portions
that are relevant to Section 2. Baldivieso [3] discusses both nearest neighbor and
next nearest neighbor interactions. For the sake of simplicity, we restrict ourselves to

nearest neighbor interactions.

Figure 4: Sequence With Three Agent Types

The equations of motion start with equation (40) where v = 0, 1,2. Agents zézla
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all are type a. Equation (42) splits up into equations,

(a o a+1 (a a—1
Zékzra = — g\ <Z§kzra + pgcl) §k+a)+1 + b, Z1 §k+a) 1)
« a+1 a—1
- gz() ) (Zigkzi-a + PS, 1)Z§k+a)+1 + pf} zlz.ﬁgk—&-a) 1)
where av = 0, 1,2 and the index arithmetic on 231441 18 mod (3). The equations of
motion of equation (43) have an easier form if we reorder the coordinates zjf. Group

all the o together and the 2N x 2N matrix M splits up into ¢ x ¢ sub-blocks with

the
Oq Oq Oq Iq 0‘1 Oq
0(1 O’I Oq O’I Iq 0(1
M _ 0, 0, 0, 0, 0, Iq (60)
0 0 0) (0 0 0) (0 0) (0
708 PR PRVESUSIRY S i PRt PRy o
Sy i PRl PRt Pt PR PRt
i) i PR <) RISt SISt PRI B
The matrices 04, I,, P4 and P_ are all ¢ x ¢ circulant matrices. By Proposi-
tion C.3.4 all circulant matrices commute and w(wg”) with m = 0,1,--- ,q — 1 are

eigenvectors, defined in equation (158). One can show that the eigenvectors have the

form,

€0

€1

€3

€4

(wg')
(wg')
eaw(wy") €2
(wg')
(wg")
(wg")

€5
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This is an eigenvector if

0 0 0 1 0 0 &

0 0 0 0 1 0 6

0 0 0 0 0 1 e

O O O g 00 o0 | o] T
g g T O R 9o 1
gf)p.ﬁﬂwif 9552)0;%11 g% gf)l)pf,l,}w;“ gf)l)pf,l,ll gV €5

Here we used Proposition C.4.6. Using Proposition C.1.1, the eigenvalues are deter-

mined by €g, €1, € where,

9 0 0 0 0 0 0 0 0 0 0 —m
2+ g+ gl a0 + gt ) (95 o v+ gt )pill) w,§ €
1 1 1 1 1 1 1 1 1 1 J—
gl v+ gt pll) V24 giu 4 gl gy + gl a|=0. (61)
2 2 2 2 2 2 2 2 2 2
(o620 + 202w g0 v+ g0l v+ 97w + g7 &

Use equations (48) and (49) to write this in the form,

) o) e

q €0
) PP ) ol =0 (62)
Wwr B 2 yd ) \e

The stability of system in equation (62) is not obvious. Some necessary conditions
are derived in [3]. Section 2 extends this work by ascertaining some necessary stability
conditions for the case of p agent classes duplicated g times. If ¢ is large then we can

take approximate the ¢ values using,

m 211 211
w, =exp|—m| =1+ —m,
q q
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for small m. We define ¢(m) = %”m and this approximation is just,

e ~1+ig.

This is the same as approximating ¢ for values near to 0. This approximation works
as long as the discrete locus of important eigenvalues is near to the double eigenvalue
at 0. It is possible for the locus to sweep around a curve and cross the imaginary axis
for a large m. However, if we consider stable systems where the locus of eigenvalues
does not approach the imaginary axis, except at the origin, then this approximation

will allow us to approximate both stability and the dynamics of the system.
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2 SEQUENCES WITH DISTINCT WEIGHTS

2.1 Distinct Weights

Section 2 is our main investigation into one-dimensional lattices of distinct agents.

To make the problem tractable we add some assumptions. We assume that piaj)c and

pf,aj)[ are the same for all agents, but each agent has distinct weights gi“), gé“). The
physical justification for this assumption is clear. Given a convoy of agents, one can
adjust the ratios of the forward to backward z-couplings by changing péai and ,03(60‘2
But if the agents are all distinct it will be impossible to match gg(ga) in any meaningful

way. This same logic also applies p, + and p, _. To further simplify the problem, we

add the assumption that the forward and backward z-couplings are identical.

Assumptions 2.1.1. We assume the following,

° ,oq(ja)r and pf,al are independent of «.

° pioﬂ)r = pial = —% for all a.

The weights géa) and gf,a) can be unique for each agent. With these assumptions
G.L, and G,L, of equation (2) are no longer symmetric and they no longer commute.
They both are still row-sum zero. These facts are important to what follows.

When we compute the eigenvalues of the equations of motion, the eigenvalues with
large negative real parts are transient, as they decay quickly. Thus, it is important to
understand the eigenvalues near the complex axis. We know there is an eigenvalue of
multiplicity 2 at the origin and we will study the eigenvalues near this point. In the
simulations, we show that, indeed, these eigenvalues determine much of the large-scale
structure of the agent system.

Solving for the eigenvalues of this general system is difficult, but we have a method

to solve for eigenvalues near the origin. In Section 1.6 and [3] there are methods to
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solve systems with three distinct agent types laid out in sequence. We extend this
to a sequence of p agent types. To do this, we set up a one-dimensional lattice of p
distinct agents that satisfies the assumptions 2.1, and duplicates this system ¢ times.
This repeated system is determined by the eigenvalues of a p X p matrix but there is
a quantity exp (¢i) in the matrix where ¢ = 2mmk/q (see Corollary 2.2.7). If we fix
m and let ¢ — oo then ¢ becomes a continuous parameter. The eigenvalues become
segments of smooth curves. This allows us to expand around the origin and deduce
first and second order dynamics (see Theorem 2.5.1).

Throughout this entire computation, we assume periodic boundary conditions. In
Section 2.8 we run some simulations to test whether general one-dimensional system
satisfy these equations. In the simulations we do not duplicate the p agent sequence

q times, but, instead, test the p sequence directly.

2.2 Linear Nearest Neighbor Systems

In this section, we derive some properties of the eigenvalues of the general nearest
neighbor system. This discussion follows [20].

We start with a system of p unique agents as described in Section 1.4. Next, form
a sequence of pq agents by duplicating the p-sequence ¢ times so that N = pq. This
N-sequence contains ¢ copies of the original p sequence. If we set p = 3 then we get
the system of Section 1.6. This was first described in [3] and there is a more detailed

discussion in [2]. The schematic for this is given in Figure 5.

Figure 5: Sequence With q sub-sequences with p Agent Types

Each of the p agent types has unique interaction coefficients, so there are ¢

agents that all have identical interaction coefficients. The N = pq agents lie on a
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1—dimensional manifold and interact only with their two adjacent neighbors. The
agent coordinate for the kth agent is given by x;, where k = 0,1,--- N —1. The agent
forces are designed to keep a distance A between agents. This system is a specific
case of the systems described in Section 1.4. The specific version of equation (39) is

given by

HO =gl 3 pﬁf}( (@) _ (@) (j_k)A>

JEN (z1,)
ADINHICE (63)
JEN (z1,)

We introduced the variable a to indicate agent type. In our case a = k& mod (p).

This means, for example, ¢ = ¢{*™. All the a arithmetic in equation (63) is

mod (p).

As in Section 1.4, we change coordinates to zj, given by

Zk = T — kA (64)

With these assumptions the agents satisfy the following equations of motion:

d2 ( ) o « a+1 « a—1
th = g;t( ) ( (@) 10;1)215:-1-1 ) p:C( 7)lzl(€ 1 )>
o a c(a+1 « a— 1

We assume periodic boundary conditions and discuss other boundary conditions
below. With this assumption, the last car interacts with the first car in the agent

sequence. This is the case when the arithmetic in a is mod (p). In any case, the

40



system has the familiar matrix form of equations (35) or, more generally, (43):

=M = (66)

dt |\ ; P 1, -L,) \:z

Using Proposition C.1.1, the eigenvalues are the roots of the 2N degree charac-
teristic polynomial,

det (zﬂIN +vL, + Lz> =0. (67)

The rows in equations (66) are in k order. Depending on the boundary conditions,
the matrix M is tri-diagonal, except possibly row 0 and row N —1. If we have periodic
boundary conditions, then there are additional terms on the extreme upper right and
lower left of M.

We re-order the rows so all a values are adjacent. In other words, we re-order so

that the basis is in the following order:

k:07p72p7 7(q_1)p7171+p71+2p7 71+(q_1>p7

=1, p=D+p, (=1 + (g 1)p (68)
where (p — 1) 4+ (¢ — 1)p = N — 1. This is captured by the index mapping function,
o(k+mq) =m+ kp, (69)

where m = 0,--- ,p—1and k = 0,--- ,¢g — 1. We describe this ordering in more
precise language in Appendix D. With this ordering, the (pq) X (pg) matrix M breaks

up into p X p sub-blocks. Each of these sub-blocks is a ¢ x ¢ matrix. To illustrate the
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transformation, look at the first two rows of L,

(0) (0)

0 0 0

R B 0 ga'pzs
1 1 1 1 1
ool g el 00

With the new re-ordering, the N x N matrix L, becomes,

ga(vo)lq gg(g())pg,)ilq 0, o 0, gﬂ(ﬂmpg,))flp*'
1 Qa 1 1) @
g1, o1, N, 0, 0,
2 (2 (2)
0 e | g1 o 0 0
Lm — q ,—1q q q q 7 (70)
) —2 —2
0, 0, 0, - g PN,
g§:p_l)/)§f,)1_l)P— 0, 0, T g;p_l)p;’jj)lq ggcp_l)lq

where P and P_ are defined in Definition C.2.1, and P, ,P_,0, and I, are all ¢ x ¢
matrices. The matrix L, is identical except that the x is replaced by v.

To simplify the notation, we introduce the following 1st degree polynomials

W) = (g + gi) (71)
D (W) = g9y + gl o) (72)
VY w) = gl v+ g @p . (73)

For all o and any v, we have

P W) + 9 ) + 9P (w) = 0. (74)

Theorem 2.2.1. For the periodic system described above, the eigenvectors of the

2N x 2N matriz in equation (66), with eigenvalue v, are given by the 2N = 2pq
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vectors,

Um X Cm.k Wq Cm.k

V(U ® €m k) Vem k

(g—1)m
Vg Cm.

fork=0,1,---2p—1,me{0,---,q— 1} and where vy, = w(w") and

T

Emk = (egn,k ek Couk e%li) :
For each m we set ¢ = %’“m and take the determinant of the matriz My(v) in equa-
tion (77). There are 2p solutions in v which are the eigenvalues. For each of these

etgenvalues v, the e, satisfy

em,k € ker (My(v)) , (76)
where
Ay e 0 e ef)e
My = | O ) i) 0 -
w0 0 )
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Proof. In section C.4 we show that the vectors v,, = w(w;") form an orthogonal basis

of eigen-vectors, for m = 0,1,--- ,q — 1, for all circulant matrices. These ¢ vectors

diagonalize all the ¢ x ¢ matrices, P, P_,0, and 1,.

Apply M, with the reordered L, and L,, to the following 2N vector,

e~ 1, eQ U,

velu, v(e® vy)

veP~ly,,
By Proposition C.1.1, this vector is an eigenvector if it satisfies

(1/2 +vL, + Lw) (e ® vy) = 0. (78)

By Proposition C.4.6, we have

(vg5 + g4) Prvm = (vg5? + 9\™) w, " om = (vgl® + ¢{7) e v

(vg® + g P_vy, = (vl + g1) wivm = (v + g1) vy,

where ¢ = %’Tm. With these facts, equation (78) becomes p X p matrix condition

equation (77) for €.

We have eigenvectors but we must restore the original index order with the inverse
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to equation (69),

o~ (m + kp) = k +mgq.

With this we get the eigenvectors

Um X Em,k Wq Em,k
V(U ® €mi) Vem k
Vw;”em,k

Vw2 e, &

—1)m
Vwép ) Cmk

]

Remark 2.2.2. The procedure outlined above ignores the case where My(v) has de-
generate eigenvalues. At this point, this is not a problem, as we are mostly interested
in the eigenvalues, especially eigenvalues close to the origin. We already know that the
origin 18 a degenerate eigenvalue and we will get two eigenvalue loci emanating from
this point. We return to the degeneracy of the eigenvalues when we discuss solutions

in Section 2.6.
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Corollary 2.2.3. The eigenvalues of the system are the roots to the polynomial,

vy v) W) 0 o e
1) 2 (1) 1)
Py(v) = det vl Vel ) ’ (79)
o ) 0 0 2y )

For each value of ¢ = %m, m=0,---q— 1, there are 2p roots.

Proposition 2.2.4. When ¢ = 0 (e.g., m = 0), the constant and linear terms for

the polynomial Py(v) both vanish.

2 as a factor.

