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Abstract

Multiple equations in math, physics, quantum information, and elsewhere are referred
to as “the” Yang-Baxter equation, in spite of being a broad family of equations. Most
of the equations are nonlinear matrix equations, where the unknown variable is a
matrix. This is the case for the so called braided, algebraic, and generalized forms of
“the” equation, which are the primary focus of this dissertation. Finding solutions
to the various forms of these equations has been the subject of much research. The
equations in all their forms are largely considered intractable in high dimensions, and
only in dimension 2 have the solutions been fully classified.

We begin with an introduction to quantum computation, with a focus on the
topological model and its connection to the braid group. Next, we introduce the
braided, algebraic, and generalized forms of “the” Yang-Baxter equation. We provide
a full classification of diagonal solutions to each form. In particular, we show that
any diagonal matrix is a solution to the algebraic form in any dimension, and each
instance of the braided and generalized forms only have diagonal solutions that are
scalar multiples of the identity. We exploit the relationship between the algebraic
and braided forms to construct a solution in any dimension that is applicable to
topological quantum computation as a universal gate. The generalized form of the
equation is parameterized by three natural numbers, (d,m,l), and we show that
the only invertible solutions when [ > m are scalar multiples of the identity. We

completely classify all solutions arising from an X-shaped ansatz for five different



choices of (d,m,l), and provide a complete classification of X-shaped solutions to
every odd dimensional braided equation, where there are no X-shaped solutions in
any dimension. We fully classify permutation solutions to each instance of the braided
and algebraic equations that can be written as a product of 3 or fewer transpositions.
We show that the problem of classifying all invertible upper triangular solutions to
the 4-dimensional algebraic Yang-Baxter equation can be split into 48 cases, and fully

classify one of the cases.
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Chapter 1

Introduction

“Let’s start at the very beginning.
A very good place to start”

The Sound of Music

In 1967, C. N. Yang was working on a one-dimensional N-body problem. After
assuming the wave function takes on a specific form (called the Bethe hypothesis
or Bethe ansatz) the wave function is shown to depend on a unitary matrix which
satisfies what we would now refer to the quantum Yang-Baxter equation with spec-
tral parameter [44]. McGuire had arrived at a very similar result appearing in [5§]
three years before Yang. A similar idea referred to as the star-triangle relation from
statistical mechanics appeared as early as 1944 in [65]. In 1972 Rodney J. Baxter
was working on a 2 dimensional lattice model of ice. He found that the wave func-
tion can be computed exactly and depends on a matrix which satisfies the quantum
Yang-Baxter equation with spectral parameter [44]. In the late 1970’s the connection
was made to quantum field theory when Faddeev, Sklyani, and Takhtajan proposed
the quantum inverse method, and the phrase “Yang-Baxter equation” was coined by
them [44]. In 1982 the field of quantum groups began with a paper by Belavin and
Drinfel’d [[7] which describes a connection between particular Hopf Algebras and so-
lutions to the quantum Yang-Baxter equation. Shortly thereafter, a connection was

made to the braid group and its representation theory. Many other connections exist,



and in particular, obtaining representations of the braid group is important for knot
theory, 3-manifold invariants, quantum computation, and elsewhere.

We begin by recalling the classical braid group and its relation to topological
quantum computation to provide context for the understanding of the main results
of this dissertation. We next discuss the various forms of the Yang-Baxter equations
and how they arise in this context. For some of these forms we provide a complete
classification of diagonal solutions. We next classify low dimensional X-shaped solu-
tions of a generalized form of the equation and fully classify the X-shaped solutions
to the so-called braided Yang-Baxter equation in odd dimensions. Further classifi-
cations follow. For example, we fully classify permutations to particular forms of
the Yang-Baxter equation that can be written either as a single transposition or a
product of two or three transpositions. Finally, we address the invertible upper tri-
angular solutions to the so-called algebraic Yang-Baxter equation in dimension 4. We
note that many of these 48 cases remain computationally intractable with current
technology. A case that is tractable with current technology is identified and is fully
classified. With the impending implementation of quantum technologies and the in-
creased computational power that they bring, future directions in this area include

using this technology to address the remaining cases.



Chapter 2

Quantum computation

“I think I can safely say that nobody
understands quantum mechanics.”

Richard Feynman

2.1 Quantum mechanics

We begin with a brief introduction to quantum physics and quantum information.
For a more detailed introduction see [63], [22], or [66]. Quantum mechanics describes
phenomena observed at the atomic and subatomic level. All elementary subatomic
particles are classified as either bosons or fermions. This classification depends on
the spin quantum number of the particle which describes the angular momentum or
spin of the particle. A boson is a subatomic particle whose spin quantum number is
a positive integer (with 0 included) [66]. A fermion is a subatomic particle whose
spin quantum number is an odd multiple of 1 [66]. Photons (light particles) are
examples of bosons and electrons are an example of fermions. Quasiparticles arise
from multiple particle systems. An example arising from a 2 dimensional system of
electrons exposed to an orthogonal magnetic field is the fractional quantum Hall effect
[78].

In quantum mechanics, the quantum state (for example position or momentum) of

both elementary particles and quasiparticles is modeled by a wave function, typically



denoted 1. The wave functions of a system are not directly observable. Instead,
observation or measurement corresponds to the projection of the wave function onto
a set of orthogonal basis states, called the observational basis. In the observational
basis, states appear as vectors in a possibly infinite dimensional Hilbert Space. One
interpretation of the square modulus of ¢ is as a probability distribution over three
dimensional physical space combined with a single time dimension. In this interpre-
tation, [¢|? is proportional to the probability of obtaining a specific observational
basis state at a specific time. For a given physical property, an observation for that
property corresponds to projecting onto the corresponding orthonormal basis.

In general, the Hilbert space of states is infinite dimensional. Due to stability and
the challenges of realizing and working with general quantum systems, the quantum
systems utilized in quantum computation are typically restricted to finite dimen-
sional subsystems. For example, a two-level quantum system corresponds to when
the observational bases for the system each have two basis vectors, and the result
of a measurement is binary. These observational basis states are also called pure
states and the particles in a two-level system are called qubits. Similarly, a d-level
system corresponds to when the observational bases have d basis vectors, resulting
in d possible measurement outcomes for each physical property. The particles in
a d-level system are called qudits. After choosing an observational basis, a single
qudit quantum state can be represented as a vector in C?. These vectors are only
determined up to multiplication by an arbitrary nonzero complex number called the
phase. Phase equivalent vectors thus represent the same state. In the Dirac nota-
tion [20] the phase equivalence classes of the observational basis vectors are denoted

by {|0),...,|d —1)}. An arbitrary quantum state is then represented by a complex



projective linear combination, or superposition, of the basis states:
) = a0 |0) + -+ g1 |d— 1)

where each amplitude «; is a complex number up to a global phase. Up to phase,
the superposition can be assumed to be normalized by dividing by its length so that
the sum of the square modulus of the coefficients adds to 1. For a state given in bra-
ket notation by the ket [¢)) the conjugate transpose of a state vector |¢) in bra-ket
notation is given by the bra (1|. By the Born rule [66] a quantum system in the state

|1} will be measured in the observational basis state |j) with probability:

| () 1?

After normalization, the probability of obtaining the outcome |j) after measuring a
normalized superposition is |a;|?. The sum of the probabilities of all possible measure-
ment outcomes must add to 1, and upon measurement the only information obtained

is one of the observational basis states.

d—1

Z|O~/i|2: 1

=0

In particular the state space of a single qudit corresponds to the set of all complex

lines through the origin in C4*! which is the d-dimensional complex projective space

cpe.



2.2 Models of quantum computation

Many different physical systems exhibit quantum phenomena, however, not all sys-
tems are amenable to the task of quantum computing. Quantum mechanical prop-
erties are only observed at the nanoscale (at the level of electrons and photons for
example), making precise control and isolation from the environment difficult [32].
It is still uncertain which hardware model and qubit system is the best candidate
for a scalable quantum computer. In the year 2000, David DiVincenzo wrote a pa-
per outlining 5 essential requirements for the physical implementation of a quantum
computer [23]. Since then lots of progress has been made and many implementations
have been tried. Here we give a brief overview of some of the most promising models

for quantum computation. The current models include the following types of qubits:

o Trapped Ion

A trapped ion quantum computer uses atomic ions confined to radiofre-
quency traps as it’s qubits [80]. Trapped ion systems have already been used
to implement algorithms with a small number of qubits. Challenges include in-
creasing the number of qubits while also being able to manipulate and measure

qubits individually [80].

e Superconducting

Superconducting qubits are based on pairs of electrons referred to as Cooper
pairs [b0], which are an example of a bosonic system. Superconducting qubits
(for example Bose-Einstein condensates) currently require temperatures close
to absolute zero to operate. While superconducting qubits also suffer from the
problem of outside noise, they may be a good platform for performing noisy

intermediate-scale quantum (NISQ) computing [50].



e Silicon

Silicon qubit systems utilize the valence electrons from silicon to encode
quantum information. Silicon provides an environment with very little magnetic
interference and construction of silicon qubits could potentially take advantage
of the large amount of infrastructure already inplace for manufacturing classical

silicon computing chips [34].

e Photonic

Photonic qubits utilize one or more of the optical degrees of freedom, for
example the polarization, of photons to encode quantum information [75]. Pho-
tons may be particularly suited for multi-level quantum computing using qu-
dits [75]. The challenges facing photonic hardware include noise reduction and
reducing the optical infrastructure required to manipulating multiple qubit sys-

tems [75].

» Topological

Topological qubits are based on quasiparticles called anyons. Anyons have
been theorized to exist for decades and relatively recently have been observed
by Google researchers [3]. While anyonic systems are extremely difficult to
physically realize, they are potentially resistant to outside noise due to their
topological properties when manipulated [61]. The next section gives a more

detailed introduction to topological quantum computation.

2.2.1 Topological quantum computation

A topological quantum computer is a theoretical machine that manipulates topolog-

ical phases of matter to perform computation. Topological phases of matter have



Figure 2.1: The 4-punctured disk

been observed experimentally as the fractional quantum Hall effect [5]. In particular,
quasi-particles called anyons, which arise when electrons are exposed to a magnetic
field, have been observed to exhibit a nontrivial phase change when exchanged [b5].
When two bosons are physically exchanged their wave function is scaled by 1 (a +1
phase change). When two fermions are physically exchanged the wave function is
scaled by -1 (a -1 phase change). The phase change on an anyon depends only on the
number of particles exchanged and whether the exchanges were clockwise or coun-
terclockwise, and not on the specific path taken [60], [61]. Nontrivial manipulation
of a quantum state corresponds to a unitary operator acting on the state’s wave
function. Unitary operators acting on the Hilbert space of states are called gates.
When restricted to 2 dimensions the evolution of the state of an anyon depends only
on the number of particles exchanged, the clockwise or counterclockwise manner of
exchange, and not on the specific path taken [60]. This topological resilience is what
makes a topological quantum computer potentially resistant to local perturbation and
noise [74]. This means that the topological characteristics of the path of exchange
is all that is needed to know how the state evolves. For a system of n anyons this
corresponds to the mapping class group of a n-punctured disk, or the n strand braid
group [8]. An example of the 4-punctured disk is shown in figure .

The topological nature of evolving the quantum state of an anyonic system po-

tentially makes it more resilient against environmental noise or decoherence [29]. A



quantum computation can be thought of abstractly as the ability to manufacture,
manipulate and measure quantum states [29]. Since the unitary evolution of anyons
corresponds to braiding it is not enough to track the permutations of the anyons.
Instead, the matrices representing the gates of an anyonic quantum system must
also be representations of the Braid group, which means they must satisfy the Yang-
Baxter relation, as described in section Ell The above is summarized in the following

definitions.

Definition 2.2.1 (Quantum Computation). A quantum computation is any compu-
tational model based upon the theoretical ability to manufacture, manipulate, and

measure quantum states.|[29]

Definition 2.2.2 (Quantum state). The state of a quantum particle, denoted v or
|1}, is described by a vector (or wave function). The collection of all possible states

form a Hilbert space.

Definition 2.2.3 (Observational basis). In quantum information the Hilbert space
of all possible states is typically finite dimensional. An observational basis is an

orthonormal basis for the Hilbert space of states.