Proof. Neither the linear nor constant terms of the polynomial have v
Set ¢ = 0 and remove the terms with v? as a factor. The resulting polynomial shares

linear and constant terms with the following polynomial,

o) Vw0 O w)
ot ) ) () 0
o) o 0 U ()

Every row in this matrix sums to zero, by equation (74). This means that the vector,
consisting of all 1’s, is an eigenvector with eigenvalue 0, and so the determinant
vanishes for all ». The constant and linear terms are contained in this reduced

polynomial and so must vanish. O

Remark 2.2.5. The proof of Proposition 2.2.4 says that the second order term of
the polynomial Py(v) must contain exactly one of the diagonal v* terms. The third
order term of Py(v) must also contain ezactly one of v* terms. These facts will be

used below.
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Proposition 2.2.6. The polynomial Py(v) of Corollary 2.2.3 satisfies
Py(v) = s(v) + (=1)"r4(v),
where all the ¢ dependence is in the polynomial

rov) = (1=¢) (W () w0 0) )+ (1-e7) (B R ) -0V ).

and s(v) has zero constant and linear terms.

Proof. The only terms of the expansion of equation (79) that depend on ¢ contain
either wl) (v)e ™ or w?’ _1)(1/)6i¢, but not both. The determinant is a sum over
permutations o of terms sgn(o) Moy - - - Mp_15p—1. The only non-zero permutations
have o(k) € {k — 1,k,k + 1}MOD(p). The permutations that contain the term
% (1)e= but not P~V (1)e® must have o(0) = p — 1. The matrix is tri-diagonal,
so the value o(p—1) € {0,p—1, p—2} for all o. But in this case we know o(p—1) # p—1
and, by assumption, o(p—1) # 0 (or the term would contain the ¢’ term). Therefore,
o(p—1) = p—2. By asimilar logic, o(p—2) € {p—3,p—2,p—1} but o(p—2) # p—2 and
o(p—2) # p—1. So we get o(p—2) = p—3. Proceed in this way to get the permutation

o= (0,p—1,p—2,---1), which has sgn(c) = (—1)?~!. This corresponds to the term
—(=1re O W) ),

The term that contains ¢§p _1)(V)6i¢ but not M (v)e~™ is computed in a similar way,
and seen to be

—(=1Pe W) ).
We define ry so that ro(r) = 0. From Proposition 2.2.4 it follows immediately
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that the constant and linear terms of s(v) both vanish. ]

Corollary 2.2.7. The polynomial Py(v) satisfies

d“ P,
dgF

= () @) o)

¢=0

Proof. Since s(v) does not depend on ¢, this follows immediately from Proposition

2.2.6. O

2.3 Characteristic Polynomial Expansion

The roots of the characteristic polynomial of the general system, described in Section
2.2, are given by the roots of a series of p degree polynomials Py(v) as described
in Corollary 2.2.3. When ¢ = 0, the characteristic polynomial P,(r) has a root
of multiplicity 2 at ¥ = 0. In this section start with Assumptions (2.1.1), so that
pial) = picle. We will not assume that G, and G, commute. In the simulations, we
will let ¢& and g be independent random variables.

If the system is stable, then roots of the characteristic polynomial all have non-
positive real parts. Stable roots with large negative real parts decay quickly so that a
stable system is dominated by roots that lie near the imaginary axis. In our system,
roots near the origin will dominate the dynamics. Therefore, we will expand around
the zero at ¢ = 0,v = 0 to approximate the system dynamics. The details of the
expansion are outlined in this section.

We expand P,(v) around ¢ = 0,v = 0. If ¢ is large enough, we can approximate

the system by using a continuous variable for ¢. With this approximation, each of

the roots at ¢ = 0, v = 0 form continuous zero loci as ¢ varies. These two eigenvalue
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approximations are continuous maps,
v:I—C, (80)
where I = (—e¢, +¢€) is some neighborhood of 0. These curves satisfy

Py(v(¢)) = 0. (81)

The coefficients of the characteristic polynomial are analytic functions of the real
parameter ¢; a polynomial is an analytic function as well. Expand everything in a
Taylor series and use the resulting equations to deduce conditions on the coefficients.

Assume that v(0) = 0 and write the expansion,

1(6) =7 (0)6 + 57" (O)F + -+ (52)

Since the coefficients of the polynomial ps() are real analytic functions of ¢, we can

expand each of them in a Taylor series. The result is an expansion of the form

P¢(V):(a00+a01¢+"')—|—<a10—|—a11¢+...)y

+ (a0 + ang+--- )i+ (83)
where the coefficients ag, aix, - -+, arise as the coefficients of the kth derivative of
pe(v) with respect to ¢

1 d"Py 9
W Ao ¢:O:a0k—|—a1ky+a2kl/ + (84)

Theorem 2.3.1. Assume that when ¢ =0, PBy(v) has a double root at v =0, so that
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apo = a1o = 0. In this case the second order expansion of the zero locus, near the

point ¢ = 0,v =0, gives the coefficients

p
—an + /aj, — 4agag)

7'(0) = : (85)

2azg
(a30(7(0))* + a21(v'(0))* + @127'(0) + ap3)
2(120")/’(0) + a1

7"(0) = -2 (86)

Proof. The equation Py(y(¢)) = 0 expands to a power series in ¢. Set v = v(¢) and
expand using equation (82). Plug this value of v into the polynomial of equation (83).
Equation (81) says that this expansion in ¢ vanishes identically. When you solve for
the derivatives 7™ (0) in terms of aj;, you get equations (85) and (86). This is a
straightforward calculation that can be verified using algebraic manipulation software,

such as SAGE. ]

Notice that there are two solutions to 7/(0). The double root at the origin splits
into two distinct curves, so that there are two distinct values, v, (0) and v_(0).

In the next section, we find the coefficients a;, which are required for our ex-
pansion. The reader may find it more digestible to jump to Section 2.5 and refer to

Section 2.4 as needed.

2.4 Expansion Coefficients Near the Origin

In this section we compute all the coefficients, a,;, required for the polynomial ex-
pansion around the origin, as stated in equations 85 and 86. This section has some
specialized and complicated computations which can be skipped on the first reading.

The main results are contained in Propositions 2.4.1 and 2.4.2.
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The polynomial P,(v) has analytic coeflicients so that we can expand the coeffi-

cients in a power series. The result is an expansion of the form,

P,(v) =(apo + aprp + -+ ) + (aro + ann¢+--- ) v

+ (a0 + an ¢+ )V - (87)
where the coefficients agy, aqx, - -+, arise as the coefficients of the kth derivative of
ps(v) with respect to ¢,

1 d*pP, )
— = Qo + Q1Y + agEV” + - - . 88
K Ao o 0k 1k 2k (88)

Using Proposition 2.2.6 we can now take derivative with respect to ¢ and the term

s(v) vanishes. We get

d* P, _
i |, = O (el )
+ (D) ) - vV W)) (89)
Define 3, by
1— B, L+ By
poy = — 25 T zﬁ. (90)

In our case 3, € [—1,+1]. From this we get

61} = Pv1 — Pou,—-1 = 1+ 2pv,1 = - (1 + 2Pv,71) (91)
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With this definition and the assumption p, 1 = py -1 = —%, we have,
(0% 1 (03
W) = =5 (6 + g (1 - B)v) (92)
(0% 1 (03
W) = =5 (6 + 91+ ) (93)
Now we have
OB ORRC )
= (=1)P(1/2)(9” + 9P (L £ Bo)v) - (gD + gD (L £ B,)v)
p—l g( )
= (_1)17(1/2) a(cj) (1 + Z &) (1 + 511)
0 k=0 Yz

p—1 (k1 (k2)

Gu 2,2 4
+ Z " (k1) (k2) <1i6”)

kl ko gac T
k1#ks2
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Proposition 2.4.1. The first derivative gives us

Qo1 = 07

i p—1 p—1 g(k)
_ ) v
ail = op—1 ga;] ) ( (k)) Bv
3=0 k=0 9z

§=0 kiko 9z Gz
k1#ka
-1 -1 (k) p—1 (k -1 (k) (k
(i) (R ),
2 09 09z k=0 9z Ga

) - (k1) (k2) 1 (k) (k)
2 (o) (e () o (£2) -2 (22))
2P =0 gz ! gz 2 p gz "gx

The second derivative gives us

1 (=
= (1),
=0
1 p—1 ' p—1 g(k) 1 p—1 ' g(k)
_ 1 ) oo _ 1 ) g
an =5 (ng ); w1l pAvg O

§=0 gz j= T

The third derivative gives us

ap3 = 0.

93

(94)

(97)

(98)

(99)



Proof. Using equation (89) with k = 1 gives
dP, . _ _
el =ity ( O0) e 0) ~ v w) -0 W)

do
- p—1 (k)

1 )
2 2 2
+((1_ﬁv) _<1+Bv) )V 5 (k1) (k2)+”
ki,ko Jz gz
ker ks
: p—1 g(k) p—1 g(k1)g(k2)
v 2 v v
—'l 1/2 ng I//BUZ (k)+y/81} Z (k'l) (k2)+'.'
k=0 Yz kiky 9z "Gz
k1#£k2

The formulas for agy, a1, as; all follow from equation (88). The second derivative is

1d2P,
27d¢? |,

= (=17(1/2) (¢ W) - VW) + 0O W) 0 )

p—1 p—1 (k)
= (/2 (Hgé”) (2 + % (1= By +14B,)+- )
=0 k=0 Yz

The formulas for age, aja, ags all follow from equation (88). The third derivative is

1 &3P, , - -
S5l =i/e) -1 (w0 ) eV w) - w0 w) e w)
31 dé* |,
1 p—1 A p—1 g(k)
= i(1/6)5, (Hg;”) <0+u (1= 8, - 1—ﬁv)+--->
j=0 k=0 9
The formula for ags follows from equation (88). O
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Proposition 2.4.2. The coefficients agg, a9, a2, @39 are given by

app = 0, (100)

ay = 0, (101)
a2 = 25,1 plgéj) (pl Lk)) _ 22_15 (ﬁ gg>> Avg <%) (102)
=0 k=0 9z j=0 Ga
—1 p—1 =1l () p—1 (k)
N 225;, (p_lgzj)> (P—l p—1 gg(ﬁg;(];;;) o 2j)> ‘ (103)

k=0 j=1

Proof. The coefficients are determined by the polynomial P,(v) with ¢ = 0. By

Proposition 2.2.6,

Py(v) = s(v) + (—=1)Pro(v) = s(v).

The polynomial s(v) has zero constant and linear terms by Proposition 2.2.6, so
oo, a1 are both zero.

The derivations of asy and azg both rely on Remark 2.2.5. To compute asy you
gather the second order terms, 2. When computing the determinant P(r) you must
have exactly one v? factor from the diagonal terms. None of the remaining terms
depend on v. The derivation for asy follows in a similar way to aszg. We present the
details for asg and leave ayy to the reader.

The polynomial v coefficient must include exactly one 2 from a diagonal element.
The contribution from the v? term in the(k, k) diagonal element is computed using
the co-factor of this element. If we use arithmetic mod (p), then the co-factor has

rows and columns with the index values

k+1,k+2,--- k+(p—1) mod (p).
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Using Proposition C.5.1, the v term is the ® term in the following polynomial:

v (050 w) - D)+ o8 ) ST ) @)
S @) o )+ e @) ) ) (10)

Each summand contains p—1 factors in the product. We write out all the contribu-
tions to v® by writing the first summand on the first row, followed by the contribution
of the second summand on the second row until we get to the p’th row. The result is

the 13 term,

=1t (f
S ()

g(k+1) g(k+2) g(k+p—1)

(k+1) (k+2) (k+p—1)
+g;k)g£‘k+1) pv —1 + gé )g(k+2) pv,fl + -+ g;k)g;keril) pv,l
k+1 k+2 k+p—1
N A S i

k) (k v,— k v,— L) (ktp— v,
gé) (k+1) g:(c) (k+2) gg(e )g:(C +p—1)
. g£k+1) , . g(k+2) , - gq()kerfl) ,
k) (k+1) vl k+2) vl k) (k+p—1) vl
gé)g(+) g( )g(+) gé)géﬂLp )
g£k+1) g£k+2) gf}k-&-p—l)
_'_g;(gk) ;‘k+1)pv,1 + g:(ck)g;kJrZ) pv,l + -+ gg(ck) ék+p71)pv,1

)
For each 7 = 1,2,--- ;p — 1, we add up the terms with ijﬂ) These are the

vertical columns in the previous equation. Some of the terms have factor p,; and
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some have p, _1. The v* term then becomes

_ p—1 1 (k+J)
(Hg >Z 577 (Po—1 (0 = 5) + pusd)

(E

g)g

ag
-1 (k+7)
( ) S (14 B)(p— )+ (1= B,)j)

x

< ) 1(]k+a)
= = (p+ (p—24)B)-
1\ 1 < RONC)

To get the coefficient azg we sum over k,

1 (5 g5
430 = 5 Hgﬂ(cj) Z (k) (k+j) (p+ Bulp = 27))
§=0 =1 9 9
1 p—1 p—1 (k+]) p—
- () _
~ o (T (zz S a2~ T )
j=0 k=0 j=0 Yz 9 k= 94
1 p—1 p—1 p—1 g m)
] v
= op—1 Hgg(;J) < k) _(m) (p+ Bu(p —2(m — k)))
§=0 k=0 m=0 9z "J=

a30—2p<Hg );Z G (0 + Bulp = 29))

7=0

2.5 Characteristic Polynomial Near 0

The characteristic equation of the system is given in Corollary 2.2.3. Although the

parameter ¢ = 2%m is discrete, we approximate it as a real parameter. The Taylor
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expansion of this equation in the variable ¢, described in Section 2.3, results in an
approximation for the roots that lie near the double root at ¥ = 0. The main result
is given in Theorem 2.5.1. See Section 2.4 for a detailed derivation of the coefficients

needed in the expansion.

Theorem 2.5.1. With the assumptions described at the start of Section 2.2 the char-
acteristic polynomial Py(v) has a double zero when ¢ = 0. As N — oo, the set of zeros
near the origin approach two curves vy that pass through the origin. The derivatives

of v are given by

7(0) = 1_?Cl’i (105)
" 2
7£(0) = _Eczi ; (106)

where the constants ¢ + and co 1+ are given by

A gf;k) A 1 2A ggk) 2
s (§3) + foos () + 008 ()

Cl+ = 2 Avg <g£—1,€)> (107)

Cop =+ (2FVPB) + 2AMV?B2 — 2CV?B3 + 3FMV 32

—MPV?B, 4+ 2AM?S, — 3MVCB,) /AM°Tg
+ (—2FV?B3 — 2MV AB2 + 2V2CB2 — FMB,

+M?V 4+ CM) [4M?, (108)
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and where we’ve defined the following,

1 g
Gz g

g(k) g(k)g(k)
) (k) (k) (k)
1 p—1 p—1 g(k+y)
F=- o oy P — 29) (111)

C=R-MV A=8-V2 (112)

This means that the zero loci, near the double root, is approximated by the two

curves (see equation (82))

V4 (9) =ic1+ (%) — Gt <%)2 +-- (113)

These are parabolic approximations to the two continuous eigenvalue loci emanating

from the origin.

Proof. To find v/, (0) we start with equation (85). This equation has the £ but we

leave this off and identify the + curves at the end of the proof. Use Proposition 2.4.2
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equation (102) and Proposition 2.4.1 equations (97) and (95). We get

p
—ay1 £ +/af; — 4ageas)

74(0) =

I

2a9
2 () (S ) s
& (I a) Ave ()

p—1 (J)
z—(nﬂ P \/452 > v (1

) + 8p? Avg (g%k))
(307 ma )

(k) 1 2 gfjk) 2
s (4) 2 v () s (3)

e ()

+

Equation (107) follows.

To find +”(0), start with Theorem 2.3.1. Set
7//(0) _ _2_[),

where

Dp = 2(1,20’)//(0) +a;; = <—a11 + \/afl — 4a02a20> “+ aqq
= :|:\/ a%l — 4(1,02(1,20

21p 1 (k) ’
gl‘ gz
2
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where we have defined the constant

1 ("
P (Hg“) . (111

Except for the sign, this is the product of the forward coupling constants.

The numerator is given by

N, = (a30(7'(0))* + a2 (7'(0))? + a127'(0) + ags) (115)
The required a;; are the following,

azp = ‘sz2 (QPMV — 2R+ Q/BUF)
agr = Paip (2pV2 - 25) Bu
a2 = mxpv

ap3z — 0.

Each of these coefficients has a factor of 93,. which will cancel the factor appearing

in D,. In equation (115) there are factors of 7/(0)*. Set

V(0 = 55 (116

where

I'y = =B,V + sy/2M + p2V2. (117)
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The numerator has the form

N, = (aso(7'(0))* + a21(7(0))* + a127'(0) + aos)
By

EITE (—(2pMV — 2R + 2F3,)T%,

—2M(2pV? — 2Va) BT + (2M)*(pV)T)

The factor #3, cancels in numerator and denominator. We move the (2M)3 to

the denominator. We re-write the 7”(0) as

where

N, =(—2pMV + 2R — 2FB,)T%, + 2M (—2pV* + 2V3)B,I'y

+(2M)*(pV)T'y (118)
D, =+ 2(2M)*p*\/2M + B2V2. (119)

With these definitions we have

~7"(0) = —2%. (120)

p

We insert the expression of equation (118) into SAGE to perform the manipulation

(see PolyNumerExpand.sage listing). The result is

Nexp =
8xF*V~"3xbetav™4 + 8*xM*5*V~2xbetav”3

- 8*RxV"3*xbetav™3 + 12*xFxM*V*xbetav™2
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+ 8*M~2*xS*betav - 12*M*RxV*betav

8*xsqrt (V" 2xbetav”™2 + 2%M)*F*V"2*betav”~3

8xsqrt (V" 2xbetav™2 + 2#M)*M*S*V*betav™2

+ 8*sqrt (V- 2*betav™2 + 2xM)*R*V~2xbetav”2

4xsqrt (V" 2xbetav™2 + 2xM)*FxMxbetav

+ 4xsqrt (V- 2+betav™2 + 2#M)*M*R

There is an implicit £ in front of every sqrt statement. Denote the radical portion of
7'(0) by I'g so that

Tp=/2M + V232, (121)

Assemble the results. There is a factor of 4 and another factor of 2 that cancel from

the numerator and denominator. We get

1
=~ 3T, (£ (2FV?B, +2MV?S3; — 2V Rj)
R

+3FMV B2+ 2M*SB, — 3MV Rf,)

+ (=2FV?B} —2MV SB; + 2V?Rf3; — FMB, + MR) I'R)

We have
1
2t =TT (£ (2FV?B) +2M V2533 — 2VPRB)
+3FMV 3 + 2M*SB, — 3MV Rp,)
+ (=2FV?B2 —2MVSB2 + 2V°RB. — FMB, + MR) Tg) . (122)

The solution ¢y 4 corresponds to ¢; + and cy — corresponds to c; _, so there are
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two parabolic approximations at the origin.

Finally, we can replace R and S with the variables C' and A to get,

1

i =T (£ (2FV?B, + 2AM V3 — 20V 33
+3EMV B — M?V?B, 4+ 2AM?S, — 3MV CB,)

+ (=2FV?B2 —2MV AB2 + 2V2CB. — FMB, + M*V + CM) T) .

]

Remark 2.5.2. In the theorem, we have averages over k and averages over «. Be-
cause of the system setup, these two averages are the same. The average over « is the
average over the p agent types and the average over k is the average over all N = pq
agents. However, this is just a collection of q copies of the p agents and so these two

averages are the same. This means that

Only F' must be taken over the smaller population of p elements so that the filter can

be applied correctly.

Remark 2.5.3. The value c; 4 is the velocity in the positive x-axis direction. In the
second Cantos paper [5] the value ¢ 4 is in the direction of increasing agents which

1s the negative of the meaning in this work.

Corollary 2.5.4. Assume we have the system described in Theorem 2.5.1. If 5, =0
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then we have

1
2 Avg (%)
9z
(k)
MV oM A (#p)

3 2
M (an())

Corollary 2.5.4 is the main result in [20].

e =% (123)

Co+ = (124)

2.5.1 Random Variables

The averages in equation (109) are the expectation values of the two discrete random

variables

M= — (125)
gz
(@)

V=2 (126)

where . = 0,1,---p — 1. In terms of these two random variables we have

M=E[M] V=EV

R = E[MV] S=E|[V],
where F [.] denotes the expectation value. More natural than R is the covariance,

C=E[M-EM)) (- E[N)]=R-MV. (127)
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More natural than S is the variance of V,
A=E[(V-EV])?*]=8-V2 (128)

2.5.2 Other Eigenvalues

The expansion of Theorem 2.5.1 assumes a smooth eigenvalue locus around the origin.
This approximation means that N must be large. These are not the only eigenvalues
of the system. Theorem 2.2.1 outlines the method to find all the eigenvalues. For
eachm=20,---,g—1, we set ¢ = %”m and then construct My (v). The determinant
of this has 2p roots which are the 2p eigenvalues corresponding to this m.

By Proposition 2.2.4, if ¢ = 0 then Mj(v) has 2p roots and a double root at the
origin. Figure 6 contains a plot of the 2p = 8 roots of My(v) indicated by the large X.
To count the 8 roots, you must count the double root at the origin twice. As we vary
m, and so ¢, the roots move along a smooth curve. The result is a series of eigenvalue
loci that emanate from the 8 eigenvalues of My(v). The two curves emanating from
the origin are the two curves that we approximate in this section. One of the curves
corresponds to the two parameters ¢; 1, ¢z + and the second curve corresponds to the
two parameters c; _, co —. Both of these curves go through the origin.

To estimate the long-term behavior of the system, we can ignore eigenvalues with
large negative real part. The eigenvectors with these eigenvalues will decay rapidly so

they have little impact on large time results. The curves emanating from the origin

are the most important determinant for large time behavior.

2.5.3 Immediate Consequences

The formulations for ¢; + and co + lead to a few immediate consequences.
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Flock Eigenvalues with p=4, q=256
Vary phi to get green curves
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Figure 6: Plot showing eigenvalues of flock with p = 4. The matriz My(v) has
2p = 8 eigenvalues shown by the X’s. The green lines are the eigenvalues for My, as ¢
changes. The plots only contain half of the allowable values, so the curves are clear.
Notice there are two curves of different curvatures emanating from the origin.

Corollary 2.5.5. For the values ¢, + and c¢;— in Theorem 2.5.1 we have

c1,+ >0

Cl_SO.

Proof. We know that 2 Avg <%> > (. This means that
9z

T

1 g,(ja) ’
< 2 AVg W + 6,3 AVg @ .
gl‘ g:c

1
By Avg (W
g
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The results follow. O

Corollary 2.5.6. For the values ¢, 4+ and ¢, — in Theorem 2.5.1 we have

Po=0=lers] = e
By >0=|c14] < ler—|

By <0=c1 4| > |1 |

Proof. As we stated in Corollary 2.5.5,

1 1 g\
By Avg o7 || <4l 2 Avg o | T B2 Avg o |

The results follow. O

Corollary 2.5.7. Denote the 3, dependence by ¢y +(B,). For the values ¢;+ and ¢;

in Theorem 2.5.1 we have

C1,+ (_611) = —C - (Bv)

This means the two solutions of c¢i1.4,c1,— at B, are the negatives of the solutions

c1,—,Cry at —,.
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Proof.

01,+(—ﬁ) -
2av8 (1)
9(> 1 2 9(k> 2
s (87) v ) + v ()
2 Avg (g<1’“>)

Similar statements for the values ¢y 1 require an additional condition.

Corollary 2.5.8. Denote the 5, dependence by co1(5,). If BuF = 0 then we have,

C2,+<_Bv> = Co — (6@)

Proof. The denominator of both ¢y 1 and cp_ are independent of 3, and F. Set

B, F = 0 and compute,

1

Co(—f) =T, ((2AMV?*(=B,)* — 20V3(~3,)?
—M2V2(=B,) + 2AM2(—B,) — BMVC(-B,))
+ (—2MVA(=B,)* +2V2C(=B,)* + M?V + CM) T

= Co— (ﬁv>

]

Remark 2.5.9. For every (3, there are two distinct second order eigenvalue approx-

imations given by c1+(By), ca+(By) and c1_(By), ca—(By). These two second order
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approrimations are shown in Figure 6. The Corollaries above show that when F is

small, the two curves for B, are the same two curves for —p, except that the curve

determined by c1 +(By), 2+ (By) 1s c1,— (=), c2,—(—5y)-

2.5.4 Conclusions

Theorem 2.5.1 gives a prediction for the eigenvalues near the origin when the matrix
M has periodic boundary conditions. We will see, in Section 2.8, that this requirement
is subtle and somewhat problematic. However, despite shortcomings, the theorem is
quite useful for predicting several features of large-scale flock behavior.

Theorem 2.5.1 was proved by chaining ¢ sub-sequences together to get a sequence
of length N = pgq. What is surprising is that Theorem 2.5.1 works well even when
q = 1. In simulations, Theorem 2.5.1 seems to work well even when the p agents
follow some pattern, like a ramp. This seems contradictory, but one can understand
this heuristically. If the p agents are chosen at random, then the dynamics of the p
random agents duplicated ¢ times should be close to the dynamics of N = pg random
agents. Indeed, this issue seems less important than the issue of boundary conditions.

We shall discuss these issues further in Section 2.8.

2.6 Solutions

We can use Theorem 2.5.1 to construct some practical systems. Let’s review our

assumptions.

Assumptions 2.6.1. The linear nearest neighbor system described in Section 2.2 is

called realistic x—symmetric if it satisfies the following axioms:

1. pial = pial = —1, for all o,
2. pﬂ,pﬁ“ﬂ < 0 and both quantities are independent of «,
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3. ¢%) >0 for all o,
4. gff) > 0 for all «,

5. The system 1is stable and all of the eigenvalues that are close to the imaginary

axis are close to the locus described in Theorem 2.5.1.

The values gﬁ) and gy ) might be different for each of the p distinct agents. As-
sumption 2.6.1 item 1 is required for stability, as seen in Theorem 2.7.1. Assumption
2.6.1 items 2, 3 and 4 are related to stability, although we’ve seen in Sections 1.2.1
and 1.3, that they are not necessary for stability.

Assumption 2.6.1 item 5 is the most problematic. We must assume that all eigen-
values other than those described by Theorem 2.5.1 have large negative real parts,
so that they decay quickly. We can construct unstable systems that violate this as-
sumption, but these systems are of little practical use. Assumption 2.6.1 item 5 is
further justified by the simulations in Section 2.8. With this assumption the disper-
sion relation becomes tractable.