Definition 2.2.4 (Observation or measurement). The result of observing or measur-
ing a quantum system results in one of the basis vectors from the observational basis.

The result of a measurement is probabilistic.

Definition 2.2.5 (Bra-Ket notation/Dirac notation and superposition). Observa-
tional basis vectors or are denoted by kets: {|0),...,|d —1)}. The state |¢) could
be a linear combination or superposition of basis states. The conjugate transpose of

a ket is a bra: |@/J>T = (V|



Definition 2.2.6 (Qudit). A quantum particle which is associated to a d dimensional

state space is referred to as a qudit. When d = 2 the state is referred to as a qubit.

Definition 2.2.7 (Global phase). Scaling by a unit complex number ¢ does not
affect the measurement outcome of a state. The number 6 is referred to as the global

phase. In particular, ) and €% |¢)) are considered equivalent for any 6.

Example 2.2.1. States are considered equivalent if they result in the same measure-
ment outcome. For example the states 7 |0), |0), 2024 |0) will all be measured in state

|0) with probability 1.

Definition 2.2.8 (Anyon). An Anyon is a quasiparticle which can undergo nontrivial

evolutions when exchanged in two dimensions.

Definition 2.2.9 (Tensor and Kronecker Product). The symbol & denotes the tensor
product, when acting on two vector spaces, and the aB-convention Kronecker product

when acting on two matrices. For example in the Dirac notation if V' = Span{|j) |

j=0...d—1}, then V&V = Span{|j) ® |k) = |j) |k) = |jk) | 5,k =0...d—1}

Definition 2.2.10 (Braid group). The braid group with n-strands, B, is the group
generated by: {I,01,...0,-1} with the relations: o,0; = 0,0; whenever |i — j| > 1,
these relations are sometimes referred to as far commutativity and the so called Yang-
Baxter relations: ¢,0;,10; = 0;410;0;41 for © = 1,...,n — 1. This group is further

explained with examples in section @

2.3 Universal quantum gates

Recall as in [10] that a unitary matrix (acting on n qudits) is universal for quantum
computation if it, together with all local unitary transformations from V' — V' (sin-

gle qudit gates), generate a dense subgroup of U(d"). A unitary matrix is ezactly

10



universal if the full group U(d") is generated. Brylinski showed in [10] that a two
qudit gate U is universal if and only if it is entangling. That is, if there is a state
lij) € V ®V such that U |ij) cannot be written as the tensor product of two qubits.
An X-shaped solution will be universal since it entangles the state |0). The CNOT
gate defined by |ij) — |i,7 @ j) is exactly universal since it sends the state |00) + |10)

to |00) + |11) [10]. In particular:

100 0\ /1 1
0100]]0 0

CNOT(]00) +|10)) = = = [00) + [11).. 2.1

oo +=non=+..4 111 o| =100 +1D (2.1)
0010/ \0 1

The entangling condition also provides a connection between topological entan-
glement and quantum entanglement. Any R matrix gives rise to a knot and link
invariant [81], and if R is not entangling, it cannot be used to distinguish between
two knots [2]. While almost every unitary gate is universal [19], finding matrices that
are both universal and provide a braid group representation is a complex task. One
way to construct a matrix is via the braided form of the Yang-Baxter equation, as
described in section @ There are other methods of constructing gates for topological
quantum computation. For example gates based on the behavior of specific anyonic
systems such as metaplectic anyons [18]. Some systems are particularly suited for
qutrit computation, for example weakly-integral anyons [9] can form a universal sys-
tem when supplemented with measurements. Some examples of universal gate sets
include the Clifford set consisting of the CNOT, Hadamard, and phase gate, which
is universal when combined with the phase shift gate. Another example is the Toffoli

gate and Hadamard gate [I]. Some other examples of universal gates for topological

11



quantum computing can be found in [16], [53], [86], [68], [79], [61]. Other gates have
been found via braid group representations [p9]. For example it is shown by Kauff-
man and Lomonaco in [48] that the following unitary solutions to the 2-dimensional

braided Yang-Baxter equation are exactly universal as two qubit gates:

100 0 100 0 10 0 1
010 0 001 0 1o 11 0
001 0 010 0 V2o 1 -1 0
000 —1 000 —1 10 0 1

There are also many known examples of matrices that are universal for quantum
computation with qudits. For example the conditions under which a diagonal matrix
is universal are listed in [10]. Another example is the CNOT gate. The CNOT gate
generalizes to the controlled increment gate C% ;, which is defined recursively in [42]
and is recalled next. Let n be the number of qudits being acted on. Let X; denote

the d x d increment gate (INC):

CNOT (or sometimes CINC, the controlled increment gate) is then defined as in

[42] by letting C ; = X4 and then recursively constructing

12



I 0 0

0 C%) 0 ... 0
wa=10 0 I ... 0 (2.3)
0 0 0 ... 1

Note that the identity matrix block is repeated n — 2 times in the lower right.

Induction on n shows that C ; is a real unitary matrix for all n.

Proof. When n = 1, we have C ; = X4 and X4Xj = I. Now suppose C% , is unitary

up to some n > 1.

I 0 0 I 0 0
0 C%; 0 0 (C¥ )T 0
a(Chy)i=10 0 I 0 0 I (2.4)
0 0 0 IJ\o 0 0 I
I 0 0
0 CYl(CE T 0 0 0
—10 0 I 0] = I 0 (2.5)
0 0 0 I 000 I
O

The CNOT gate appears in this family as C% ;. The examples from [4§] above
may be the only known unitary braid group representations that are also universal

for quantum computation. In section B we construct an example of a braid group

13



representation that is also universal for quantum computation in all dimensions.

14



Chapter 3

Methodology

“.. he who seeks for methods without having

a definite problem in mind seeks for the most
part in vain.”

David Hilbert

What follows is a summary of some of the techniques, useful properties, and

constructions used in this dissertation.

3.1 Properties of the Kronecker Product

The aB convention Kronecker product of a m x n matrix A and a k x [ matrix B is

the mk x nl block matrix given by:

aHB c. CllnB
A®B =

amiB ... amanB

The Kronecker product satisfies many useful properties including the following

1]

« (A® B)(C ® D) = (AC) ® (BD) when all matrices are a appropriately sized.

Note that this also applies to vectors (A® B)(v ® w) = (Av ® Bw).

15



(A B)™'=(A"'® B™)

(A® B)* = (A* ® B*) where * denotes complex conjugation.

(A® B)T = (AT ® BT)

There exist permutation matrices P; and P such that Pi(A® B)P, = (B® A).
When A and B are both n x n then the n? x n? swap operator P defined in the

Dirac notation by P : |ij) — |ji) has the property that P(A® B)P = (B® A).

Proof. Here we provide a proof of the last property since it is fundamental to the
relationship between two forms of the Yang-Baxter equation. Let e; and e; be two
basis vectors of V. Then P(A® B)P(e; ®e;) = P(A® B)(e; ®e;) = P(Ae; ® Be;) =
(Be; ® Aej) = (B® A)(e; ®ej) O

3.2 Grobner Bases

Grobner Basis methods are roughly a generalization of Gaussian elimination and
polynomial long division for the purpose of solving systems of multivariate polynomial
equations. For a given set of multivariate polynomials (an ideal) a Grobner Basis is
another set of multivariate polynomials which can be computed from the original set,
and has properties which can help solve original system. Here we recall the most

relevant definitions and properties from [L7].

Definition 3.2.1 (Linear Combination). A linear combination of a set of polynomials
is a weighted sum of those polynomials where the weights are themselves arbitrary

polynomials in the same variables.

Definition 3.2.2 (Ordering). An admissible ordering is one in which 1 is always

considered minimal and v < v = ut < vt for any power products u, v, t.

16



Definition 3.2.3 (Leading coefficient). Given an ordering and a polynomial P, the
greatest term is called the leading term and the corresponding coefficient the leading

coefficient.

Definition 3.2.4 (Power product). Any product of the form z{'...x%" with no

n

leading coefficient is called a power product.

Definition 3.2.5 (Monomial). Any product of the variables xy, ..., z, with a leading

coefficient is called a monomial.

Definition 3.2.6 (Leading power product). The largest power product appearing in
a given polynomial under a particular ordering is called the leading power product.
Denoted LPP(f). Denote by LM (f) the leading monomial which includes the leading

coeflicient.

Definition 3.2.7 (Reduction). The polynomial reduction of a polynomial f by a
set of polynomials {g¢i,...¢g,} is a process that results in the expression of f as a
linear combination of the polynomials g¢i,...g, and a remainder r such that f =

Q191+ @92+ -+ GuGn + 7

Definition 3.2.8 (S-Polynomial). The S-Polynomial of two polynomials f and g

under a particular ordering is defined by:

SP(f,g)=LCM(LPP(f),LPP(g))( fo_ 9 )

where LC'M is the least common multiple.

Definition 3.2.9 (Grébner basis). A basis B is a Grobner basis if and only if the S-

polynomials between each pairs of basis elements reduces to 0 (Buchberger’s theorem).

A Grobner basis GB for a polynomial ideal I has many nice properties including:

17



o Given a monomial ordering a GB can be found using Buchberger’s algorithm.

o The variety (that is the set of common zeroes, or solutions to a polynomial

system) generated by I and GB are the same.

o Hilbert’s nullstellensatz The variety generated by [ is empty if and only if
GB = {1}

Buchberger’s algorithm [11] is guaranteed to result in a Grobner basis, however, in
practice the computational complexity can be very large. In particular if the number

of variables is n and d is the maximum degree of any monomial appearing in the set

2n71

of polynomials than the degree of the polynomials in G B is bounded by 2(% +d)* .

Example 3.2.1. As an example consider the following system from [82]:

P 4y+z2-1=0,
r+yP+z-1=0,

r4+y+22—1=0.

These form an ideal [ = {#? +y+2— 1,2 +y*+2—1,x+y+2*>—1}. A Grobner
basis for this system under the lexicographic monomial ordering can be computed
using Buchberger’s algorithm [17], which is implemented in most computer algebra

systems. The Grobner basis consists of the following polynomials:

28 — 424 4423 — 22

18



2y + 24— 2%

v —y— 2"+ 2,

r4y+ 22— 1.

The first polynomial contains only the variable z and can be factored:

P-4t 442 - 2= -4 42— 1)
=2z —-1)(2+22=-32+1)

=22z - 132 +22-1)

The original system can now be solved using back substitution into the remaining

basis polynomials to obtain the five solutions:

z=0 y=1 z=0
z=1 y=20 =0

This example illustrates both the elimination and extension theorems for the pur-
pose of solving multivariate systems. These theorems are explained in more detail in

7).

19



3.3 Automated subsystem solver

In practice computing a Grobner basis for a large system of multivariate polynomials
may require a prohibitive amount of memory due to the number of polynomials in
the Grobner basis and the number of terms in each basis polynomials. Computing a
Grobner basis was therefore only possible for solving the algebraic Yang-Baxter equa-
tion in dimension 2 [37]. Mathematica’s Solve and Reduce functions automatically
utilize Grobner basis methods for solving multivariate polynomial systems. Therefore
these functions will fail when the Grébner basis is too large to compute. Some poly-
nomial systems which arise when considering certain special cases of the Yang-Baxter
equation(s) have the property that it is possible to compute a Grébner basis for a

subset of the polynomials. This observation inspired the following algorithm:

Algorithm 1 Subsystem Solver
1: Attempt to solve a subsystem of size ¢ for a fixed length of time. If time runs out
reduce gq.
2: for each partial solution s do

3: Compute the matrix M determined by s and add M to a hash table
4: if M is already in the hash table then

5: return

6: end if

7: Substitute s into the remaining polynomial system

8: if s is a solution then

9: save s and return

10: else if s is not a solution then

11: Recursively apply the subsystem solver on the new system
12: end if

13: end for

When a subsystem of the equations involved in one of the Yang-Baxter equa-
tion(s) can be solved using Grobner Basis methods the main limitation to finding
all possible solutions is usually the number of additional sub-cases that need to be

considered. Hashing the matrix obtained at each iteration of the algorithm ensures

20



(up to potential collisions of the hashing algorithm) that we do not consider duplicate
partial solutions. There are many other approaches to the Yang-Baxter equations,
including choosing a particular ansatz, or initial guess about the form of the solution,
see for example [56], [40], [15], [39], differential approaches [84], [85], and solutions

that arise from particular Lie algebras [6], [64] [77].
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Chapter 4

The Yang-Baxter equations

“Mathematics is the art of giving the same
name to different things.”