To put together a solution with initial conditions that satisfies the assumptions
2.6.1, we assemble a solution out of the eigenvectors listed in Theorem 2.2.1. Start
by setting m to an integer in the range 0,--- ,¢ — 1. With this m, construct the
matrix M,(v) of equation (77), where ¢ = %’Tm. For each m, we solve for the 2p roots
of det (My(v)). For each root v,,, we construct an element of the kernel of M,(v),
which we denote by e, ,,.

The result is an eigenvector of the form

U @ Em,n
u(m,n) = ;

Vmn (Um X em,n)
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where v,,,,, is the eigenvalue corresponding to the eigenvector u(m,n) and v,, is an
N-vector with coordinates w}™ (see Section C.4 ). We are looking for a solution of

the form
q—1 2p—1

zk(t) = Z Z U €XP (tmn) (Um @ €mn),s

m=0 n=0

where a,,, are real numbers that depend on the initial conditions. If the system is

known at ¢ = 0 then the initial conditions are given by

q—1 2p—1

21(0) =Y i (Um ® emn). (129)

m=0 n=0
qg—1 2p—1

%(0) =D Vi (Vm @ €n).- (130)

m=0 n=0

Equation (130) is the bottom half of the eigenvector. These two equations give 2pq
equations to determine the N = 2pq coefficients a,,,.

The term corresponding to a fixed m and n is

Umn €XP (tmn) (Vm @ €mn)), = Gmn W n | XD (tVmn) -

With Assumptions 2.6.1 we can use the eigenvalue formula of Theorem 2.5.1. The
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states corresponding to these eigenvalues have the form,

oxp (it (2) ) sy ( (gy) 3)

If we ignore the ¢y 1 damping term, the flock pattern given by this eigenvector ad-

vances (—p) agents (e.g., p agents to the left) in time 0, where ¢ satisfies,

ekwgm exp (i(to +0)cy (?>) = wé”_l)mek exp (itocl <?)>
p p
= exp (iécl (?)) =w, " =exp <—@m)
b q

271 2m1
= exp WC15TTL = exp —me

when k and n are fixed. So if we ignore the co 1 term, the flock pattern repeats at a

time 0 when the following holds for some integer j.

(—c1)dm =pm + jN
o P IN
—c; om’
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The repeat time in this direction has ¢; < 0 and the pattern first repeats when 7 = 0

so that

During this interval the pattern has moved —p agents. The phase velocity, in agents
per unit time, is given by,

1| = 5%. (132)

This is the phase velocity for this eigenstate. All the eigenvectors approximated
by Theorem 2.5.1 are determined by the first two terms of the two curves in equation
(113). This means that all the eigenstates have phase velocity either ¢; 4 or ¢; —. By
Corollary 2.5.5 the phase velocities point in opposite directions.

We would normally expect the term

, 2mi
u(m,n) exp (th%) = u(m,n)exp (Wmclt>

to repeat whenever ¢ — t 4+ 6 where § = g But the flock eigenvector in equation

(131) repeats far more frequently. To understand this, recall that a pure wave has a

factor

exp (i(kx — wt)) = exp (27Ti(§ - ft)) .

A system with no dispersion has fA = ¢ for all wavelengths (e.g., k and w are
linearly related). If we ignore the ¢y term, our system satisfies this for multiples of a
wavelength equal to p agents. We assume that p is small relative to N and that we
can assume this relationship holds for all multiples of a wavelength of 1 agent. We

add this as an assumption.

Assumptions 2.6.2. We assume that the details of flock behavior in small times can
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be ignored and the phase velocity of the flock for the eigenvector u(m,n) is c;.

If the flock contains all identical agents, then you can show that this approximation
is valid and you can get an explicit bound on the error [5]. In our case, we must add
this as an assumption.

Using this, we expect that for large times, all flock eigenvectors have phase velocity

¢4 or ¢;—. This means that the trajectory for agent k& will have the form

2k(t) = [y <t + i) + f- <t + i) . (133)

C1+ C1,—

In this expression, the velocity ¢; 4+ moves towards the positive z—axis, which is the
negative agent number, and the velocity ¢; - moves in the negative x—axis, which is
the positive index number. To this equation, we also have to add the damping term
controlled by ¢ 4.

Another feature of our system is that there are two distinct phase velocities that

are opposite in direction but have different magnitudes.

Remark 2.6.3. In short times the wave can change shape, but it re-assembles itself
after moving through exactly p agents so that it looks like the original packet. The

only change in the waveform is the attenuation of the damping term co 4.

2.6.1 Boundary Conditions

In this section we describe a typical boundary condition and derive some additional
conditions. In Section 2.2 we placed agent 0 at the origin and spaced the other
agents sequentially along the negative axis so that agent N —1 had the most negative
coordinate. We consider a system that starts at rest at t < —e. Ast > —e, agent 0

accelerates until it reaches a velocity vy. The other agents follow agent 0 as it moves
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along the positive x-axis at velocity vy. To define precise boundary conditions, we

start with a simple definition.

Definition 2.6.4. A smooth velocity ramp is a function 1.(t) that has the following
properties,

® 1. is smooth,

e U (t) =0 whent < —e,

° %:1 when t > .

The function 1. models a smooth transition from zero velocity to vy. Now we

proceed to describe the boundary conditions.

Definition 2.6.5. A one-dimensional array of agents satisfies the reqular boundary

condition if the tail agent is disconnected from agent 0 and zy_1 satisfies

d*zn-1 _ (p—1)

_ (p—1)
dtQ - g:B P

Yz (ZN—1 - ZN—2) — 9y e (Z"N—1 - Z'N—z) )

where v, and vy, satisfy

Yo = Yo = 1.
In the simulations we often use the following definition.

Definition 2.6.6. A one-dimensional flock satisfies the constant velocity boundary
conditions if it satisfies the ‘reqular boundary conditions’ of Definition 2.6.5 and,

agent 0 moves to the right according to

zo(t) = 20(t) = Ye(t)vo

where vy s a constant.
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One method to solve for this boundary condition is to solve for the agents,

d22’k
t) = —.
uelt) =

Because the ODE is linear, we know that y, () satisfies the same ODE as the z(?),

but it has different boundary conditions. In particular, the value yo(t) satisfies

() = S = pltyun (131

The properties of p(t) are summarized in the following Proposition.

Proposition 2.6.7. If p(t) = dj;ée then we have

® p is smooth,

o p(t) =0 when t < —e,
o p(t) =0 whent > e,
o 70 p(s)ds = 1.

Proof. These follow immediately from Definition 2.6.4. m

If the system is stable, then for the conditions at the tail, we shall use ‘open tail’

boundary condition that is defined as follows.

Definition 2.6.8. An agent sequence {yx} satisfies open tail conditions if,

Oy

- =0.
Ok Jj—n—1

See Remark 2.6.11 for the acoustic analog to the open tail condition defined in

Definition 2.6.8.
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By solving for the trajectory yy(t) one can integrate twice to get zy_1(t). We
characterize the flock by measuring the distance d(t) = zo(t) — zy_1(t). As agent 0
moves to the right the distance d(t) grows. It reaches its first maximum at 73 and the
maximum is given by A; = d(T7). At Ty the distance d(t) reaches a local minimum
given by Ay = d(T3). We proceed through kg extremal points.

Using a heuristic argument we can prove the following Theorem which we use to
predict some large scale flock behavior. This behavior is tested in the simulations of

Section 2.8.

Theorem 2.6.9. Assume that the system zx(t) is stable and satisfies the ‘reqular’

boundary conditions and that also satisfy the “constant velocity boundary conditions”

of Definition 2.6.6. Also assume that

zk(t) = [y <t+i> + f- <t+i> .
CL_|_ CL_

For large N there is a fized Ko so that the trajectory of the last agent zy(t) can be

approximated by the following properties.

o Tk:(iv_l)‘f’(k_l)(M_(Z—__l)) fork=1,--- Ko,

c1,— 1,4

k—1
o A= ()R oo,

c1,—

where T}, is the time to the kth extremal distance zy — zy and Ay is the difference
2n-1(Tx) — 20(Tx). When converting back to xy, this will be the distance from the stable

point.

Proof. See Appendix F for further discussion. The proof follows the lines in Cantos

[5]. O
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Remark 2.6.10. Theorem 2.6.9 gives a prediction of system stability for systems

with the constant velocity boundary conditions. The formula for A, implies that

C1,+
C1,— ’

A
A

If the ratio is less than 1 we expect a stable system and if the ratio is greater than 1

then we expect an unstable system.

The utility of predicting stability using Theorem 2.6.9 and Remark 2.6.10 will

become clear in the simulations in Section 2.8. See, in particular, Figure 17.

Remark 2.6.11. The equations of motion for longitudinal sound waves is a PDFE
system that is analogous to our system. This PDE system is described in Appendices
G and H. In acoustics, standing waves in an organ pipe are derived assuming certain
boundary conditions. If D(x,t) is the displacement of a disk of air in the pipe oriented
along the x-axis, then

oD

P,=AP=-B°—
? ox

where P(x,t) is the pressure. This is described in detail in equation (188). At the
closed end of the pipe the displacement is zero, so D(x.,t) = 0. At the open end of

the pipe the change in pressure vanishes so we have

oD
acl, ="
The ‘open’ boundary conditions of Definition 2.6.8 are the same as the open end of
an organ pipe.
The constant velocity boundary conditions of Definition 2.6.6 state that the ve-
locity of agent O does not change. In the acoustics analog this condition means the

displacement velocity does not change. The only way this can happen in the acoustics
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case is when D = 0. The acoustic wave has a preferred reference frame of the ambient
air and the equations of motion determine the motion of the over-pressure Py and the
displacement D. In the agent case the entire caravan can move at a constant velocity

and still obey the equations of motion.

2.7 Stability

From this we can prove a necessary condition for stability.

Theorem 2.7.1. If, for a general (linear) nearest neighbor system,

H p:(vl)l - H chi,)—l #0

the system is unstable in one sense or another.

dPy

Proof. By [3] (specifically, see Appendix in [3]), the constant term of = 5 oo must
vanish. By Corollary 2.2.7 the derivative of the constant term is,
(0 ( -1 0 —1
(=174 () - g = ol 0L )
The pgf‘l) , pgfﬂl are all real so the theorem follows. O

In this general case it is difficult to come up with sufficient conditions for stability.
If we simplify the problem a bit there is more that can be said.
One nice feature of the symmetric case is that one can prove stability in a restric-

tive sense using the following fact.

Proposition 2.7.2. If M is a diagonalizable matriz with eigenvalues in the left half
complex plane and G is a positive definite matriz then GM has eigenvalues in the

left half complex plane.
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Proof. Variants of this Proposition are known. We include the proof for completeness.
If G is a positive definite matrix then there is a non-singular square root G/2. For

any vector X there is a Y with X = G'/2Y". So, for any X we have,

(GMY,Y) = (G'2G'2MY,Y) = (G'/*MY, G'/?Y)
_ <G1/2MG_1/2G1/2Y, Gl/2Y>

= (G'*MG 12X, X).

The eigenvalues of G/2MG /2 are the same as M. So, for any Y we have,

R((GMY,Y)) < 0.

]

Corollary 2.7.3. Let L, and L, be two circulant N x N Laplacians matrices and

assume that following matrixz has all roots in the left half complex plane,

0 I
: (135)
-L, —-L,
Let G, = G, = G be a diagonal positive matriz. Then the roots of the characteristic

polynomial of,

0 I
: (136)
~GL, -GL,

all lie in the left half complex plane. There is a double root at 0. If the matriz in
equation (135) has all non-zero eigenvalues in the open left complex plane, then the

same 1is true for (136).
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Proof. Stability follows from the following,

0 I I 0O 0 I
-GL, —-GL, 0 G -L, —-L,

By Proposition 2.7.2 the roots of the characteristic polynomial of this matrix lie in
the negative half complex plane.

L, and L, are both row-sum zero so the vectors [1y,0]" and [0,1y]" span a
2-dimensional eigenspace corresponding to the eigenvalue 0, where 1y is the N-

dimensional vector consisting of all 1’s. O

Remark 2.7.4. With the assumptions in Corollary 2.7.3 we have,
G.L,,G,L,| = |GL,,GL,] = 0.

This commutator no longer vanishes when G, # G, .

For the nearest neighbor system, described in Section 2.2, there are a few more

things one can say. For example, we have the following.