Henri Poincaré

4.1 Yang-Baxter equations in the context of topological quantum com-

putation

The gates in a topological quantum computer correspond to physically braiding the
underlying anyonic system. There are several approaches to constructing these gates.
One method is a bottom-up style method such as the one described in [35] and [1§],
which starts with a physical anyonic system which will satisfy the braid relations
due to its innate physical properties, the matrices arising from these representations
must satisfy the braided form of the Yang-Baxter equation. The other method is
more top-down, as described in [4§], starting with a braid group representation and
then engineering a physical system to realize the corresponding gate. What follows
is motivated by the top-down approach. The changes in phase of a quantum system
consisting of n ordered anyons corresponds to the n strand braid group in topology,
denoted by B,. The next section is a brief introduction to this group, from which
the braided Yang-Baxter equation naturally arises from the group’s representation

theory. Forms of the Yang-Baxter equations also appear in statistical mechanics,
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quantum groups, and elsewhere.

4.2 The braid group

The braid group B,, was first introduced by E. Artin in 1925 [4]. The group B, can
be visualized as n vertical strands which are braided over and under one another,
while maintaining that each vertical strand must pass the horizontal line test. That
is, each strand must strictly travel from top to bottom without any local maxima
or minima. Braids are considered equivalent if they are ambient isotopic with fixed
endpoints. Some particular ambient isotopies give rise to the relators of the braid
group. Multiplication between two braids is defined by placing the braids vertically

above each other, and gluing them together as indicated in Figure El]

/
_ /
4

Figure 4.1: The multiplication of two 3 strand braids.

¢
_ X
|

A set of generators for the braid group consists of the set {I,04,...0,-1}, where
o; is the braid with strand ¢ crossing over and to the right of strand ¢ 4+ 1, and [
is the braid with no crossings. There are two types of relations in the braid group,
which we will refer to as braid relations. The first type of relation requires that
two generators commute as long as they are at least two strands apart: o;0; = 0;0;
whenever | — j| > 1, these relations are sometimes referred to as far commutativity.
The generators must also satisfy the second type of relations referred to as the Yang-

Baxter relations:

0i0i410; = 0410041 (4-1)
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This relation can be seen in Figure @ which shows two braids that are ambient

isotopic with fixed endpoints. A group representation is a homomorphism from one

/ /

J /
S 4
7 7

Figure 4.2: Two ambient isotopic braids.

group to another. A linear representation is a homomorphism from one group into
a group of invertible matrices. A faithful representation is representation a one-one
homomorphism. Linear representations of the braid group have historically been of
interest for studying the braid group.

If V is a d dimensional vector space over a field F, denote by V®" the tensor
product of V' with itself n times. It is then natural to look for representations of B,,
in Aut(V®"). One way to define such a braid group representation is by mapping

each generator as follows:

o= I 1T® Re 1®" 1 (4.2)

where R : V@V — V ® V is an invertible linear map. Here ® denotes the aB
convention Kronecker product between two linear maps. In particular, the 75 block
of A® B is given by (a;;B) and A®* denotes the Kronecker product of the matrix A
with itself £ times. This defines a representation of the braid group as long as the

mapping R is chosen so that all of the braid relations are satisfied.
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4.3 The braided Yang-Baxter equations

Definition 4.3.1. Let V be a d-dimensional vector space over C. Let I be the
d x d identity matrix on the vector space V,and R: V @V — V ® V an invertible

linear transformation. The matrix R satisfies the d-dimensional braided Yang-Baxter

equation (bYBE) when:
(RIDNIRR)(RRII)=TRR)(R®I)(I®R) (4.3)

Any matrix satisfying equation @ is referred to in the literature as an R-matrix
[b4]. In the representation defined in equation @, the matrix R, must satisfy the

matrix form of the appropriate bYBE, defined here or in [45], [47], and elsewhere.

4.4 Generalized Yang-Baxter equations

Definition 4.4.1 (Generalized Yang-Baxter equations). Let d, m, and [ be natural
numbers. Let V be a vector space over C of dimension d, and R : V" — V®™ he
an invertible matrix. Denote the identity on V' by Ij,. The matrix R is a solution to

the (d, m,[)-generalized Yang-Baxter equation (gYBE) whenever

(ROIEH(IF @ R)(R® 1) = (IZ @ R)(R® IZH(IF' ® R) (4.4)

This gives another way to represent the braid group as introduced by Rowell,
Zhang, Wu, and Ge in [[70]. For any fixed d when m = 2 and [ = 1 this expression is
equivalent to the d-dimensional bYBE. Any bYBE solution gives rise to a braid group
representation while a solution to a gYBE gives rise to a braid group representation

whenever the far commutativity relations are also satisfied. This is guaranteed when
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[ > m/2 [15]. The corresponding representation of B,, is given by the homomorphism:
o > I3 Q R IG (4.5)

where I, is the d' x d' identity matrix. Finding matrices which satisfy either a gYBE
or bYBE is a difficult task and only a few examples are known, even in low dimensions.
A full classification has been completed only for the (2,2,1)-gYBE (equivalent to the
2-dimensional bYBE), see [B8]. The unitary solutions to this same set of equations in
[26]. Other solutions have been obtained by picking an ansatz to make the problem
more tractable. One example is the charge conserving ansatz, the solutions for this

ansatz have been fully classified in [57].

Theorem 4.4.1. The only invertible diagonal solutions for the (d,m,[)-generalized

Yang-Baxter equation are scalar multiples of the identity matrix.

Proof. Let (d,m,[) be given such that [ < m (the { > m case is handled below). Let
R = diag(ry,...,rgm) be an invertible diagonal matrix. Both (R® I) and (I ® R) are

diagonal and will commute. The left hand side of the (d, m,[)-gYBE can be written:

(RRIFHVIP @ R(RIP) = (I @ R)(R® IPH (IS @ R) (4.6)
(RPoISHIY'®R) = (I ® R*)(R® IT (4.7)
(RPoIFH(IY'® R) = (R IFH(IF' @ R?) (4.8)

RRIF=I®R (4.9)

On the left hand side of equation @, each of the variables of R is repeated d' times:
R® [c(lg)l = diag(rl, ey T1, T2, T2, oy Tgmy oo, Tdm) (410)
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On the right hand side of equation @, R is repeated d' times.
]ffl ® R =diag(ri,mo...;Tgm, 1, ..Tgm, ey T1, ceey Tgm ) (4.11)

To make R ® Ig’l = ]ff)l ® R, the first d' variables: ri,...,74 must be equal to r;.

Substituting r; for those variables in R ® I$' results in 7, being repeated d? times:

R® ]C(lg)l = diag(rl, 1,1y Ty e Tgmy, ...,Tdm> (412)

Examining R ® I$' = I$' ® R shows that the next group of d' variables, labeled
Tqi+1, ..., Tg2+1, are also equal to ry. This process can be repeated until all d™ variables

are shown to equal ry.

]

Theorem 4.4.2. All invertible solutions to the (d, m,[)-gYBE are of the form Algm

whenever [ > m.

Proof. Fix (d,m,l) with [ > m, note that this makes R a d™ x d™ matrix, and I, the

d x d identity matrix. We can then write:

(RRIIFHVIP @ R(RIF) = (I @ R)(R® IH (IS @ R) (4.13)
(RRIHIS" @I ™ @R) (R IF) = (IS @ IP"™ @ R)(R® ITH(IF' @ R)
(4.14)

(RRIHIS"Re (I @ R)ISY) = (IS"Re (I @ R)ISH(IF @ R)
(4.15)

(RIIFVRIF™™@R)= (R I @ R)(I$' ® R) (4.16)
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(RPRIFIF™®R)) = (R I{"™)I{ @ R?) (4.17)

(RPoI ™ ®R)= (R I{"™ @ R?) (4.18)

(R QIR RR) = (R IR IF™ o R?) (4.19)
(RRIF""@R)=(IS" @ I ® R?) (4.20)
(RRIFTRR)(IF QR =" @I ™o RA(IP @R (4.21)
(RRIF™ @ I™) = (IS @ I$"™ @ R) (4.22)

RRIF=I®R (4.23)

It follows by the argument in the proof of theorem that R must be a scalar

multiple of the identity I;= in order to solve the (d, m,)-gYBE whenever [ > m. [

4.5 The algebraic Yang-Baxter equation

Definition 4.5.1 (Algebraic Yang-Baxter equations). Let V = C? with basis {|i) =
e, | i=1...d}. Let P: V®V — V&YV be the swap operator interchanging
qudits denoted in the Dirac notation [21] by P : |ij) — |ji), let I be the d x d identity
matrix, and R : V — V a d* X d> matrix. Let R;; denote the matrix which applies R

only on the ¢ and j factors of a vector in V@V ® V:

Ry = (R® 1) (4.24)
Riz=I®P)RRI)(I® P) (4.25)
Rys = (I ® R) (4.26)

the algebraic Yang-Bazter equation (aYBE) is then defined by:

R12R13R23 = R23R13R12 (427)
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The d-dimensional aYBE and bYBE are closely related: if R solves the d-
dimensional aYBE then RP solves the d-dimensional bYBE and vice versa. The
matrix form of the d-dimensional aYBE can be written as a system of polynomial
equations (see [38], [26] or the appendix):

Ry RS R, = Ry RGC R, (4.28)
where each equation is indexed by (j1, jo, js, 1, l2, l3), with each index ranging from 1
to d, and following the Einstein summation convention used in differential geometry
[27], sums are taken over repeated indices. In this case, the indices denoted with a
k (k, for p = 1,2, 3) are summed over. This indexing appears with some variation
between references because equation is invariant under certain index changes,

as listed in [38]. We will use the lexicographic of basis vectors and the following

convention:

R(e; ® e;) = Z sz’ea ® ep (4.29)
a,b

For example, when d = 3, the matrix R looks like:
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Ry Ri; Ry Ry Ry Ry RY Ry Ri
R} Ri3 Ri3 Ry} Ry Ry Ri Ry R
R} RIS R Ry} Ry Ry Ri Ry R
R RY, RE R3 R3; Ry R Ry R
R# R#I R¥ RE R¥E RE RY RE R3 (4.30)
RE R RE R3 R3 Ry REY R3S R
R} RY R Ry Ry, R3; Rl Ry R

32 32 32 32 32 32 32 32 32
Rll R12 R13 R21 R22 R23 R31 R32 R33

33 33 33 33 33 33 33 33 33
Rll RlZ R13 R21 RQQ RZS R31 R32 R33

Theorem 4.5.1. All d? x d* diagonal matrices are solutions to the d-dimensional

aYBE.

Proof. Let R be a d?® x d* diagonal matrix. Using the indexing convention described
above, a diagonal matrix will only have nonzero entries along the diagonal: R and
zero entries elsewhere. Now consider equation indexed by (j1, jo, Js, (1,2, 13). All
terms in the sum on the left side of equation will vanish unless each variable is
from the diagonal of R, that is unless k; = ji, Iy = ky, lo = ko, ko = Jjo, ks = Js,
I3 = k3. By the same reasoning, the terms in the sum on the right hand side will
vanish unless ko = jo, k1 = j1, l1 = ki, lo = ko, j3 = k3, k3 = l3, ko = l5. This results
in the following equation which is satisfied regardless of the diagonal entries of R:

lelz R]1]3 RJ2J3 _ R]2]3 R]1J3 lelz (431)

Jila” 9173~ “j2J3 2337 791937 “Jile
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4.6 The set-theoretic Yang-Baxter equation

In 1992 Drinfeld posed the question of classifying permutation solutions to the alge-
braic and braided Yang-Baxter equations. This question can be generalized to the
set-theoretic Yang-Baxter equation, of which the permutation solutions are a partic-
ular class of solution.

Classifying the set-theoretic (permutation) solutions to the Yang-Baxter equation
is a problem posed by Drinfeld in 1992 [24]. The set theoretic Yang-Baxter equation
when the cardiality of the set X is equal to d is equivalent to the d-dimensional
bYBE. A d-dimensional set theoretic solution can be extended to a solution of the
d-dimensional bYBE via linearization. In particular by letting the elements of X
form a basis of a vector space we can convert a d-dimensional set theoretic solution
to a permutation matrix solution of the d-dimensional bYBE. The field of quantum
groups has historically studied algebraic structures arising from bYBE solutions over
vector spaces. Set-theoretic solutions also give rise to interesting algebraic structures
[B1]. What follows is an introduction to the terminology of set-theoretic solutions.