Proposition 2.7.5. If the nearest neighbor, described in Section 2.2, has py; < 0

and py 1 < 0 and if this system is stable then the following conditions must hold.
o ¢V g+ gV >0,

N-1
o« 3 <gg(ﬂk+1)gg(ﬂk+2)_“gg(ck:-i-N—l)> =0,
k=0

where the superscript arithmetic is mod (N).
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Proof. This is a special case of Proposition 1.4.4. The determinant,

1 pei 0 o 0

p:p,fl 1 p:p,l 0

det 0 po1 1 -0
0 0 0 1

is independent of k. By Proposition C.5.1 this determinant is

(_pw,fl)Nil + <_pz,1)(_px,fl)N72 +oeet <_p:r,1)N72(_px,fl) + (_px,l)Niz
Since py 1, pz—1 < 0 this term is strictly positive. The Proposition follows. O

2.8 Simulations

To illustrate flock behavior, it is useful to plot agent differences. Plot time on the
y-axis and plot agent k at x—coordinate x, — xg, for £k = 0,1,--- ,N — 1. The
initial state has z; placed along the negative xr—axis, so these differences are usually
negative. Two examples of these plots are given in Figure 7 where each agent is
shaded a different color, so the flock structure is more apparent. Agent 0 is moving
to the right, but we are plotting o —z¢y = 0 so the trajectory is along the y-axis. The
trajectory for agent N — 1 moves to the left as the difference xy_1 — g grows more
negative. The first yellow arrow shows the point where x_1 —z¢ is the most negative.
This is A; described in Theorem 2.6.9. The signal has now reached agent N — 1 and
it starts to move toward agent 0. The distance |xy_; — x| reaches a minimum at
As and the distance then starts to grow again. This distance is indicated by the red

arrow.
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Flock, N=400, 4,=0.20 Flock, N=400, 3 =0.20

g,€ [1.00,10.00], g € [0.50,1.50] g,€ [0.50,1.50], g ¢ [1.00,10.00]
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(a) Plot showing flock behavior with var- (b) Flock with a different set of parame-
tous measurements indicated ters. This flock is damped more quickly.

Figure 7: Plots showing flock behavior with various measurements indicated. The
green vertical arrow shows the time Ty. The yellow and red arrows show max and
min separations respectively. In this example, the longest yellow arrow is Ay. The red
arrow is As and the smaller yellow arrow is As.

The notation ¢\ € [a,b] indicates that the ¢\ are selected from a uniform

distribution on [a,b]. In most of the examples we use the uniform distribution as it

is easy to analyze and has strict bounds on the values of the random variables.

Remark 2.8.1. There is a bit of legerdemain in the simulations. When we set up the
problem in Section 2.2 we assumed q copies of p unique agents. The approximation
assumed that q is large. In the simulations we just take N unique agents. In a sense,
we are setting ¢ = 1. But the results of the simulations are close to the predictions.
A long distribution of N agents, chosen from a single distribution, could be divided
arbitrarily into q groups of p. We would expect the dynamics of this system to be very
close to the case where p = % unique agents were duplicated q times. This is probably
true for large N. However, the example in Figure 18 has two distributions and the fit

there is excellent as well. The exact domain of applicability of the theory is not yet

known.

Next, we inspect the eigenvalues for a particular system. Theorem 2.5.1 gives a
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pair of second order approximations to the eigenvalues of M. In Figure 8 we compare
these second order approximations, shown in red, to the actual eigenvalues of the
matrix M, shown as blue stars. The two second order curves have different markers
but are both in red. The matrix M in Figure 8 has periodic boundary conditions.
The second order approximation is a close fit near the origin, which is the region that
captures the large scale flock behavior. The system is stable, as in Definition 1.1.1,
as the eigenvalues are all in the negative half complex plane and the estimates of

Theorem 2.5.1 predict this.

Eigenvalues, Periodic M, N=400, betav=0.30 Eigenvalues, Periodic M, N=400, betav=0.30
g, €[1.00,5.00], g, € [3.00,13.00 ] g, €[1.00,5.00], g, € [3.00,13.00 ]

0w+ 3
o
® et £
+ EigsM + EigsM e &
01|+ (01+,02+) Locus[* + (CW+’CZ+) Locus **:
« {e4-.c,7) Locus 05 « (c4-.¢,-) Locus j**
-15
-20 -15 -10 -5 0 5 -0.8 -0.6 -0.4 -0.2 0 0.2
(a) Plot showing eigenvalues of M and (b) This is a magnification of the plot on
the two second order approximations. the left.

Figure 8: In this plot M has periodic boundary conditions. The approzimation
for the eigenvalues is quite close near the origin and both loci are clearly visible.
FEigenvalues far from the origin are not well approximated by the second order curves
of Theorem 2.5.1.

In Figure 9 we compare the approximation to the same system except with “con-
stant velocity” boundary conditions, defined in 2.6.6. In this case the (c¢14,ca4)
approximation is quite good but the locus for the (¢;_,co ) approximation is not
apparent in the scatter plot of the actual eigenvalues.

Unfortunately, the actual eigenvalues of M, with constant velocity boundary con-

ditions, do not precisely match the predicted locus at the origin. Figure 10 shows the
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Eigenvalues, Const Velocity M, N=400, betav=0.30 Eigenvalues, Const Velocity M, N=400, betav=0.30
g, € [1.00,5.00], g, € [3.00,13.00] g, € [1.00,5.00], g, € [3.00,13.00]

+ EigsM
107+ (c,+.c,*) Locus + (c,*.c,%) Locus
|
x (cﬂ—,cz—) Locus -0.5 x (C(’Cz') Locus
-15
-15 -10 -5 0 5 -0.6 -0.4 -0.2 0 0.2
(a) Plot showing eigenvalues of M and (b) This is a magnification of the plot on
the two second order approximations. the left.

Figure 9: In this plot we compare the eigenvalues of M to the two second order
approximations. This is the same system as Figure 8 except M satisfies “constant
velocity” boundary conditions. In this case, the (ci—,ca—) locus is missing from M.

eigenvalues for M are magnified around the origin. Note that Laplacians with this
boundary condition are row-sum zero so the origin is still an eigenvalue. The actual
Eigenvalue locus of M is offset slightly to the left of the predicted locus. Figure 10b
shows the results of the full simulation of this constant velocity system. The system
is stable, which is is consistent with the stability of the eigenvalues.

Figure 11 is a plot of the same system as Figure 10 except that we have changed

51)?
61} — _Bv-

In this case the locus of eigenvalues of M are slightly to the right of the second
order approximation. Consistent with this, the flock is unstable, as shown in the
simulation in Figure 11b. Notice, also, that the two second order approximations
(€1,4,¢2.+) and (c1,—, co,—) have switched places, as we expect from Remark 2.5.9 (in
this example F' = 0.09). So the estimates of Theorem 2.5.1 predict stability and we

observe instability. The “constant velocity” boundary conditions introduce instability
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Eigenvalues, Const Velocity M, N=400, betav=0.30
g, € [1.00,5.00], g, € [3.00,13.00]

0.051 +
* +
*
&
#+
F+
*4
*,
*
0r N
*4»
*4»
*+
+ EigsM %?
+ (c1+,c2+) Locus ¥
x (01-,02-) Locus %"
-0.05¢L #+

(a) Plot showing eigenvalues of M and
the two second order approximations.
The eigenvalues of M are slightly offset to
the left compared with the estimate. The

etgenvalues are all stable.

-0.06 -0.05 -0.04 -0.03 -0.02 -0.01 0 0.01

Flock N=400 (beta=0.30)
g, €[1.00,5.00], g, € [3.00, 13.00]
10000

9000
8000
7000

6000

Time

5000
4000
3000
2000

1000

-600 -500 -400  -300 -200 -100 0
Relative position

(b) Plot showing the actual flock behav-
1or for M with constant velocity boundary
conditions. The trajectory appears stable,
which is consistent with the eigenvalues
shown on the left.

Figure 10: This plot is a deeper magnification of the system in Figure 9 and so M
satisfies “constant velocity” boundary conditions.

for 8, = —0.30.
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Eigenvalues, Const Velocity M, N=400, beta =-0.30 Flock N=400 (beta=-0.30)

g, € [1.00,5.00], g, € [3.00,13.00] g, €[1.00, 5.00], g, € [3.00, 13.00]
. 10000
0.04 *
oo ’ 9000 @
I * 8000 ]
¥
0.02 o 7000 q
0.01 i 6000
(o]
0 * E 5000 |
001 * -
: 4000
-0.02 * 3000
*
-0.03[[ "+ Eigs M x* 2000
2004} + (e,+.c,%) Locus Lk 1000
« (c,-,c,-) Locus +"
-0.05 ¢ il 2) ‘ ‘ * ‘
2 0 -8 -6 -4 2 0
-0.06 -0.04 -0.02 0 0.02 Relative position %108

(b) Plot showing the actual flock behav-
1or for M with constant velocity boundary
conditions. The trajectory appears unsta-
ble, which is consistent with the eigenval-
ues shown on the left.

(a) Plot showing eigenvalues of M and
second order approrimation. There are
several eigenvalues of M that are in the
right have complex plane, so the system
s not stable.

Figure 11: The system in this figure is the same as in Figure 9 except that 3, < 0.
In this case the eigenvalues of M are offset to the right of the estimation locus. The
result is that several of the eigenvalues are negative and the system is unstable.

Figure 12 shows the eigenvalues for a system with a different set of parameters.
The periodic system is unstable as several of the eigenvalues are in the right-hand
plane. It appears that the theoretic locus in the right half plane does not reflect actual
eigenvalues of M. However, in Figure 12b we see that there is a small bend into the
positive half plane. It could be that our second order approximation is correct and
that higher order terms are required to pick up the trajectory when it curves back
into the negative half complex plane.

Figure 13 shows the eigenvalues for the same system except that M has “constant
velocity” boundary conditions. In this case the eigenvalues are all stable and the
curve with the unstable eigenvalues is absent.

Figure 14 shows the flock behavior of the system in Figure 13. Figure 14a shows
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Eigenvalues, Periodic M, N=1600, betav=-0.30
g, € [1.00,5.00], g € [2.00,18.00]

207
151
10+
5l
ot
5
0T Eigs M
15 + (c1+,cz+) Locus
x (c1-,c2-) Locus
-20 - -

-40 -20 0 20 40 60 80 100

(a) Plot showing eigenvalues of M and
second order approximation. The system
satisfies periodic boundary conditions and
is not stable.

Figure 12: FEzample comparing eigenvalues of M to the two estimate loci.

Eigenvalues, Periodic M, N=1600, betav=-0.30
9, € [1.00,5.00], g, € [2.00,18.00]

+

*
"
¥
011 i
*
*
0.051 j;
Hp * g
OW%*
wE ¥
’éi S
-0.05
+ EigsM

+ (¢ *,c,*) Locus

70'1-% x (cw—,cz—) Locus

© Lk ks ok H K K TN

70‘.1 70.‘05 0.&)5
(b) This is a magnification of the plot
on the left. The actual eigenvalues of M
bend into the positive complex half-plane
before they proceed into the negative half
plane.

The

system shown in this figure satisfies periodic boundary condition.

Eigenvalues, Const Velocity M, N=1600, betav=-0.30
g, € [1.00,5.00], g, € [2.00, 18.00]

20
1571
101
51
ot
5r
0 Eigs M
15l + (c1+,c2+) Locus
x (C(»Cz’) Locus
-20 -

-40 -20 0 20 40 60 80 100

(a) Plot showing eigenvalues of M and
second order approximation. This system
satisfies periodic boundary conditions and
s not stable.

Eigenvalues, Const Velocity M, N=1600, betav=-0.30
g, €[1.00,5.00], g, € [2.00,18.00]
* il

R g .

011 e
0.05
ke
£ **
O?sﬁ *%ek*
" *
005 g M
+ (cw+*cz+) Locus
x (c1—,cz—) Locus 4
-0.1¢

-0.1 -0.05 0 0.05

(b) This is a magnification of the plot on
the left.

Figure 13: These plots show the eigenvalues of the system in Figure 12 except that
M has “constant velocity” boundary condition. The locus determined by (c14,ca+)
does not appear in the actual eigenvalues of M.
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that the flock is stable, which agrees with the eigenvalue plots of the “constant ve-
locity” system. In Figure 14b we show the flock behavior for the same system except
that 8, — —f,. As we saw in our first example, the system is now unstable. In this
case F' = 0.06, so the periodic system for —f(, should just swap the two eigenvalue
loci. But, as in our first example, the stability of the “constant velocity” system is
not predicted by our second order estimate.

Flock N=1600 (beta=-0.30)
g, € [1.00, 5.00], g, € [2.00, 18.00]
Flock N=1600 (beta=0.30) 10000 B — m
g, € [1.00, 5.00], g, € [2.00, 18.00] B B
10000 9000

8000
8000
7000

6000
6000

o o
E E 5000
4000 4000
3000
2000
2000
0 1000
-2500 -2000 -1500 -1000 -500 0
Relative position 0 = " 3 5 P o
) . Relative position %10%
(a) Plot showing the flock behavior
with constant wvelocity boundary condi- (b) Plot showing the flock behavior
tions with £, > 0. with constant wvelocity boundary condi-

tions with B, < 0.

Figure 14: This system is the same as in Figure 12 except that M has “constant
velocity” boundary conditions. These plots show the flock behavior for M. The plot
on the left is stable and the plot on the right is not. The plot on the right shows the
same system except B, — B,. In this case the flock is unstable.