The paper by Etingof, Schedler, and Solovieve in 1999 [2§] initiated the theory of
involutive solutions. Subsequently in 2003 Gateva-Ivanova and Van den Bergh in [30]
further studied square-free involutive solutions (ones in which r(x,z) = (z,z) for all
x € X). Since then, lots of work has been done on involutive solutions and associated
algebraic structures including connections to radical rings, and homology [67], [12].
These connections have produced new families of set-theoretic solutions, however, the
problem of classifying all solutions or constructing new families of solutions is still

open [67]. Next we list some basic definitions as in [67] and elsewhere.

Definition 4.6.1 (Set-theoretic Yang-Baxter equation). Let X be a nonempty set

and r: X x X — X x X, let I denote the identity on X, and let x denote the direct
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product. The set-theoretic Yang-Baxter equation (set-theoretic bYBE) is defined by:

(rx D) xr)(rxI)={Uxr)(rxI)Ixr) (4.32)

The pair (X, r) is a set-theoretic solution to the Yang-Baxter equation.

Definition 4.6.2 (Set-theoretic aYBE). Let X be a nonempty set and 7 : X x X —
X x X, let I denote the identity on X, and let x denote the direct product. The

set-theoretic quantum Yang-Bazter equation (set-theoretic aYBE) is defined by:
12,138,238 _ 23,13 12 (4.33)
The pair (X,r) is considered a set-theoretic solution to the quantum Yang-Baxter

equation.

The map r can be written in terms of it’s two components:

r(@,y) = (0.(y), 7 (7)) (4.34)

Definition 4.6.3 (Non-degenerate). The pair (X, ) is said to be non-degenerate if
both o, and 7, are bijective maps from X to itself, for each x € X. If only o, is
bijective then (X, r) is said to be left non-degenerate, and if only 7, is bijective then

(X, r) is said to be right non-degenerate.

Definition 4.6.4 (Involutive). The pair (X, ) is an involutive solution if r? is the

identity on X x X.

Definition 4.6.5 (Square-free). A solution (X, r) is square-free if r(z, x) = (x, z) for
all x € X.
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Definition 4.6.6 (Finite). A solution (X, r) is finite if the set X is finite.

When a solution is non-degenerate and involutive one can write:

r(@,y) = 1(0:(y), (%) = (00, (7(2)), T, (@) (0:(1))) = (2,9) (4.35)

and therefore:

Ty(x) = Ugm(y)<x) (4.36)

02(y) = 7, 1y (V) (4.37)

The majority of papers in this area focus on non-degenerate involutive solutions due
to the connection, conjectured by Gateva-Ivanova [30]. Gateva-Ivanova conjectured
that every non-degenerate, involutive, square-free, finite solution to the set-theoretic
aYBE, comes from a binomial semigroup (defined in [30]). The converse of this
conjecture was already known to be true [73]. This conjecture was proved by Rump

in [71], leading many to study these semigroups and their associated solutions.

Definition 4.6.7 (Decomposable). A solution (X,r) is decomposable if there is a
disjoint partition X = Y'UZ such that both Y and Z are nonempty, (Y xY) C Y xY,

andr(Z x Z)CZxZ

Gateva-Ivanova’s conjecture can be equivalently stated in terms of decomposabil-
ity [28]: Let 1 < |X| < oo, then there is a non-trivial decomposition X =Y U Z such
that Y x Y and Z x Z are invariant under R.

In [72] Rump introduces the idea of Braces to study involutive non-degenerate
solutions. In 2017 Guarnieri and Vendramin introduced the idea of skew braces to

study non-degenerate solutions that aren’t necessarily involutive [33].
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4.6.0.1 Algebraic structures associated to set theoretic solutions [83]

Skew braces correspond to non-degenerate solutions, and braces correspond to invo-
lutive non-degenerate solutions. Classifying braces and skew braces therefore gives
a pathway to classifying these types of solutions. It is still unknown what algebraic

structure corresponds to general set-theoretic solutions.

Definition 4.6.8 (Structure group). The structure group [[12], [33] of a solution (X, r)

is the group

G(X,r) = {X|zy = 0u(y)7y(2)}

Definition 4.6.9 (Skew brace). A (left) skew brace [[712], [B3] is a set B with two
group operations, denoted + and o, such that (B,+) and (B, o) are groups and for

any a, b, c € B the following relation is satisfied:
ao(b+c)=(aob)—a+(aoc)
Definition 4.6.10 (Brace). A (left) brace [72], [B3] is a skew brace, denoted by

(B, +,0), where (B, +) is abelian.

Braces and skew braces are connected to set theoretic solutions [33] as follows.
Let A be a skew left brace. Let 0,(b) =a '+ (aob). Thenry: AxA—> Ax A
defined by:

ra(a,b) = (04(b), U;al(b)((a ob) ' +a+ (aoh)) (4.38)

is a non-degenerate solution of the Yang-Baxter equation. The solution r4 is involu-

tive if and only if a +b = b+ a for all a,b € A. Skew braces have received a lot of
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focus recently due to the connection between skew braces and set-theoretic solutions,

see [13], [14], [43], and the references therein.

H Structure Solution Type H
Braces Non-degenerate involutive
Skew braces Non-degenerate
g-cycle sets Left non-degenerate
? Arbitrary solutions

Table 4.1: A summary of the algebraic structures associated to different set theoretic
solution types [83]

4.7 Symmetries of the Yang-Baxter equations

Each solution of a gYBE generates more solutions under the following symmetries,
to the same gYBE (and with the appropriate choice of (d, m, ) these symmetries also

generate more solutions to the d-dimensional bYBE and d-dimensional aYBE).

Proposition 4.7.1. If R is an invertible solution to the (d,m,[)-gYBE then the

following are also invertible solutions:

1. AR for any nonzero scalar A

2. R™!

w

. The complex conjugate R*

4. The transpose RT and hence the complex adjoint R

5. Q" R(Q™1)®™ where @ is any complex non-singular d x d matrix.
6. PRP when m =21l =1and P: |ij) — |ji) is the swap matrix.

Proposition 4.7.2. If (X, r) is an invertible solution to the set-theoretic Yang-Baxter

equation then so are the following:
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1. (X,r ™)
2. (X, (@ xQ)r(Q x Q)) where @ : X — X is invertible.

These symmetries are well known and appear in [46] and [3§], a proof that 1-5
apply to the gYBEs, and that 6 applies to the d-dimensional bYBE and d-dimensional
aYBE is provided in appendix @ The proof for the symmetries of the set-theoretic

equations is very similar after replacing ® with x.

Definition 4.7.1 (Diagonal dressing). New solutions to the d-dimensional aYBE can
be obtained from already known solutions via diagonal dressing as described in [39].
Let R be a solution to the m-dimensional aYBE. Then a solution in dimension n > m,

denoted R, can be obtained as follows. Let A C {1,...,n} and define

REL ijkleA
Rl = (4.39)

k51 '
$;j0;0; otherwise

The numbers s;; must satisfy:

f%f;(smismj — SmkSmi) = 0 (4.40)
ﬁf}(simsml — SkmSmj) =0 (4.41)
f%f;(simsjm — SkmSim) =0 (4.42)

for all i,7,k,l € A and m ¢ A.

Definition 4.7.2 (Block dressing). Alternatively R can be constructed using a block

dressing [39):
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(

Pkl
A
ki _ v
ksl
G70;

ksl

x(si d;

Where F' and G must satisfy:
(F® F)R

~

(I PRGeI) = (Go DRI F)

(GoG)R

FG

g, k,l €A
hleAi k¢ A
i,keAjl¢gA

otherwise

—R(F®F)

A

= R(G®G)

=GF

(4.43)

(4.44)
(4.45)
(4.46)

(4.47)

Example 4.7.3. Next we describe solutions arising from a commutative set of ma-

trices. Let {N(a), M(a)|la € S} be a set of commuting matrices d? x d* and S an

indexing set. Then the following is a solution to the d-dimensional aYBE [39]:

RE =" N(a)fM(a)}

a€sS

(4.48)

Example 4.7.4. An example of a commutative ring of matrices in any dimension is
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the set of circulant matrices

which take the form:

Co Cn—1 R Co
C1 Co Cp—
C1 Co
Cn—2
Ch—1 Cp—2 Ce C1

38
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Chapter 5

A universal Yang-Baxter operator

“It is possible to invent a single machine

which can be used to compute any
computable sequence.”

Alan Turing

5.1 Constructing the operator

Unitary representations of the braid group serve as the gates in a topological quantum
computer [48]. It is therefore desirable to find unitary solutions the d-dimensional
bYBE or gYBE, which are also universal for quantum computation. Finding solu-
tions to any of the variation Yang-Baxter equation is generally a difficult task, which
reduces to solving a large system of multivariate polynomial equations. In particu-
lar, the d-dimensional bYBE involves solving a system of d® cubic equations in d*
variables. What follows is one of the primary contributions of this paper: a not pre-
viously noted universal unitary solution to the d-dimensional bYBE for any d > 2.

To construct the solution, first recall the discrete quantum Fourier transform denoted
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F,; and with w = e27/4;

1 1 1 1
1 w w? wt
1
Fy = i 1 w? wtooo WD (5.1)
1 Wil 21 d-Dd-1)

To construct the d-dimensional bYBE solution, we define the following unitary

solution to the d-dimensional aYBE:
Ry=(I® F))C% (I® F) (5.2)

In theorem , we show that this solution is part of a larger family of diagonal
unitary solutions to the d-dimensional aYBE, any of which can be converted to a

solution of the d-dimensional bYBE by composing with the swap operator P.

Theorem 5.1.1. All d? x d? diagonal matrices are solutions to the d-dimensional
aYBE, and in particular, R; provides an example of an exactly universal unitary

solution to the d-dimensional aYBE.

Proof. First note that R4 is unitary since it is the product of unitary matrices. Since
the CNOT gate C)QM along with all single qudit gates is an exactly universal gate
set, another way to prove a particular matrix is exactly universal is to show that
CNOT can be expressed using that matrix and the Kronecker product of local unitary
matrices [10]. To express C% 4 in terms of Ry and the Kronecker product of local linear

transformations, we can conjugate Ry by (I ® Fy) as follows:
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Cia=U® F)Ry(I ® Fy)

To see that Ry is a solution to the d-dimensional algebraic Yang-Baxter equation,

we can simplify the form of Ry using block matrix multiplication:

Ri=(I® Fd)C)Q(,d(] ® Fj)

F;, 0 0 0 0 Fl 0 0 0
0 F 0 0 Xy 0 FI 0 0
0 0 Fy 0 0 0 0 F) 0
0 0 0 E;)\o 0 o0 1)\o 0 o0 El
I 0 0 0
0 FyX.Fl 0 0

=l0 o0 I 0
o 0 0 .. I

This matrix turns out to be diagonal since the Fourier transform diagonalizes X,.
The characteristic polynomial of X, is A — 1 and therefore the eigenvalues of X, are
the d roots of unity: e for k=1...d. It is then straightforward to check that the
corresponding eigenvectors are given by the columns of Fj.

As a consequence of theorem R4 P is a unitary solution to the d-dimensional
bYBE. and by the symmetries above (Q ® Q)R4(Q ® Q)™ is also a universal unitary

solution to the d-dimensional bYBE whenever () is a complex d x d unitary matrix.
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This provides a way to generate many non-trivial examples of unitary solutions to

the d-dimensional bYBE, which are also universal as quantum gates, and provide an

explicit decomposition of the CNOT gate.

Example 5.1.2. When d = 2 we have w = €*™/? = ¢™ = —1 and:

§||H
A}

—_

|

—_

Fy

I ®F; =

Sl
@)
@)
]
)

2 _
CX,Q =

(@]
—

o o O
(@)

Therefore Ry is given by:

Ry = (I® F3)Cx,(I @ F)) =

This example is one of the universal gates found in dimension 2 in [4§].

—I®F)
00 0
10 0
01 0
00 —1

]

(5.3)

(5.5)

(5.6)

Example 5.1.3. Another non-diagonal example is when QQ = I3, then we obtain the

following unitary solution to the 3-dimensional bYBE:
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4 1—iv3 1443 0 0 0 2 —1+iV3 —1-iV3
2 —14+4v/3 —-1—1iV3 4 1-4v3  1+4+iV3 0 0 0
0 0 0 2 —1+iv3 —1—-4V3 4 1-iv3  1+4+iV3
1+iV3 4 1—iv3 0 0 0 —1—iv3 2 —1+iV3
il -1-iv3 2 “1+iV/3 1+iV3 4 1—iv3 0 0 0
0 0 0 —1—-4V3 2 —1+iV3 1+iV3 4 1—iV3
1—iv3 1443 4 0 0 0 —14+iV/3 —1—-1iV3 2
—1+iv3 —1—iV3 2 1—iv/3  1+iV3 4 0 0 0
0 0 0 —1+iV3 —1—-iV3 2 1—-4v3  1+iV3 4

As any diagonal matrix solves the d-dimensional aYBE, other universal unitary
solutions to the d-dimensional bYBE can be generated in a similar way. The condi-
tions under which an arbitrary diagonal matrix is universal is provided in [10]. If a
topological quantum computer is built, this result provides a method for constructing

a qudit gate that is guaranteed to be universal and solve the d-dimensional bYBE.
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Chapter 6

X-shaped solutions

“Let us wonder at how X was just a rare
letter until algebra came along and made it
something special that can be unravelled to
reveal inner value.”

Bernardine Evaristo

6.1 X-shaped solutions to the gYBE

The permutation solutions to a gYBE can be found by brute force computation in
low dimensions. From a permutation matrix solution, one can construct a monomial
solution by replacing the 1’s with variables and solving for the conditions under which
the new matrix is a solution. The (2,3,1) and (2, 3,2) monomial solutions have been
classified fully in [62]. In contrast to the bYBEs, the (2,3,1) and (2,3,2) gYBEs
don’t have any monomial solutions with d free parameters. Other than the monomial
solutions in [62], there are currently only a few known solutions to the non-bYBE
(d,m,1)-gYBE up to the symmetries in proposition . One well known solution

is the X-shape solution to the (2,3,2)-gYBE that appears in [70]:
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1 0 0 0 0001
0 1 0 0 0010
0 0 1 0 0100
pe_ 1|0 0 0 11000 o
V2l 0 0 0 11000
0 0 -1 0 0100
0 =1 0 0 0010
10 0 0 0001

After that solution was found, a handful of other solutions were found in [15], [69],
[49]. The question of finding all unitary (2, 3, 2)-gYBE solutions with nonzero entries
in the same position as the nonzero entries of Ry is posed in [15]. This question
demonstrates another more general method used to find solutions: pick an ansatz or
initial guess about the form of the matrix, and in some cases, this will simplify the
system of polynomial equations enough that they can be fully solved. We compute
all X-shaped solutions for 6 different instances of the gYBE, and the 3-dimensional
aYBE. We were unable to find any solutions when d is odd, leading to the following

conjecture.

6.1.1 0Odd dimensional solutions

Conjecture 6.1.1. The (d,m,])-gYBE has no X-shaped solutions when d is odd.

Lemma 6.1.1 (The determinant of an X-shaped matrix). Let d > 1 be an odd

integer. Let a = %, and a; = 2a — 1. Let < denote the lexicographic ordering.

Define the set of paired indices A by:
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A ={ijli +j=even and ij < aa} U {ijli + j = odd and ij > aa} (6.2)

where i and j both range from 1 to d. The determinant of a d? x d*> X-shaped matrix
is given by:
Roa [T B R — Rl RS (6.3)

()
ijeA

Example 6.1.2. When d = 3 define the following two sets:

Ay = {12,21} (6.4)

A, = {33,31} (6.5)

Define the permutation S such that S(e; ® es) = e3 @ e3, S(ea ® 1) = e3 ® €1. Then

the X-shaped matrix:

RY0 0 0 0 0 0 0 RY
0 RZ20 0 0 0 0 RZO
0 0 R3 0 0 0 RSB0 0
0 0 0 R¥ 0O RLO 0 0
0 0 0 0R20 0 0 0 (6.6)
0 0 0 R 0RZ0 0 0
0 0 R 0O 0 0 RI O O
0 R20 0 0 0 0 R2 0

R 0 0 0 0 0 0 0 RS
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is transformed into the block diagonal matrix:

RYRI 0 0 0 0 0 0 O
RBRE¥ 0 0 0 0 0 0 0
0 0 RERBB 0 0 0 0 0
0 0 RIRI 0O 0 0 0 O
SRS'=10 0 0 0R20 0 0 0 (6.7)
00 0 0 0 RBR®Z 0 0
0 0 0 0 0 RARZE 0 0
0 0 0 0 0 0 0 R®R®
0 0 0 0 0 0 0 RI2RY

Proof of lemma . Let d > 1 be an odd integer. Let a = %, and a; = 2a — 1.
Let < denote the lexicographic ordering. Define the sets of paired indices A; and A,

by:

Ay = {ij|i + j = odd and ij < aa} (6.8)

Ay ={ijli + j = even and ij > aa} (6.9)

where 7 and 7 both range from 1 to d. Consider A; as sorted in lexicographic order and
Ajg as sorted in reverse lexicographic order. Define the permutation S: V@V — VeV
which sends the basis vectors e; ® e; for ij € A; to the basis vector e ® e; where
kl € As and kl is at the same position in the set A, as 75 is in A;.

Then under conjugation by S any d? x d* X-shaped matrix is similar to a block

diagonal matrix consisting of one 1 x 1 block with entry R3%, and % 2 x 2 blocks
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given by:

] ij
Rij Raiaj

(6.10)
RUY  Ra

v

where ij € A = {ij|li + j = even and ij < aa} U {ij|i + j = odd and ij > aa}. The
determinant of R is therefore the product of R%¢ and the determinants of each 2 x 2

block. ]
Theorem 6.1.3. The d dimensional bYBE has no X-shaped solutions when d is odd.

Proof. Let d be an odd integer. The X-shaped ansatz requires that:

.

nonzero ¢ = a and j = b (diagonal entries)
R?]b = qynonzero i=1+d—aand j=14d— b (antidiagonal entries) (6.11)

0 otherwise

The d-dimensional bYBE can be written in the Einstein notation as follows:

kika pliks plals _ phiks pkals phil
Riois B ke = 13 Py e (6.12)
where each variable can range from 1 to d, and sums are taken over repeated variables.

Consider equation when j; = jo =11 = o = d%l and j3 = I3 = d—;l. To
simplify the notation let a = %, b=a— 1. We will use the convention that only

repeated indices labeled with a k are summed over. Equation can then be written

as follows:
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k1k2 paks pa k3b paa
Ry R Rit, = Ray™ Ry Rity, (6.13)

Terms on the left side will vanish unless kK =aand ky =aor ki =1+d—a=a
and ke =1+d—-0= % = a+ 1, which we will denote by ¢ = a+ 1. In the first case
we get R R Ra® which is only nonzero when k3 = a. In the second case we get

3a’

RglfRZ’;?’Rzgc, which is nonzero when k3 = a. So on the left side of we get only
two nonzero terms: R R R 4 R% R R The terms on the right side of equation
will vanish unless k1 = ky = a, resulting in RgngLszgzs which is only nonzero

when k3 = a. Therefore we get the equation:

Ry ReaRay + Ry Rag Rae = R Ray Reg (6.14)

Rea (R Ry + RigRee — RipRi) =0 (6.15)
Now consider equation with j1 =jo=l1 =1ls=a, j3=0,and I3 = c:

Roy™ Rogi iy, = Re " R Ry (6.16)
The terms on the left will vanish unless &y =a and ks =bork;=1+d—a=a
and ky = 1+ d —b = c. In the first case RGRM3 RS, # 0 requires k3 = a, leaving
only the term: R¥®R*R%. In the second case R%R*s Rig. # 0 requires that k3 = a.
So there are two nonzero terms on the left: R R R and R R R
The terms on the right side of equation will vanish unless k; = ko = k3 = a

which leaves only one term: Rie R R%%. Therefore for R to satisty the d-dimensional

bYBE its entries must satisfy the equation:
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Ry ReaRay + RopRag Ree = Rag Rap Raa (6.17)

ab*taa

Rea Ray (Roy + Rag — Rag) =0 (6.18)

All entries are nonzero to preserve the X-shape, so the only solution is when R =
R% + R substituting this into equation results in:

Ry Ray + Rgg Rae — Rep(Ray + Rig) = 0 (6.19)

RijRa — RyRac =0 (6.20)

Now consider that a + ¢ = 2a + 1 is odd and a(a + 1) > aa, therefore ac is an

index in the product for the determinant of R in lemma . This means that the

equation is a factor of the determinant of R:

ac 2a—a)(2a—c ac a—a)(2a—c
ReCR G a—e) — Risa o) Rie (6.21)

—a)(2a—c) ac

Recall that c=a+1,b=a—1,s02a —c=2a— (a+ 1) =a — 1 = b resulting in:
RicRy, — Reg e (6.22)

This must be nonzero for R to be invertible, meaning that R cannot solve equation
, and therefore an X shaped matrix cannot solve the d dimensional bY BE when
d is odd.

O

A similar proof might apply to the gYBE when d is odd. We now list X-shaped
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solutions found for certain instances of the gYBE. In the case of the (2,3,2)-gYBE
we classify which ones can be made unitary. The solving process is fully described
only in the (2,3,2) case. The other cases were solved using a very similar process,
although in many cases the initial factoring process takes hundreds of steps. Table
provides a summary of the X-shaped solutions found in this paper. Solutions
are given up to the symmetries listed in proposition , except with () restricted to
only permutations and diagonal matrices, therefore the numbers in table should

be considered as upper bounds, except in the cases of (2,2,1) and (2, 3, 2).

H (md) d=2 d=3 d=4 d=5 d=6 d=T7T H
2,1) 4 0 91 0 - 0
(3,1) 19 0 - 0 - 0?
(3,2) 4 0 - 07 - 0?
(4,1) - 0 - 0? - 0?
(4,2) 91 0 - 07 - 0?
(4,3) 12 0 - 0? - 0?

Table 6.1: Number of X-shaped solutions for different values of (d,m,1). The (2,4,1)
case could not be fully classified. When d™ > 32 and d is even the system is too large
for the author’s computational resources, but could be completed in the future with
access to more computational power.

The following sections list all the X-shaped solutions found for different instances
of the gYBE. All variables can take any complex value unless it breaks the X-shape,
results in division by 0, or is otherwise specified. To list closely related solutions we
let £+ denote a choice of positive or negative, all 4 are assumed to take the same sign,

and F = —=%.

6.1.2 (2,2,1)-gYBE X-shaped solutions

The (2,2,1) X-shaped ansatz results in a polynomial system consisting of 32 equations

in 8 unknowns. These are also the 2-dimensional aYBE X-shaped solutions after
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composing with the swap matrix. Let v = /3% — 28 + 2, the four solutions are:

1 0 0 « 6 0 0 «
0 1 -1 0 0 1 -8 0

(6.23) (6.25)
0 1 1 0 0 -8 1 0
-0 0 1 L0 0 B
B0 0 « 2-8 0 0 «
01380 0 1 0

(6.24) ! (6.26)
0 10 0 v 10
100 8 L 00 p

6.1.3 (2,3,1)-gYBE X-shaped solutions

The (2,3,1) X-shaped ansatz results in a polynomial system consisting of 64 equations

in 16 unknowns.

1 0 0 0 0 0 0 «
0 1 0 0 0 0 %8 0
0 1 0 0 B 0 0
0O 0 0 1 % 0 0 0
(6.27)
0 0 0 ¥ 1 0 0 0
-1
00 % 0 0 1 0 0
0 %1 0O 0 0 0 1 0
< 0 0 0 0 0 0 1

52



(1—n%)

— |

—iB

(n—1)?

—N

—if

28
0

(n—1)?

2

i(n—1)?

(n=1)((n=1)n+2)

2«

(6.28)

(6.29)

+i

—i3 0

0

0

0

+i

(6.30)

F6n 0

0

0

0

0 F67n

0

— O
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(n—2)n+ 2.