Figure 15 shows the flock behavior for the systems with periodic boundary condi-
tions. To test stability, we set the initial position of agent 0 to a large value and then
let the system develop with periodic boundary conditions. We examine the ‘ringing’
of the system and look for instabilities. Figure 15a shows the flock dynamics corre-
sponding to the system in Figure 12. This system appears stable, consistent with the
eigenvalue plot. Figure 15b shows the flock dynamics corresponding to the system in

Figure 12. This later system had unstable eigenvalues that are predicted by Theorem
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2.5.1 and observed in the figure. These simulations show that the second order predic-
tions in Theorem 2.5.1 do correctly predict the behavior of the periodic system, but

that the periodic system does not behave in the same way as the “constant velocity”

system.
Flock N=400 (beta=0.30) Flock N=1600 (beta=0.30)
g, € [1.00, 5.00], g, < [3.00, 13.00] g, c [1.00,5.00], g, c [2.00, 18.00]
i 4000 f - N
9000 r
3500
8000 1 — _
3000 -
7000 r
6000 | 2500
(] (]
£ 50001 E 2000
[ [
4000 1500t
3000 ¢
1000
2000 r
500 e
1000 | \
_4'20 _460 -380 ' _360 -2500 -20007 -1500 -1000 -500 0

Relative position Relative position

(a) Plot showing the flock behavior with (b) Plot showing the flock behavior with
periodic boundary conditions. This is the
same system as Figure 12.

periodic boundary conditions. This is the
same system as Figure §.

Figure 15: These plots show the flock behavior when M has periodic boundary con-
ditions. A single delta function is applied, and the system is left to “ring”. These
plots only show the last 20 elements in the flock tail. The system in Figure § is stable
and the system in Figure 12 is unstable.
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The approximation of Theorem 2.5.1 should predict the large-scale flock behavior.
With the constant velocity initial conditions described in Section 2.6, the time T} that
it takes the system to reach the point of greatest distance A; is predicted by Theorem
2.6.9. In Figure 16 we plot the predicted and measured values of T} for different values
of B,. The two plots in the figure show this comparison for two distinct choices of the
parameters.

T, vs B, for Flock with N=400 T, vs 5, for Flock with N=400

2500

g€ [1.00,3.00], g € [4.00,12.00]

g, [4.00,12.00], g c [1.00,3.00]

-+ T1 Measured 300 T
% _T1 Calculated
X ’% X_T1 Calculated
2000+
T
T %
s 250
1500 -+
2
= ﬁx i
1000 +i %*9!4\
200 7@% %
500 - ’*}@é %
0 %%*ﬁ%@%ﬁ 150 : : : 2
0.6 0.4 02 0 0.2 0.4 06 0.6 04 -0.2 0 0.2 0.4 0.6

Beta Beta

(b) Plot showing predicted T, vs com-

(a) Plot showing predicted Ty vs com-
puted

puted

Figure 16: Plots comparing computed vs predicted Ty for two sets of parameters.

In a well-behaved system, the amplitudes will decrease as ¢ — oo. Using Theorem

2.6.9, the ratio of adjacent amplitudes is given by

AQ/Al - Cl—7+

C1,—

(137)

Notice that the ratio is negative, consistent with the change in polarity of A, and A;.
In Figure 17, we plot the measured values Ay/A; for various (3, and compare it to the
values estimates ¢1 4 /c; . The agreement for 5, > 0 is good. As stated in Remark
2.6.10, this is an indicator for stability in the constant velocity case.

We conclude with the realistic system discussed in the introduction. With this
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Compare C1+/C1- to A /A, Compare C1+/C1-to A_/A,

g, €[1.00,3.00], g, € [4.00,12.00] g, € [4.00,12.00], g, € [1.00,3.00]
1 1
¥ T IA/A] + + IAA]
X_|C1+/C1] X |C14CA
08 0.9 X
+
06 0.8 _)|<_
X
04 it 07 +
02 X 0.6 X
¥ x X
0 * ok 0.5
o 01 02 03 04 05 06 07 o 01 02 03 04 05 06 07
Beta Beta
(a) Plot showing predicted |Ay/A1| wvs (b) Plot showing predicted |As/A1| wvs
computed computed

Figure 17: Plots comparing computed |c14/c1 | estimates to the measured values
| A2/ Al

example we demonstrate that the tools presented in this dissertation can be used to
analyze more complicated and realistic problems. We make some rough estimates
in this next section. An automotive engineer could refine these numbers with more
realistic estimates. We model a convoy of N trucks traveling on the highway. The
convoy attempts to keep a fixed spacing between trucks and the trucks are all different.
As the convoy travels, lighter cars might, inadvertently, enter the convoy creating a
1-dimensional convoy with very different agents. To use our model, we must estimate
the agent weights g* and g*. The weights for agent k are force coupling divided by the
mass of the agent. The mass of an 18-wheel truck is somewhere between 14 and 40
thousand kilograms and the coupling force is determined by the torque of the engine.
To make things simpler we shall assume the force divided by the mass produces a
given acceleration and we can estimate this acceleration. For example, a truck can

accelerate from 0 to 60 mph = 26.8 m/sec in 1 to 5 minutes. So, we take our truck
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weights ¢g¥ in the range,

g¥ €[26.8/60,26.8/300], when k is a truck.

We insert cars into the convoy by randomly replacing 10% of the agents with lighter
cars. Cars, typically, have higher power to mass and so have larger weights. We take
a collection of cars that accelerate from 0 to 60 in a range of 6 to 20 seconds, so that
for car agents,

9" €[26.8/6,26.8/20], k is a car.

To guarantee stability we take G, = aG, where o = 10.0. Increasing «, as we've
seen, will increase the damping. U.S. 18-wheel trucks are typically around 23 meters
long. The convoy attempts to keep a bumper-to-bumper distance of 2 x 23 = 46
meters between the agents.

The simulation results are shown in figure 18. The convoy of 400 starts with a
bumper-to-bumper spacing of 46 meters. Add to this the length of the truck and
the stable convoy has an approximate length of 46(N — 1) + 23N, which is just over
27 km long. The first truck suddenly increases its speed 10 meters/second, and it
takes 1095 seconds for the signal to reach the last truck. The time duration is long
because the weights are small (e.g., the trucks accelerate slowly). The distance from
the leader to the tail lengthens to 37.5 km = 94 m/truck before the tail starts to
catch up. This is a bumper-to-bumper distance of 94 — 23 = 71 m. The damping is
not critical, the tail overshoots the optimal distance, and the entire convoy shrinks to
18 km = 45 m/truck before expanding again. This is a bumper-to-bumper distance

of 45 — 23 = 22 m. This simulation assumed p,1 = py,—1.
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Platoon N=400, Delta=69, alpha=10.00

T1 computed=1092, simulated=1078
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Figure 18: Simulation of truck convoy with 400 agents.

2.9 Conclusions

In our research we studied one-dimensional flocks with linear nearest-neighbor cou-
plings, where each agent has its own coupling weights. Systems with varying couplings
have not been covered adequately in the literature, despite the fact that agent depen-
dent couplings are an essential part of any real-world system. A realistic flock will
have agents of different masses and with different propulsion systems. For example,
a convoy of traffic may contain a combination of cars, SUVs, and trucks that have
different weights and engines. Letting each agent have a unique coupling weight com-
plicates the system quite substantially and very little is known about these systems,
even in the one-dimensional linear nearest-neighbor case.

Our system has an eigenvalue at 0 with multiplicity 2. In Theorem 2.5.1, we

derived a pair of discrete quadratics, each with vertex at the origin, that approximate
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the eigenvalues near the origin. Derivation of this Theorem requires some of the
Laplacian properties described in Section 1.1.1. The result of the theorem is an
estimate for the eigenvalues of the system near the origin. If the system is stable,
then all the eigenvalues, except the origin, are in the open left half complex plane
and eigenvalues with large negative real part will decay quickly in time. If we assume
that all eigenvalues near the imaginary axis are near the origin, then Theorem 2.5.1
should approximate all the eigenvalues necessary to describe the flock behavior at
large times.

To test Theorem 2.5.1, we ran a variety of Matlab simulations. Figures 8 and
12 demonstrate that the quadratics approximate the eigenvalues near the origin with
reasonable accuracy for systems with periodic boundary conditions. Figure 15 shows
that this second-order approximation predicts stability for the periodic system. How-
ever, for systems with “constant velocity” initial conditions, the situation is not so
simple. Figures 11 and 14 show examples where the stability of the “constant veloc-
ity” system is different from the periodic system.

However, when the “constant velocity” system is stable, the large-scale flock be-
havior is determined by the eigenvalues that are close to the origin. In this case,
Theorem 2.5.1 predicts flock behavior at large times reasonably well. Figures 16 and
17 show that some of the features of the flock are captured quite accurately by the
second order predictions. Indeed, the successive amplitude ratio Ay/A;, described
by Theorem 2.6.9, is a decent indicator of the stability of the “constant velocity”
system. But how this relates to the eigenvalues is still a bit of a mystery. Why do the
eigenvalues shift when we move to “constant velocity” boundary conditions? When
B, > 0, the eigenvalues shift to the left and so become more stable. When (3, < 0, the
eigenvalues seem to shift to the right and the system becomes unstable. This is con-

sistent with Theorem 2.6.9 but it is not captured by our quadratic approximations.
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The reasons for this are not yet known.

2.9.1 Future Work

Our results provide a step towards a more complete understanding of the one-dimensional
linear nearest-neighbor system. For this to be generally useful to the engineering com-
munity, we need a better understanding of how different boundary conditions relate
to the stability of the system. One unresolved mystery in the “constant velocity”
case is how the stability prediction of Theorem 2.5.1 relates to stability prediction
of the amplitude ratios of Theorem 2.6.9. More generally, how do boundary condi-
tions affect stabilty. We described some stability conditions in Section 2.7, but these
conditions do not capture the specifics of any boundary conditions.

Another possible area of research is the general problem of systems on a graph
with second order time derivatives. In Section 1.1.1 we outlined some of the issues
for first order Laplacians on a general graph. It would be interesting to know if there
is some equivalent to the approximation of Theorem 2.5.1 in the case of second order

systems on a graph.
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Appendix A GENERAL FORMULAS

In the signal processing literature, the following shorthand is often used.

o
WN = exp (%‘7) (138)
Proposition A.0.1.
N1 N N when m =0
k=0 0 when m #0
N-1
2m
Cos (Nmk) =—1 when m # 0, (140)
k=1
N—-1
. (27
sin (ka) =0 when m #0. (141)
k=1

Proof.

N-1 27i
21 1 —exp ( mN)
,}0 Wi E exp (—mk:) e (2m ) = 0.

Setting the real (e.g., cos) and imaginary (sin) parts to zero results in the formulas. [
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Appendix B ROUTH HURWITZ STABILITY

We shall not prove the Routh-Hurwitz stability criteria, but we will describe the
recipe. For a complete proof see [4]. We do prove the following condition that is a

condition necessary for stability.

Theorem B.0.1. If p(2) is degree n real stable polynomial and has lead coefficient

a, > 0, then all the other coefficients ay are positive.

Proof. Let —r, —a+ i, —a— i3 be 3 stable roots of p(z), where r, v, 5 € R. and r, «v

are positive. All stable roots have one of these forms. The polynomial has a factor,

(z4+r)(z+a—iB)(z+a+iB) = (z+7)(2* + 20z + a* + 7).

This cubic has positive coefficients. p(z) is a product of terms similar to these (mul-

tiplied by a,). If o, > 0 then none of the a;, are zero. n

B.1 Routh—Hurwitz Recipe

The Routh-Hurwitz criteria determines how many roots lie in the right half plane.

We start with a polynomial of the form,

p(t) = anz" + an_12"" 4 -+ + ay, (142)

where ag # 0 and a,, > 0.
We write out the table for n = 5 in order to demonstrate how the 0’s percolate
through the table however we keep the indexes general to help with the general case.

The Routh-Hurwitz criteria is specified in the following theorem.

Theorem B.1.1. None of the roots of the polynomial in equation (142) lie in the
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t" Ap  Qp_g Gp_g=a; 0
-l Ap—1 Gp_3 Qp_5 =ag 0
=2 b1 bo 0 0
tn_3 C1 Co 0 0
e I 0 0 0
"o e 0 0 0

Table 1: Routh-Hurwitz table

right half plane if and only if all the coefficients a; are positive and all the coefficients

in the first column vanish.
The following criteria must be handled by special cases
e All rows in the Routh matrix must not be identically zero.
e The elements in the first column must not vanish.

The coefficients are defined by,

(an—lan—2'_’anan—3)

b13:
Qp—1
(anflan74__ananf5)
by =
Qp—1
b31: 0.

The coefficients of ¢, are derived from p; and by,

(blpn—S - pn—le)
by

(blpnAB _'pnfle)
b1

C1 =

Co =

C3 = 0.
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The coefficients of dj, are derived from by and ¢y,

(Clbg — blcg)

dy =
&1

dy = 0.

The coefficients of e, are derived from ¢, and dy,

1
€1 = d_ (d102 - C1d2)
1

6220.

B.2 Routh—Hurwitz Examples
In this section we apply Routh-Hurwitz to various polynomials used in the main text.

Proposition B.2.1. Given the quadratic with aq,a¢ € R,

pa(2) = 2* + a1z + ay. (143)

The quadratic polynomial is Routh-Hurwitz stable (e.g., has roots in the right half
complex plane) if and only if ay and ag are positive.