Let ¢

(6.31)

2—n

0 F6¢ 0

0

0 +6 0

0

1

FB¢

0

— 3

(6.32)

0 +8y 0

0

0

+6n 1

0

o4



2-n 0 0 0 0 0 a
0 1 0 0 0 +B8¢o 0
0 0 + 0 0 B 0 0
0 0 1 £5 0 0 0
(6.33)
0 0 £86 1 0 0 0
0 0 5 0 0 ¢ 0 O
0 +£5 0 0 0 1 0
L0 0 0 0 0 0 9
1 0 0 0 0 0 0 a
O 1 0 0 0 0 B 0
0 0 4+ 0 0 B 00
0 0 0 1 3 0 0
(6.34)
0O 0 0 - 1 0 00
0 0 5 0 0 +i 00
0 -3 0 0 0 0 10
-0 0 0 0 0 01

For the next solution let 6 = \/1+ By(By — 14), & = /By (By+0—6) +0 — 1,
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U — _ VBVBRLBY=0+T o VAVAY VY04

,and p = 3(—fy+6+3).

2V2vy ’ 2v2VB

—ﬁvi% 00 0 0 0 0 o
0 10 0 0 0 v 0
0 0p 0 O 5 0 0
0 00 —By & 0 0 0

(6.35)
0 00 v 1 0 0 0
0 007y 0 0 $(=38y—0+1) 0 0
0 k0 0 0 0 —By 0
+v2a®(By+1)—4af

Grfl=tely g 0 0 0 0 0 1F;%

The next solutions have a similar form as the ones above except with & =

iVBY(By+0—6)+0+1, v = —YBEEVAIE o — SVBDVEITE and p =
(=P —0+3).
B+ 55 00 0 0 0 0 a
0 10 0 0 0 U 0
0 0p 0 0 3 0
0 00 —By & 0 0 0 630
0 00 T 1 0 0 0
0 007 0 0 Y=38y+60+1) 0 0
0 kK0 0 0 0 By
EV20d(Pril)—iety g g g g 0 0 1¥;%
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6.1.4 (2,3,2)-gYBE X-shaped solutions

The (2,3,2) X-shaped ansatz results in a polynomial system consisting of 128 equations
in 16 unknowns. What follows is a description of the procedure used to obtain all 4

distinct families of X-shaped solutions to the (2, 3,2)-gYBE.

rm 0 0 0 0 0 0 rg
0 79 0 0 0 0 797 O
0 0 733 0 0 736 0 O
0 0 0 rg 75 0 0 O

X - (6.37)
0 Ts4 Tss 0 0 0

]
@]

0 0 T63 0 0 T'66 0 0
0 72 0 0 0 0 Uit 0

rs1 0 0 0 0 0 0 88

The variable ry appears in the most equations and can be scaled to 1 using the overall
scaling symmetry since all variables are assumed to be nonzero. After this scaling,

the following equations are in the set:

—736763(755 — 1) = 0 (6.38)

736763(7aa — 777) = 0 (6.39)

and therefore 755 = 1 and r77 = ryy. After making these substitutions 108 equations
remain. This system is then small enough that a Grobner basis can be computed
using a computer algebra system. We used Mathematica to compute a Grobner basis

with a lexicographic monomial ordering, and then used the reduce function to find
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all solutions to the system. Initially this procedure results in 7 solutions, which are

listed below, with «, 5,7, being complex free parameters:

X1 =

Xy =

o O

S @l

Qs ] o

o O

o

[N R )

e}

o O O ™

—_ e O o o o o o — =%

e}

o8

0

iaB?

(6.40)

(6.41)



1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
X5 =
0o 0 0 p
0 0 -1 0
1
0 5 0 0
—a 0 0 0
i 0 0 0
0 1 0 0
0 0 1 0
0 0 0 i
X5 =
0 0 B
0 0 -0
0 -5 0 0
= 00 0

29

o

@[~

)

(6.42)

(6.43)



—_
o
o

o o O

e} e} o e}
o o
—_
— Wl

0

0

0
Xo =

0

0

0

Q=
(-] (@] @™
o

O ™=
o o

@] o @] (a] —
] ]

o ]

— @R (a] (@] ) e}

QR

S Wk
(@) ]
[a) ]
o (@] @]

60

o o o »w o

o O o o W o

2

a/3?

Q
=) (@) ] Q|Qw

e}

(6.44)
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0 622542
0 1 0o 0 0 08 0
0 0 2-00 0 a 0
‘- 0 0 0 1 2=2%2 o 0 0 6.46)
0 0 0o B 00 0
0 0 L0 0 60 0
0 S22 0 0 0 01 0
el O 0 0 00 ¢

The matrices Xg and X7 are not invertible for any choice of the parameters by
lemma . The matrices Xy and X5 are from the same family after utilizing the
symmetries in proposition . In particular, X5 = 2* X, ' with a replaced with ia
and f replaced with ¢3. We now determine if there is a choice of the parameters and

overall scale factor A, which make X7, X5, X3, X4 unitary.

Proposition 6.1.4. A\X| is unitary when Re(d) = 0, 62 = —|8)?, |a| = 1, |M? = H}(;'Q

Proof. We have that AX;(AX;)" is equal to:

el 155 0 0 0 0 0 0 iy A
0 BB +1 0 0 0 0 Z+8 0
0 0 oaa+d 0 0 24ad 0 0
- 0 0 0 e84 g4 2 0 0
A\ o 7 (6.47)
0 0 0 S+6 pB+1 0 0 0
0 0 dsa+i 0 0 L+ 0 0
2 82 5262
0 B+% 0 0 0 0 2241 0
240 0 0 0 0 0 B+
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Since it is required that B—i—% = (0 and %—i—ozg = 0, we must have 62 = —38 = —| 3/
and a@ = . Therefore, Re(d) = 0 and a@ = 1 and all off-diagonal elements will be

zero when this is the case:

6% dap? - daa(BB)? - daa(—46?)?

_ — ey _— = - = 4

a52+ 7 626 + 5 6%6 + 7 (6.48)
= 026° + aad® = 6° + aad® = &° + —_5553 —(=0)'=d'=0 (6.49)

A similar computation shows that all diagonal elements are equal to 1 + |6]? and

therefore AX; will be unitary whenever |A|> = ; +1‘5|2. O

Proposition 6.1.5. AX, is unitary when |a| =1, [3| =1, and [\[* =1

Proof. We have that AX»(A\X5)" is equal to:

ap’afB? +1 0 0 0 0 0 0 z'aﬁ2—6%52
0 BB+ 1 0 0 0 0 iﬁ—% 0
0 0 aa+1 0 0 za—é 0 0
1 7 -
N 0 0 0 R 0 0 0
0 0 0 z‘/ﬁ—% BB+ 1 0 0 0
0 0 f-ia 0 0 L4+1 0 0
7 1
0 L—ip 0 0 0 55 T 1 0
o a0 0 0 0 0 R
(6.50)

To make the off-diagonal elements zero, we need ;—3 — i =0 and é — 1@ = 0, which
only has the solutions || = |3] = 1. The diagonal elements are then all equal to 2 so

AX, will be unitary as long as [A]* = 3. O
Proposition 6.1.6. AX3 is unitary when || =1, [3| =1, and [A]* = 3
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Proof. We have that AX3(AX3)" is equal to:

aB?afr+1 0 0 0 0 0 0 af’—zm
0 B+1 0 0 0 0 ;-8 0
0 0 aa+1l 0 0 a—1 0 0
1 2 1
N 0 0 0 5+l B—3 0 0 0
0 0 0 B—5 BB+1 0 0
0 0 a-1 0 0 +1 0 0
1 R 1
0 50 0 0 0 55 +1 0
af — o 0 0 0 0 0 0 pept1
(6.51)

To make the off-diagonal elements zero, we need % — B =0and i — & = 0 which only
has the solutions |a| = || = 1. The diagonal elements are then all equal to 2 so AX3

will be unitary as long as [A|? = 1. O

Proposition 6.1.7. A\X, is unitary when |a|? = 52, |82 = 62 =26 +2, [\]* =

and ¢ is one of the following: 1+, 1 —i, 1, 2 + ¥ 2 — %.

1
1+[B]2°
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Proof. Let f = 6% — 26 + 2, then AX,(\X}) is equal to:

ol L (5-2)(5-2) 0 0 0 0 0 o e
0 BB +1 0 0 0 0 L+p 0
0 0 aa+(0-2)(0-2) 0 0 E+ad 0 0
AX ’ 0 0 Sy15+L 0 0 0
0 0 0 L+ppf+1 0 0 0
0 0 adeztil 0 0 =+ 0 0
0 B+1L 0 0 0 0 H+1 0

ug _ I 0 0 0 0 0 0 Ao
(6.52)

Because we need 222 4 ad = 0 we can set ad = |a]? = 252. We also need g +8=0
which will happen if 88 = |3|> = f = 6> — 2§ + 2. Clearing the denominator and

substituting into the upper-rightmost element gives us:

(6 — 2)(527— 20 + 2)

aa(BB)?0 — (6 —2)ff = — (6 —2)(0* =26 +2)(6* — 20 + 2)

)
(6.53)
Clearing the denominator again this simplifies to:
(6 —2)(0% =20 +2) — 6(6 — 2)(6* — 20 +2)(6* — 26 + 2) (6.54)
=(6—2)(0* =26 +2)(1 — §(6* — 26 +2)) (6.55)

We can eliminate the case = 2 since that breaks the X-shape. There are then two
possibilities, either 62 —25+2 = 0, or §(§2 —25+2) = 1. In the first case, the only two

solutions are = 144 or 6 = 1 — . Solving the second case, we substitute d = = + iy
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where x and y are real:
5(62 =20 +2) = (z —iy)((z +iy)* — 2(x +iy) +2) =1 (6.56)
This can then be split into real and imaginary parts:

23— 2% 4y + 20 -2 —1=0 (6.57)

y(@? +y*—2)=0 (6.58)

This has the following solutions: y = 0 and z = 1 or 2% + > = 2. In the case

2% + 1% = 2 we need to solve:

2@+ )ty +2r —1=2-22)+ a2y’ +22 - 1=0 (6.59)

4y’ —-2=0 (6.60)

5—ax3—2zx
x

We can set y = £ as long as x # 0. In the case that x = 0 we must have

y = £+/2 however this does not solve the first equation. Substituting y = =44 /2=2"=22

xT

into the second equation we get:

=2 (6.61)

Multiplying through by x and then subtracting 2x from both sides gives us:
45— -2 —20=5-4r=0 (6.62)

Therefore, z = 2 and y = + 7, O
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6.1.5 (2,4,3)-gYBE X-shaped solutions

The (2,4,3) X-shaped ansatz results in a polynomial system consisting of 512 equations
in 32 unknowns. To save space we omit the 0 entries from the 16 x 16 solutions. The

first row is the diagonal, and the second row is the antidiagonal. Let ¥ = 1++/6v — 1,

and ¥ =1—+/pvy—1

1 111 1 111 1 1 1 1 1 1 1 1 -
2 ay 1 1 ., 1 1 1 a5 B 1 1 <)
St I B At Ty B &y Ty T
1 id 1 1 i 4 1 i 1 1 i i 1 1 i (6.64
. 7 - 2 af 7 7 7 1 7 7 1 )
—tafy vy - —Ba T =Y o T2 @Y TF Ty as
i 14 1 1 i 1 i 14 1 4 i 1 i 1 (6.65)
. 7 2 af 3 iy 7 1 3 7 1 ‘
ifyy B -3 —ieBa -0 =TV @Y TF Ty ey
1 — — 1 1 — — 1 —1 1 1 — —2 1 1 —
7 i . ia? B2 o 7 7 7 « 7
Y oa B pietB e R -2 - S Lo a5 % 5
(6.66)
— 1 —2 1 1 — 1 -2 1 -2 1 -2 —2 1 — 1 (6 67)
7 7 ia? B2 « 7 7 e 1 ’
Y oap B sia?Ba R R L s L e 50
v 191l 1y 11 V111 ¥ 6.68)
B Bn Bn ay fn 1 a 1 ay ay '
ay «a 7]77504 n o« avﬂnﬁ n 0 pn?
R S S N O A A T S R S N S S |
2 2 2 2 2 2 2 2
8242 By 1 2 a By 1 1 1 1 « o <6'69)
o o Yy Ba g T waway Py wme
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p 1L plpl—=/B/A 1 1 plplpl p
. 5 5 X X (6.70)
B~ fBn Bn ay Bn L a 1 oy ay
,YQUW.YB « nao&ryﬁnﬂn'ﬂﬁng
1 pplp 11 p p 11T p1pp 1
B2 Bn Bn Bn By v 1 ay (6.71)
o w1 PG T 5 By B e
1 2 21 2 11 2 2 11 2 12 2 1
8242 By 4 B By 4 4 4 1 4 (6.72)
s« Vs TP ag T a5 Ey By B

6.1.6 (4,2,1)-gYBE X-shaped solutions

The (4,2,1) X-shaped ansatz (equivalent to the (2,4,2) X-shaped ansatz) results in
a polynomial system consisting of 256 equations in 32 unknowns. To speed up the
solving process we use the local conjugation symmetry, listed in proposition , to
scale the element in the first row and 16th column to 1 and the element in the 11th

row and 6th column to 1. Let p = -

S

L £p Fp £p Fp £p £3p £p £p Fp *p i%g Tp £3p xp 1 (6.73)
ANEREE EREE RN Y
L £p Fp £p Fp £p £3p £p £p Fp £p £3p £p £3p £p 1 (6.74)
“$7 B adB-1s5 5 7Y Ymm o % oy s
1 B #1841 B 1 8 B +1 B +1 8 +1 B 1 -
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, (6.77)
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17772’Yﬁ70‘a57 I's 3 B af v
1 ¢ ¢ ¢ ¢ £1 7 1 1 ¢ x1 2 ¢ ¢ 1 1
, (6.78)
_aB B i _a _a8 1 11 2 _ 7 i
“ 772767a of 4 a T B B af v
1 nn £l 1 #1111 n £l npn 1
a?8 n? an? 1 o 7 72 1 1 n? (6.79)
arfaSF eyl Y e 5y
1 nn+tl n -1 £1nn+1 -1 n £1 nn 1
o8 _n? 1 af o 11 _n? (6.80)
arf e SE mw a5 3y T8 @ Gy T
1+ ¢+ 1 ¢ ¢+ 14¢¢ 1 ¢ 2 1 ¢ ¢ 1
(6.81)
8 1 1 1 a 1 a8 1 1
br-—G S 59572 F5 55575
1 +i £+ F1 +¢ i F1 +7 £¢ F1 +7 £ F1 +¢ £i 1 (6.82)
_a By -1 1 1 o _1 _af 1 1 '
oy =55 P T Ts @ 5 v S FTE 5T 5 Ts
1 +i +¢ +0 +0 £ 0 +0 i 0 i 0 0 27 i1 (6.83)
; B i 1 1 . o 1 a1 i '
Hif oy =55 B SN E e 5y o T 5 oS 5
1 -4 - -1 -4 -0 -1 -4 — -1 —4 — -1 —i —i 1
(6.84)
_ _ By 1 1 _1 a _1 _of 1 1
ﬁfy aﬁﬂaﬂa’yfy Oéﬁﬁ"/ B vy v B
1 6 1 g1 p 1 g [ 1 B 1 5 1 g 1 (6.85)
2, o 1 B oy B g2 1 Bn® B 1 '
:Fﬁnﬂ2nn2n7$naa762na:’:nvnv cw:Fn
1 —-pg+1 —p+1 g 1 - - £1 p 1 = 1 —p 1 (6.36)
o 2 o 2 2 2.2 ;32 ’
g ko v The BE S S )
1 -4 —4 -4 -t 1 =4 —4 -0 —4 41 —i —¢ —1 —1 1
(6.87)
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The following have quite complicated parametrizations. Let & = % (1 + 22’\/6), o =

1 . 587 ~ 587 _ BVvA
= (3 + Z\/é , k= , R = P 0= — )
5 ( ) \/—1+2i\/6\/7+2i\/6“/ \/1+2i\/6\/7+2i\/6”/ \/3£f?ii v+2i/67y
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P & 6 & ¢ ¢ I & ¢ ¢ 1 ¢ 1 1 1
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12i/6 3 i 14206 5 (V6-3i)a 343 1
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(6.116)

72



3y —1+2iv68,/~

—1+2iv/6y/y—2iV6y

Let@z%(l—Qz\/ﬁ),qﬁ:%(g_i\/é)’,{:\/

2587 , P1 = —2iv/6, )
=26y _ Eival
p2 = 15503 ,and n = N vt
3v6+14i F—avby
PO DS D b 1 D b b1 6 1 1 1
—3p2c —24 V6+3i 20‘ —24 fo «a
o1y pr B = —x o ety 1zaG g () 1aG 0 smes
(6.117)
O DD D b 1 D o b 1 6 1 1 1
30 Y V6+3i)’a o N N
—pP1 7 P2 B _% K« 353 £ - 122562/6 ( 25&3 1225[;/6 ¥ 3p§25 R
(6.118)
1 11111111 1 1 111 11
(6.119)
-111 -11111~-1-1-1-11-1-11
111 1 111 1 111 11111
(6.120)
172 —-—2-1—-—21-1—-——-—21-1—1—121
1 1 7 7 7 7 1 1 1 1 2 7 7 7 1 1
R i B R e ST P S e S Sl |
(6.121)
1 1 71 7 71 1 1 1 7 71 1 1
1 e i e 1 e —1 Fi e T Fi —1 e 1 e% e# -1
(6.122)
1 1 - -1 —r —1 1 1 1 1 — —2 -1 —i 1 1
P TR S R R I SR e B S R S S|
(6.123)

73



11 -+ - - -1 1 1 1 - -t —i — 1 1

+ri Fmi +3mi . Fmi  F3mi . F3mi +mi £3mi
ler ex 1 e4 —1Fier e4 Fr —1leda 1 er ez —1
(6.124)

6.1.7 (3,2,1)-aYBE X-shaped / (3,2,1)-gYBE XP-shaped so-
lutions

What follows are X-shaped solutions to the 3-dimensional aYBE which are shown
below after composing with the swap matrix so that they are solutions to the (3,2,1)-
gYBE. This ansatz results in 84 equations in 17 unknowns. These 2 matrices are

similar, but not locally similar.

«a 00 0 0 0 0 0 8
00 0-20-6700 0 0
001 00 0 a 0 0
0-60 0 0 0 0-30
0000 0 0 0 O (6.125)
050 00 0 0 6 0
00a 00 0 1 00
000 02 0 0 0
500000 0 0 «
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Chapter 7

Permutation solutions

“Nothing is built on stone; All is built on

sand, but we must build as if the sand were
stone.”

Jorge Luis Borges

Here we use a computational approach to find permutation solutions to the aYBE
and bYBE. Stephen Jordan has computed all permutation matrix solutions to the
bYBE (and aYBE) up to dimension 5 by a brute force search using Microsoft super-
computers [76]. We show how to determine all permutation solutions of fixed minimal
cycle type in all dimensions.

Let d be the dimension of the vector space V' in the definition of the bYBE/aYBE,
and let {ej,...,eq} be a basis for V. Any permutation on V' ® V' can be decomposed
into d? —1 transpositions. A single transposition 7" acting on V®V can be represented
by a set of four integers {ay, as, b1, by} that index the basis vectors being exchanged.
Each index variable ranges from 1 to d. Using this representation the transposition

T is determined by:

T<€a1 ® eaQ) = ey, @ ey, (71>
T(ebl ® €b2) = €a; @ €q, (72)
Tle;®e;) =e;®e; otherwise (7.3)
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An arbitrary permutation can R : V ® V — V ® V can be decomposed as R =
T\Ty...Ts, where s < d? — 1, and T} is a transposition for each j =1,...,s. We will
assume that this decomposition is chosen such that s is as small as possible given the
permutation R, we will refer to this as “the minimal cycle type” of the permutation.
We can therefore represent the permutation R as an ordered set of 4s integers, each

ranging from 1 to d:

R= {CL11, @12, b11, b1z, @21, G2, ba1, baa, . . ., ag1, as2, bs1, 552} (7.4)

where T; = {aj1,aj2,bj1,bj2}. Under this representation, composition of two per-
mutations corresponds to concatenating their representations. For example consider
the d dimensional swap matrix P; which is defined by Py(e; ® €;) = e; ® ¢; for all

i,7 € {1,...,d}. The swap matrix can be represented by:

Pi=1{1,2,2,1,1,3,3,1,...1,d,d,1,2,3,3,2,....d — 1,d,d,d — 1} (7.5)
i#je{1,...,d}

The the 4-tuples representing a single transposition must stay in order when taking
the union above. Tor the swap matrix each basis vector only appears once so this
order happens to not matter in this case. In general the order of the integers appearing
in this kind of representation of a permutation will depend on the permutation. We

can also write P, as a product of individual transpositions:

i#je{l,....d}

Using this representation we can find all permutation solutions in every dimen-
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sion that decomposes into a fixed number of transpositions. For each dimension d
finding all permutation solutions which decomposes into a product of s transpositions
amounts to checking d** possible cases. It turns out that, using the representation
above, permutations that decompose into a fixed number of transpositions s can be
checked in a finite number of cases depending only on s and completely indepen-
dent of the dimension d. Consider the equivalence relation between two permutation

representations from equation @ given by:
{al, ag, as, . .. ,CL4S} ~ {bl, bg, bg, c. 7b45} when a; = a; e bj = bz (78)

which means that the location of matching indices is the same in the two representa-

tions. Some examples of permutations that are equivalent under ~:

{1,2,3,3} ~ {5,4,1,1} (7.9)

{6,2,2,3,3,6,8,7} ~ {2,5,5,6,6,2,8,4} (7.10)

For a fixed value of s the number of possible equivalence classes corresponds to
the number of set partitions of the 4s integers. The number of set partitions of 4s

integers corresponds to the bell number Bell(4s).

Example 7.0.1. Consider the two permutations below:
A=1{6,2,2,3,3,6,87} ~B=1{25,56,6,2,8,4} (7.11)

Let i be an integer in the representation of A and denote the set of matching variables
in which ¢ falls by [i]4. Similarly for B denote the set of matching variables in which

i falls by [i]p. We then have [6]4 =1, [2]4a =2, [3]a =3, [8]a =4, and [7]4 = 5. And
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for the second permutation [2|p = 1, [5]p = 2, [6]s = 3, [8]s5 = 4, [4]p = 5. Define

the matrix ) by it’s action on the basis vectors of V:

Qe; = e, forie A

Then conjugating A by @ ® @ results in:

(Q®Q){6,2,2,3,3,6,8,7THQ ' @ Q")
={1,2,2,3,3,1,4,5}

This can be seen by considering the action on the relevant basis vectors:

(Q®Q){6,2,2,3,3,6,8,7THQ '@ Q") (es ® e5)
= (Q ®Q){6,2,2,3,3,6,8,7}(es @ e7)
= (Q®Q)(e3 ® es)

= (63 ® 61)

(Q®Q){6,2,2,3,3,6,8,7THQ ' Q ') (es@e1)
= (Q®Q){6,2,2,3,3,6,8,7}(es @ eg)
= (Q®Q)(es®ex)

= (e4 ® e5)

(Q®Q){6,2,2,3,3,6,8, THQ ' ® Q™ ")(e2 ® e3)

= (Q ® Q>{67 27 27 37 37 67 87 7}(62 & 63)
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= (Q®Q)(es ®e2) (7.25)

=(e1®e1) (7.26)
(Q & Q){Ga 27 27 37 37 67 87 7}(Q71 ® Qil)(el &® 62) (727)
= (Q®Q){6,2,2,3,3,6,8,T}(es @ e2) (7.28)
= (Q®Q)(e2 @ e3) (7.29)
= (e2 ® e3) (7.30)

We can also conjugate B to obtain {1,2,2,3,3,1,4,5}, therefore A and B are locally

conjugate to each other.

Theorem 7.0.2. Given two permutations A and B, such that A ~ B, if A is a
solution to the d-dimensional bYBE or aYBE then B is a solution to the d-dimensional
bYBE or aYBE, respectively. Therefore if one representative from an equivalence class

is a solution, then all the permutations in that class are also solutions.