Proof. The proposition follows directly from the expression of the solutions. One can,

also, use Routh-Hurwitz where the table is given by, The Routh-Hurwitz condition is

22 1 a
z aq 0
ZO b1 = Qo 0

Table 2: Routh-Hurwitz table for quadratic

a; > 0 and ay > 0.
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Proposition B.2.2.
pa(2) = agz* + a3z’ + ax2® + a1z + ap (144)

where ay — a4 are real constants and ay > 0. The polynomial has roots in the left half

plane if and only if

ax >0 (145)
Ao203 — A1Qy Z 0 (146)
ayazas — aiay — azag > 0 (147)

If conditions (147) and (145) are true then (146) must be true.

Proof. We know that ap > 0 for all k. The Routh-Hurwitz table is the following,

24 aq4 Qa2 Qo 0
2las a; 0 0
2'2 b1 b2 0 0
2leg 00 0
20d; 0 0 0

Table 3: Routh-Hurwitz table

where we have,

1

bl = — (CLgCLQ — CL4CL1) y
as

b = — (a3a0)

= — (asag) = a

2 s 300 05
1

C1 = b_ (b1a1 - b2a3) = - (blal - aoa:s)
1 1
1

dy = — (01b2) = by
C1



The only unique conditions are b; > 0 and ¢; > 0. The first is equivalent to,

0 S a;»,bl = Q203 — a10a3.

The second is equivalent to

0 Sblagcl = (agblal - b2a£23)

= Q920301 — 104071 — aoa§

If all the roots are stable and if condition 147 is true then we have,

ay (azas — aray) > ajag > 0,

Since a1, ag > 0 we have,
o203 — A1Qy Z 0.

But this is just condition 146. O

Proposition B.2.3.

pe2(2) = 22 +wiz 4+ wy (148)

where wg, w1 are complex constants. The polynomial is Hurwitz stable if and only if,

R(wr) > 0, (149)
2R (wo) + |wi]* > 0, (150)
R(wow?) > 0, (151)
R(wo)R(w1)? + R(w1)S(wo)(wr) — I(wp)* > 0 (152)
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There is one additional Routh-Hurwitz constraint that is implied by the above

equations, as in equation (146),

R(wo)R(wr) + R(w:)? + R(w)S(wr)? — S(wo)S(wr) > 0. (153)

Proof. We construct a real polynomial of order z*.

pra(2) = (22 + w2+ wo) (z2 +wiz+ wé)
=4+ (wy + wy) 24 (wo + wgy + \w1|2) 22+ (wywg + wiwp) z + |w0|2

= 2* + 2R (w1)2® + (2R(wo) + |w1?) 2° + 2R(wiwg)z + |wo?

The stability conditions of equation (145) are just,

§R(w1) >0
2%(21}0) + |w1|2 >0

R(wywgy) >0
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The condition of equation (147) is,

0 <ajasas — alas — azag
=2R(wiwg) (2R(wo) + [wi[*) 2R(w1) — AR(wiw1)? — 4R(w1)*[wol”
=8R(wo)R(w:) (R(wo)R(w:) + I(wo)I(wr))
+ AR (w1) (R(w1)? + S(wi)*) (R(wo)R(wr) + I(wo)I(wr))
— A(R(wo)R(wr1) + (wo)I(w1))? — 4(R(wo)* + I(wo)*)R(w1)?
= (S(w1)S(wr) + R(w1)R(ws))

X (é)?(wo)%?(wl)2 + R(w1) S (wo) I (wy) — %(w0)2)

Since wy # 0, equation (152) follows.
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Appendix C MATRICES

In this section we discuss a few properties of matrices that are required in the main
text. In this section we will let V' be an N dimensional vector space with basis
€g, €1, - -en_1. The matrices are linear operators on V.

C.1 Special Matrices

The following matrix is typical for second order linear ODE systems.

Proposition C.1.1. Let A and B be N x N matrices and Iy be the identity matriz.

The eigenvectors of the matriz M,

0 Iy
M = are vectors of the form,

A B AU
where X is the corresponding eigenvalue and v is an N-vector that satisfies,
(PIy —AB—A)v=0. (154)
T
Conversely, if X and v satisfy equation (154) then [U )\U} s an eigenvector M with

ergenvalue .

T
Proof. If [v w} is an eigenvector with eigenvalue A then we have,

01 v v w

A Bl |w w (Av + Bw)

From this we also get,

(MIy — AB — A)v =0,
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C.2 Shift Operator

Let V be an N dimensional vector space with basis eg, ey, ---en_1.

Definition C.2.1. The positive shift operator is defined by,

P.(ex) =epy1 fork=0,---N —2

P+(6N,1> = €y

The negative shift operator is defined by,

P_(exy1) =ex fork=0,---N —2

P_(eo) = en—1

Proposition C.2.2. The operators P and P_ are invertible and
e P'=P_,
e PY"'=P, and P ' =P_,
o PV =PV =1y,
e [P,.,P |=0.

Proof. These all follow directly from Definition C.2.1.
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In the standard basis the shift operators are given by the N x N matrices,

0 0O 0 1 010 0 0
100 00 001 00
Po=|: ¢+ @ o0 i Po= 0o (155)
0 00 0 0 0 0 O 0 1
_OOO 10_ _100 OO_

C.3 Circulant Matrices

Circulant matrices arise in many sequence ODE’s where periodic boundary condition

are used. In several of our examples the Laplacian is a circulant matrix.

Definition C.3.1. Let v be a vector in an N-dimensional vector space. A circulant

matriz is a matriz formed from v as follows,

o7 20 ol 02 ... V-l

(P+U)T N1 0 ol ... N2

C, = (PEU)T = |pN-2 ,N-1 0 . . ,N-3
(PY 1)t vl (REEE T SR

The matrices P, and P_ are circulant matrices with,

C
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Any circulant matrix C, is the sum of powers of P |

C,= ) v'P* (156)

Proposition C.3.2. The circulant matrices form an N dimensional vector subspace

of GL(V'). This means that for any vectors v,w and scalar a we have,

Cv+w = Cv + Cw

C. = aC,.

Proof. This follows immediately from Definition C.3.1. O]

Proposition C.3.3. The N XN dimensional circulant matrices form an N -dimensional

sub-algebra of GL(V') where the product obeys the formula,

C,Cyp =Chin.

Proof. We shall use MOD(N) arithmetic in the index calculations that follow.

C,C, = VFPE W P™

= oM™ P

where | = k 4+ m. O]

Proposition C.3.4. Any two N x N circulant matrices commute.
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Proof.

[C(v), C(w)] = 2 [/P? WP = Z vk [P, Pr] = 0.

k,j=0

C.4 Eigenvalues of Circulant Matrices

Let C(v) be the N x N circulant matrix determined by the N—vector v. As in

equation (138) we define,

Wy = exp (%) (157)

Define the N vectors, for each of u =0,1,--- N — 1, by

w(wy) = | win (158)

w](\][\ffl)m

These will constitute an orthogonal set of eigenvectors for any circulant matrix.

The spectra of circulant matrices are related to the Discrete Fourier Transform,

which we define next.

Definition C.4.1. Let v* be an N-vector in an N-dimensional vector space V. The

Discrete Fourier Transform (DFT) of v* is the N-vector, 9 {v}, where

9 {U} \/_ Z Uk —k:m
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The mapping v — 2 {v} is a linear map. A short computation proves the follow-

ing.

Proposition C.4.2. The inverse of the Discrete Fourier Transform is 2~ {v},
-1 m 1 k, km
7 {v}" = —= ) WY

The DF'T is the discrete version of the Fourier Transform and is vital to the study

of discrete signals. The relationship to circulant matrices is given by the following.

Proposition C.4.3. The vector w(wyy) is an eigenvector of C(v). The eigenvalue of

C(v) corresponding to w(wyy) are given by,

VNI {0} [u Zv exp (@mk>

The vectors w(wh}), form =0,--- N — 1 form a complete set of eigenvectors.
Proof.
N-1 i N—1 T N-1 7
kZ:O Ukwmk kZ:O vkwmkz 1 kz:g vkwﬁk
N k—1, mk N1 k, m(k+1) X ko ymhk
>t > vtw Wiy Z VW
Cv)w(wy) =] k=0 — | =Y =
N-1 N-1 N—1
3 R~ (N— l)wmk 3 vkw?\;(kJr(N—l)) w}(,(N_I) 3 Ukwx;k
| k=0 i k=0 i | k=0 i
N-1
— Uk mk) )
k=0
where all arithmetic is mod (). O

Theorem C.4.4. Let C(v) be a circulant matriz. The vectors \/—%w(wﬁ) for m =

0,1,---N —1 form N orthonormal eigenvectors of C(v). The eigenvalue of w(wy})
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18,

=

- 2mi
0 vF exp (ka) .

i

Proof. Using Proposition C.4.3 we only need to show the vectors w(w}}) are orthonor-

mal. We compute the inner product,

N-1 N-1
N whenm =0
u v uk, —v u—v)k
(w(wh), w(wh)) = Y witwy™ =D wy " =
k=0 k=0 0 whenm #0
This follows from Proposition 139. O

Remark C.4.5. If C(v) is a circulant matriz that is tri-diagonal then v has the form,
v = [Uo,vl,(),--- ,O,UN_l}

The eigenvalues of this matriz are given by Proposition C.4.3, and we denote them

by Ak,

N—-1
A = Z Vol = oV ToF 400 4+ otk
=0
Using Euler’s Formula,
e =17+ (0" + 0V cos n, +i (v — 0N ) sin 2, (159)
g N N

If the matriz C(v) is also row-sum zero then we have,

v 4%+t =0.
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In this case the eigenvalues are given by,

Ak::vo(l——cos<%§k))-+i(vl——vN_1)sML<%§k). (160)

If v° < 0 then this entire series of eigenvalues lies in the left half complex plane.

This means that the eigenvalues of the matriz C(v) are stable.
The following follows immediately from the definitions.
Proposition C.4.6.

P (W) = oy w(wh) (161)

P_w(wf) = wiw(wh) (162)

C.5 Almost Circulant

In this section we state a prove a Proposition that appears in [20].

Proposition C.5.1. Let D,, be the determinant,

(61 + d1> —C 0 0 tee 0 0
—dg <d2 + 02) —Ca 0 cee 0 0
Dn _ 0 —dg (dg + Cg) —C3 - 0 0
0 0 0 0 cee (dn,1 -+ Cnfl) —Cpn—1
0 0 0 0o - —d, (dy + c2)




Proof. We proceed by induction and use the general form for determinants of tri-
diagonal matrices. The formula is easily derived from the definition of the determinant

and has the form,

D,(1,n) = (c1 + d1)Dn—1(2,n) — c1d2D,,—5(3,n), (163)

where D,,_1(ky, k2) is the determinant of the ky — k; + 1 square matrix with row and
column indices between ki and ko inclusive. The cases n = 3 and n = 4 are easily
computed directly. The case for general n can be proved by induction using equation

(163). 0
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Appendix D COORDINATE TRANSFORM

Let V' be a vector space of dimension N. Define the set of index values,

N ={0,1,-- ,N—1}

Let o0 € Sy be a permutation of the index values .#". For each permutation there is

a natural representation as a linear transform S, : V' — V defined by,

UO UO'O

Ul Uo‘l

S| v? = vo?
V-1 UU(Nfl)

This is the standard permutation representation. This satisfies, S,, = S,S,. We only
need the special case of this,

S = S,-1.

g

Our interest is a one specific permutation when N = pq, that is given by

o(k+ mq) = m + kp, (164)

where k =0,1,--- ,(¢—1) and m =1,2,--- | (p — 1). Apply this permutation to the

natural index order and we get

[00,01,02,---0(N —1)] =1[0,p,2p,--- ,N — 1],

which is the same as the ordering in equation (68). If v is a g—vector and w a p—vector
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then the tensor product can be written as a N = pq vector as,

_ 1 p—11T
VR W = [vowo,vowl,---vowp Lot vlwt, .o v TP 1}

We have,

S,(v®@w) =w & w.

Proposition D.0.1. If A is ¢ X ¢ and B is p X p then the permutation in equation

(164) has the property that,
S,(A® B)S,-1 = B® A.
Proof. For any p—vector w and g—vector v then we have,

(Se(A® B)S,-1) (w®v) =S, (A® B)S,-1 (S, (v®@w)) =S, (Av @ Bw)

=(B®A) (w®v)
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Appendix E IDENTICAL AGENT CALCULATION IN CANTOS

Section 1.5 contains a review of an N identical agents with nearest neighbor inter-
actions, as described in Cantos [5, 6]. In this section we compare our results to this

previous work. Cantos defines the following,

ock - _gxsz]] —Gz px-i— +px—<_1)k) ) (165)
JEN

vk: - _ga:sz]] px++pr( 1)k) ) (166)
JEN

Cantos also defines,

Comparing this to equation (121) we get,
Gz
Ja=+%r, (167)

2

According to Proposition 4 in [6] the first order term in the polynomial expansion

. Ifu,l o 1 gv 1
o a) ‘2(1/996)( By B gz> (168)

This is the same form as equation (107). Note that in equation (107) we have,

is given by,

¢ 2mm _ 2mm
p N’

119



which is the meaning of ¢ in Cantos. The second order term in Cantos is

-1 1 Iyl I
2T lve vilve | Ios
¢ 4 j:2a1/2 ( RN >

Z—f<%ig}30%ﬁﬁ):ﬂﬁm2aG”%i%j*%wﬁmo

To compare this to Theorem 2.5.1 notice that when the agents are identical, we

have,

1
_ L v== (169)
gz Gz
C=A=F=0. (170)

With this notation the second order term in Cantos is,

'_Vqﬂ“) (171)

1
p— 2_
¢4AT(Vi: Tn

We see the results in Section 2.5 agree with Cantos when equations (169) and

(170) are used.

Remark E.0.1. Given a one-dimensional nearest neighbor system one can compute

M and V. Now use the values,

1 Vv
gfﬂ_M g'U_M

Using these values, you can use the results in Cantos to approximate the solutions. If
the variances of the distributions gé“) and gq(,a) are not too large this will give a rough

approximation to the large-scale system dynamics.
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Appendix ¥ TWO DISTINCT PHASE VELOCITIES

In this section we will assume that a one-dimensional flock has two phase velocities
with opposite signs, and derive some consequences. In this section the values ¢, and
c_ correspond to the values ¢; 4 and ¢; —. They are shortened for convenience. In

Assumptions F.0.1 we specify the system and then derive some system properties.

Assumptions F.0.1. Assume we have a one dimensional flock with equations of
motion that are linear second order ordinary differential equations. Assume that all
eigenvectors have one of two phase velocities, given by ¢, and c_ and assume that c

and c_ are two real numbers that satisfy,

C+>O

c_ < 0.

This means that a general solution for a particular agent has the form,

2(t) = fy (t+ 2) +f (t + cﬁ) . (172)

We assume that z;, satisfies the constant velocity boundary conditions of Definition

2.6.6. We define a system g, that obeys the same ODE and satisfies

dQZk

y(t) = R (173)

From this we can prove the following.

Proposition F.0.2. Assume the system satisfies the assumptions described in F.0.1.

Let yi(t) satisfy the following boundary conditions,
1. Agent 0 satisfies yo(t) = p(t) (see equation (134)).
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2. Agent N — 1 satisfies %Lk’“ ven_1 = 0 (see Definition 2.6.8).

The agents satisfy,

y;(t) =p (t + i)

B O A

where we have defined

P=(N-1) (é - i) (175)
Proof. We apply the boundary conditions to
yr(t) = [t + kfep) + [ (t+k/c) (176)
Condition 1 in Proposition F.0.2 is
yo(t) = f4(t) + f-(t) = p(t)vo. (177)

We are assuming that f, and f_ are differentiable so condition 2 Proposition F.0.2 is

Yk

el = R (V= e + L+ (V= e =

N-1 G+

We can integrate this equation and re-arrange terms to get the condition

P == (5) 1= = D0 = 1o = (S) £s- P amy

Cc_
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Insert this into equation (177) to get the recursive relationship

PO = ple)en = )= o+ () £-5 - P (179)

The function p(t)vy has compact support (see Proposition 2.6.7) so after a finite

number of steps we get

rO=%(2) pe-iru (150)
By equation (177) we get
R0 = st~ -0 == 3 () p(t- kP (1s1)

Insert equations (180) and (181) into equation (176) to get

[e%¢) k . 0 k .
yj(t)z—Z(Z—*) p(t+c‘7—+—k:P) UO+Z<2—+> p(t+ci—kp> "
k=1 k=0 - -

:p(t+i)vo+2(c—+) (p(t—l—i—k:P)vO—p<t+i—k:P>vo>
c_ ~\c- c_ cy

Equation (174) follows from this. O

Corollary F.0.3. With the system of Proposition F.0.2 we have following trajectory

for the tail agent N — 1,

malty = (S ) 3 () (0 B )

a k=0
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Proof. Set j = N in equation (174) to get

2D E ) ()
(22 (#0220
(R ()

The result follows. O

Remark F.0.4. The signs are a bit confusing. Corollary F.0.3 says that yy(t) is

zero until,
N —1 N—1
L= (V-
c_ le_|
1s with € of 0, sot ~ ]‘ch‘l At this point yy starts moving to the right as,
e —ep _—led=led _led+led
e e o]

From this we can prove the following

Theorem F.0.5. Assume that the system z(t) is stable and satisfies the ‘reqular’
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boundary conditions that also satisfies the “constant velocity boundary conditions” of

Definition 2.6.6. Also assume also that

zk(t) = [y <t+i> + fo <t+i> .
C1+ C1,—

For large N and some constant Ky the trajectory of the last agent zy(t) can be ap-

proximated by the following properties.

—C— Ct

o Tk:(N—1)+(k_1><M_(JV;_jU> fork=1,--- Ko,

k-1
o Ak:(&) (N;%forkzl,m[(o,

CcC—

where Ty, is the time to the kth extremal distance zy — zy and Ay is the difference
2n-1(Tx) —20(Tk). When converting back to xy, this will be the distance from the stable

point.

Proof. The system z,, satisfies,

d*z dz

at — dt’
We integrate the formula for y () in Corollary F.0.3. From Proposition 2.6.7 we know
that p(t) has support in [—¢, €] so the velocity Zy(t) only changes in neighborhoods

of the times

N -1 N -1
Tk——( )—i-kP:g—Fk:P.
c_ le_|
In the neighborhood of T}, the velocity changes by
Ty te k-1
Aj = / yn(t)dt = (C _C+) (Ci) vo.
c_ c_
kae

For the time t < 17 — €, agent N — 1 is not moving and agent yy is moving with
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velocity vg. So after T; the distance is very close to,

(N — 1)y

Ay = =Ty =
After time T} + € agent N — 1 has velocity

—vy + (C — C+) v = — (Ci) > 0.
c_ c_

This proceeds for P time and we get

N -1
A2 :A1+ (—(C:—Jr) PUO = (C_+) ( )’UQ,

Cc_ C_

which is now positive. The result now follows from induction. The induction to find

the velocity uy between T} + € and Tjq — € is

k—1 k-1 k
(&) () (E) ()
U = — | — Vg + — vVo=—\|—1 vo.

c_ Cc_ Cc_ c_

The induction step for the value Ay is

Apir = Ay + wp (Topy — T) = (C—*)“ (i i (i - i)) (N = 1)

C_
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Appendix G SOUND WAVES

In this section we derive the PDE for a sound wave in a pipe with constant cross-
section. This section follows the ideas in [10] which covers the case of small perturba-
tions of both density and pressure. See [11] for details of the more general case. The
pipe is assumed to have a constant area A, and the result is a 1—dimensional PDE.

In this section we ignore viscosity, even though this is important for the system
in Sections 2.5 and H. A sound wave is an increase in density and pressure over
the ambient atmosphere. Let Py and pg be the ambient pressure and air density
respectively. A sound wave produces a very small increase to pressure and density

given by,

P=P,+P, (182)

p=po+ps (183)

We assume that P is a function of p near the point py so that Py = A(pg). For

small over-pressures p, we have,

=Py + P

This means that the over-pressure is given by

Py = X(po)ps. (184)
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Let D(z,t) be the distance the air at z is offset due to the sound wave. Conser-

vation of mass means that the air in [z, z + Az] X A is the same as in
[z 4+ D(x,t),z + Az + D(x + Az, t)] x A.
To get the mass we must multiply by the density and we get the conversation of mass.

po(z+ Az —x) A = pyAzA
= (po+ ps) (x + Az + D(x + Ax,t) —x — D(z,t)) A
oD
= (po + ps) (A:v + D(x,t) + a—xA:L' — D(:U,t)> A

oD

From this we get the following conservation of mass equation,

oD oD
ps = —(po + PS)% =Py (185)

This last equation follows because, for a sound wave,
Ps <<< po-

We use Newton’s Laws and write down the equations of motion for a slice of air.
The air in the region [z, z + Az] X A is the volume of a thin slice of air in the sound
pipe that moves to [z + D(z,t),z + Az + D(x + Az, t)] x A. The total force on the
air slice is the pressure difference times the area A. So Newton’s Law is

0*D

(P(z) — P(x + Ax))A = pOAxAW (186)
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Now we expand, using Taylor Series,

oP 0P, 92D
P(x) — P(z) — %Ax/l =~ Az A = poA:EAW
So Newton’s Law is just,
0P 92D
or _pOW (187)

We use the equation of state in equation (184), conservation of mass in (185)
and Newton’s Law’s in (187) to derive our PDE. First substitute equation (184) into
equation (185) to get,

oD

Py = pN(po) = —POX(Po)a—x- (188)

We start with equation (187) and use equation (188) to get

0D 0*D
—— = poN(pg) ==
PO = PO (po) 22
We write this as,
1 0*°D 9*D
=0. (189)

N(py) 982 a2

This is a wave equation with the speed of sound given by

v2 = X(po). (190)

S
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Appendix H PDE ANALOG

In this section we present a heuristic argument that connects our discrete agent system
to a PDE that has the form in equation (197). We start with the basic agent ODE,

d%z
k
—— = — 0uN (% + Pr1Zkt1 + Pr—12k-1)

— go.N (26 + poiZee1 + Po—1%k-1) (191)

We restrict out discussions to systems where the constants 9z,N> Jo,Ns Pz 4 P+ are
all independent of the agent. The N agents attempt to keep a spacing of A. What
happens as N — oco. We have added a subscript N to the constants g., g, as these
values will scale as N — oo.

We want the agents to be spread over a compact interval of length L so as A — 0

we have

NA = L. (192)

You could consider systems that are spread over an infinite length, but we shall not
do so. As N grows the number of agents per unit length, grows. As a result, the total
mass of the system grows. We'd like keep the total mass of the system constant as
we take the limit. If my is the mass of each agent in the N-agent system, then this
requirement is

L

NmN:,uL:>mN:W:,uA,

where g is the mass per unit length of the system. Equation (191) does not have

an explicit mass. Instead it has the factors g, v and g, n. If we write the harmonic

K
me’

oscillator in the form of equation (191) then we would set g, v = 0 and g, x =

where K, is “Hooke’s Constant”. Let’s take sound as the analogous system in the
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continuous domain. In this case the system “stiffness” is just Young’s modulus. If Y

is Young’s modulus we have
F

RTNTI?

where F' is the force applied to stretch or compress the system from L to L + AL.

We relate this to the Hooke’s constant of each agent as follows,

F _ kyLAL/N _
r= (AL/L) AL k.

Young’s modulus will remain constant as we take the limit so, as the spacing gets
smaller, we require a smaller agent displacement to achieve the same force. This

means Hooke’s constant must increase. We put all this together and g, should scale

as

Ja,N = % = %% (193)

and the values % is a constant. A similar argument applies to g, and we shall just
write

JoN = %% (194)

The basic computation turning the agent equation into a PDE approximation is

the following

1 1 1 1
Zk + Pr1Zk4+1 T Pr,—12k—1 = 2k — §Zk:+1 — §Zk—1 + (pm + 5) Zk4+1 T (pz,—1 + 5) Zk—1
A (2 — 2 Rk — Rk—1 B
Y ( A a )T aa)

_ _A_Q zk+1A*Zk o Zk*Zk—l N BUA 2kl — Zho1
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We want to take a limit as N — oo and A — 0. This term approaches,

A’ 9Pu | B u

=" 195
2 0x? * 2 Ox (195)
The terms in 2 are handled in an identical way except that the terms become
A2 PBu  BA O*u
= 196
2 9220t | 2 0ot (196)

To formulate the PDE we start with equation (191) and use our difference formu-

las. As N — oo we get

N A o v A? A LA
Ut = g 7]; Ugy + g 71; Ugpt + %uz + BTu:ct
Yoo X 84 BA
= 5 Uz T 5 Uga U T T U
2 ou T2 2

The scaling of the 3., 8, terms is not as obvious. We will ignore this difficulty and

write the PDE as,

G, G,
Uy = 7ua:w + 7“90:1:15 + Bmu:v + B’Uu$t’ (197)

where G, G, B;, B, are all constants.

If we set B, = B, = 0 then we get

Gy Gy
Uy = 7“&0 + Tszt- (198)

This is the equation of sound in a viscous fluid. Section G derives the basic equations
of motion for the non-viscous case. There is some literature on the viscous case [12, 26]

but we shall not discuss the physics any further. We shall also, not go into the solution
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details except to point out one specific solution. Assume that
U(IL‘,t) _ ei(k:c—wt)'

Plug this into equation (198) and we get the dispersion relation

(i) = 2 ik + S (k) (i)

2
G G
2 . v kQ - xT
=w’ + 1—2 w —2

—iGk? G, [(Gk\’
m TG G ()

E? =0.

2

t) exp (i(kx £ w;(k)t)), where (199)

A o) -

Equations (199) and (200) are analogous to the solutions in Corollary 2.5.4. The

equations in this section assumed that ¢, and g, are independent of agent which

means that G, and G, are just constants. This means that we have

1 1 .
Avg O] =—=0+== g_7
gz 9 2

T

(k)
gv gv gv
AVg (—) = —.=> Co4+ = —.
k) (k 2 )

T xT

The continuous solution makes the association



The solution of equations (199) and (200) correspond to the solutions of Corollary
2.5.4 except, there is an extra term of the form — (%)2 in equation (200). Although
this is not in our quadratic approximation, it may be in the higher order solutions of
6, 5].

The more general problem, dealt with in Theorem 2.5.1, would require that G,
and G, depend on x. The solution to this more complicated PDE is beyond the scope

of this research.
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