Proof. Let A ~ B be two permutations. Let ¢ be the number of distinct integers in
the representation of each permutation. Then A and B must be solutions in dimension
¢, (and potentially in dimensions larger than ¢, as shown in theorem ) There are
then ¢ sets of matching variables in the representations of both A and B. Enumerate
the corresponding sets of matching variables by 1,...c. Let ¢ be an integer in the
representation of A and denote the set of matching variables in which ¢ falls by [i] 4.
Similarly for B denote the set of matching variables in which ¢ falls by [i]g. Define

the matrix @) by it’s action on the basis vectors of V:

Qefi, = € fori=1,...,c (7.31)
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This is an invertible permutation on V. Conjugating A by Q) ® @ results in:

{laa]a, [as]a, - - [aus]a}
Similarly for B we define the matrix .S by:
Seji = € fori=1,...,¢ (7.32)
Conjugating B by S ® S results in:

{[b1] B, [b2]B, - - -, [bas| B}

Since A ~ B we have that a; = a; if an only if b; = b;. Therefore [a;]4 = [b;]p and A

and B are conjugate as follows:

Q®QAQ T ®Q ) =(S@S)B(S ®57) (7.33)
A=Q'®QE®NBET @S Q®Q)  (7.34)

A=(Q'S®Q'SB(S'Q®S'Q) (7.35)
Under the fifth symmetry in proposition the local conjugation of a solution of
the bYBE or aYBE is also a solution. [

Corollary 7.0.3. Every permutation that has a representation that is a product of s
transpositions and contains ¢ distinct integers in its representation can be conjugated

to obtain a permutation whose representation only contains the integers 1,. .. c.

Proof. Let ¢ be the number of distinct variables in the representation of a permutation
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that is the product of s transpositions given by:

{alaa27 s 7a4s}

Once a dimension d is chosen, ¢ can range from 1 to d. The product can be conjugated
by @ ® @ as in the proof of theorem to obtain a representation where only the

integers 1,...,c remain. We can further assume that a, is equal to 1. [

Corollary 7.0.4. There are a finite number of permutation solutions to the bYBE
and aYBE up to the symmetries in proposition , across all dimensions d, which

can be decomposed into s transpositions.

Proof. This follows directly from corollary . There are a maximum of Bell(4s)
equivalence classes under the equivalence relation ~. By corollary every per-

mutation within an equivalence class is considered equivalent under the symmetries

in proposition . [

The symmetries from proposition can be reinterpreted in terms of the rep-

resentation of a permutation in equation @ as follows.

Proposition 7.0.5. Recall from proposition that if R = T7...T is a permutation

matrix solution to the aYBE or bYBE in dimension d then so are:
1. ' =RT
2. QR QR(Q ®Q)~! where Q is any d x d permutation matrix.
3. PRP where P : |ij) — |ji)

These can be translated into symmetries of the representation of R in equation @

as:
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L T.. Th = {te, tea, me1, My, ..., 11, t1z, Mar, Mz}

2. Following corollary , let A be the set of distinct integers appearing in the
representation of R, then any bijective mapping ¢ : A — {1,...,d} defines

another solution represented by:
{¢(t51)7 ¢(t32>, ¢(m81)7 ¢(m52), sney ¢(t11)a ¢(t12)7 ¢(m11)7 ¢(m12)}

3. PRP = PTlTSP = {tlg,tll,mlg,mn, ...,tsg,tsl,msg,msl} (tzl switches places

with ¢;5 and m;; switches places with m fori =1,...s).

4. An additional symmetries of the transposition representation: Since any single
transposition is symmetric ¢;; can be exchanged with m;; while also exchanging

tig with m;o for 1 = 1,...,8.

Theorem 7.0.6. If R is a permutation solution to the aYBE in dimension d with
a representation as a product of s transpositions given by R = {ay,as, ..., a4} then
{a1,as, ..., a4} also represents a solution when interpreted as a permutation in any

dimension D > d.

Proof. Let R be a permutation solution to the aYBE in dimension d with a represen-
tation as a product of s transpositions given by R = {ay,as,...,ass}. Let V be a D
dimensional vector space with basis {e; | i = 1,..., D}. Let A be the permutation
with the same representation, reinterpreted in dimension D > d, meaning that A acts
as the identity on the basis vectors e; ® e; when one of 7, j is larger than d. When
both i, j < d then A acts according to the representation of R. We need to show that
the aYBE in equation is satisfied by A:

A12A13A23 = A23A13A12 (736>
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The operators on the left and right side of equation agree on all basis vectors
e; ® e; ® e when all of 4, j,k are less than or equal to d. There are two cases to
consider: one of i, j, k is greater than d, two or more of i, j, k are greater than d. If

two or more of i, j, k are greater than d, then
ApA13As3(e; @ ej @ ey) = Az AizAia(e; ®ej ® ey)

since both sides act as the identity on these basis vectors. In the case that one of
1,7, k is greater than d we have three sub-cases to consider: + > d, j > d, and k > d.
If i > d then A5 and A3 will act as the identity on any basis vector with 7 as the
first tensor factor, so equation becomes Agz = Agz. If j > d we then A5 and Asg
will act as the identity and equation becomes A3 = Az. If £ > d we then Ajs
and Aq3 will act as the identity and equation becomes A5 = Aq5. Therefore A

is a solution to the aYBE. O]

Lemma 7.0.7. Suppose A is an invertible non-identity solution to the bYBE in
dimension d that decomposes into the product of s transpositions with the represen-
tation A = {ay, as, ..., a4}, then the representation {ay, as, ..., ass} must contain all

the integers 1,...,d.

Proof. Suppose A is an invertible solution to the bYBE in dimension d that de-
composes into the product of s transpositions. Let ¢ be the number of unique in-
tegers in the representation A = {aj,as,...,a45}. If ¢ < d then let ¢ < i < d.
Then A(e; ® ej) = €; ® e; and Ae; @ e;) = e; R e; forall j = 1,...,d. Let

J,k € {a1,as,...,a45} we then have on one side of the bYBE:

AjpAs3A12(e; @ e; @ er) = A1pAas(e; ® e; ® ex) (7.37)

= Ajz(e; @ Alej @ ;) (7.38)
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=€ & A(Gj X ek) (739)

The other side of the bYBE is:

A23A12A23(6i ® Bj ® €k) = A23A12(6i ® A(ej ® ek)) (740)
= Agg(@i (%9 A(Gj & Bk)) (741)
= (e; ® A*(e; ®@ ey)) (7.42)

The bYBE will only be satisfied if A(e; ® ex) = A%(e; @ ex) for all j,k = 1,...,c.

Since A is invertible it must be the identity. ]

Corollary 7.0.8. A representation {ai,as,...,ass} for an invertible non-identity
solution to the bYBE in dimension d does not represent a solution in any other

dimension.

Proof. Repeat the argument in the proof of theorem with the condition that

7> d instead of c < 7 < d. O]

Theorem 7.0.9. Suppose A is an invertible non-identity solution to the d-dimensional
bYBE that decomposes into the product of s transpositions with the representation
A ={ay,aq,...,a4s}, then every integer {1,...,d} appears at least two times. More-
over, each integer must appear once in the first tensor factor and once in the second
tensor factor of a transposition. That is, for all ¢ € {1,...d}, A(e; ® ¢;) # (e; ® €;)

for some j € {1,...d} and A(e; ® ¢;) # (e; ® ¢;) for some j € {1,...d}.

Proof. Let A be an invertible solution to the d-dimensional bYBE that decomposes
into the product of s transpositions with the representation A = {ay,as,...,a4s}.
Suppose i € {aq,as, ..., a4} appears only once in the representation. Without loss of

generality we can assume that ¢ appears in the first tensor factor of a transposition.
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That is, A(e; ® e;) # (e; @ e;) for some unique j € A, and A(e; ®e;) = (e; ® e;) for
all j € A. Let j, k € {a1,as,...,a45} such that i # j and i # k. We then have on one
side of the bYBE:

A12A23A12(€j X (A X 61') = A12A23(A(€j [ ek) X ei) (743)
= Alg(A(ej X €k) X ei) (744)
= (A%(e; @ ex) ® €;) (7.45)

The other side of the bYBE is:

AgzA12Ags(e; @ e ® e;) = AzArz(e; @ e @ €;) (7.46)
= Ays(Ale; ® er) ® ;) (7.47)
= (Ale; ® e) ® €;) (7.48)

The bYBE will only be satisfied if A(e; ® e) = A%(e; @ ;) for all j,k = 1,...,c.
Since A is invertible it must be the identity. Now suppose that ¢ appears twice and
it appears only in the first tensor factor within the transposition(s) it appears. The

same argument above applies and this can only happen if A is the identity. [

Theorem 7.0.10. If A is an invertible permutation solution to the d-dimensional
bYBE that is not the identity. Then if A(e, ® ;) = €. ® €4 it must be the case that

for all i € {1,...,d} either A(e, ® €;) # (e, @ €;) or A(eq ® €;) # (eq  €;).

Proof. Let A be an invertible permutation solution to the d-dimensional bYBE. Sup-
pose Ale, R ep) = e.Req # e, Rep. Leti € {1,...,d} such that A(e, ® €;) = €, @ ¢;

and A(eg ® e;) = eq ® ;. We then have:

A AssAia(e, @ ep ® €;) = ArpAaz(e. ® eq @ ;) (7.49)
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= Alg(ec R eqg R ei) (750)

= (ea ®ep ® €;) (7.51)
A23A12A23(€a X €p X €Z') = A23A12(€a & €p X ei) (752)
= Agg(ec X eq X 61') (753)
= (e, ®eq®e;) (7.54)

Since A is a solution to the bYBE it must be the case that a = ¢ and b = d, a

contradiction. ]

Theorem 7.0.11. Every solution R to the d-dimensional bYBE induces a solution
in dimension d > D as follows. Let P; be the d dimensional swap matrix whose
representation is given in equation @ Let Pp be the D dimensional swap matrix
whose representation is given in equation @ Then the representation given by

concatenating the representations of R, P;, and Pp represents a solution in dimension

D.

Proof. Let R be a solution to the d-dimensional bYBE. Then RP; is a solution to
the d-dimensional aYBE by proposition . By theorem the representation
of RP,; given by equation @ can be reinterpreted as a solution in dimension D.
When RP; is interpreted as a matrix in dimension D it can be composed with Pp to
obtain a solution to the D-dimensional bYBE by proposition . This solution is

represented by the concatenating the representations of R, P;, and Pp. [
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We can also express RP,;Pp as follows:

RPyPp=R [ {i.j.ji} (7.55)

i=1,...,.D
j=d+1,....D
7]

The following theorem outlines how two permutation solutions to the aYBE or bYBE

can be used to generate additional solutions.
Theorem 7.0.12.

1. If A is a permutation solution to the aYBE with a representation that con-
tains ¢; unique integers and B is a permutation solution to the aYBE with a
representation that contains ¢, unique integers then AB is a solution to the
d dimensional aYBE, where d > max(cy, ). (In the case of the bYBE, no

permutations are disjoint).

Proof. Both the domain and codomain of A and B are disjoint and are spanned
by basis vectors of the form e; ® e;, which are indexed by disjoint sets of indices.

Therefore the aYBE will be satisfied on by AB on all basis vectors of
Span{e; ®e; | 4,7 =1,...,d}

]

2. A is a permutation solutions to the d-dimensional aYBE such A = BC' where
B and C are permutations that have disjoint representations, then B and C'

are both solutions.

Proof. After restricting A and B to their respective domains, they will still
satisfy the aYBE. ]
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3. If A is a permutation solution to the aYBE with a representation that con-
tains ¢; unique integers and B is a permutation solution to the aYBE with a
representation that contains ¢y unique integers then there exists a dimension
dim(V) = d > max(cy, c2), and Q € Aut(V) such that A(Q® Q)B(Q '@ Q™)

is a solution in dimension d.

Proof. This follows directly from the above, theorem , and proposition

F.0.9. N

Theorem 7.0.13. Up to the symmetries in proposition there are only two solu-

tions to the bYBE across all dimensions that can be written as a single transposition.

Proof. By theorems and any single transposition solution must be locally

conjugate to one of the following representations:

A={1,1,2,2} (7.56)

B=1{1,221}=P, (7.57)

Both of these representations are solutions to the 2-dimensional bYBE. The second
representation is the dimension 2 swap matrix P, which is a solution. For the first
representation we show that the bYBE is satisfied. We can reinterpret A as a matrix

which exchanges e; ® e; <> €5 ® es.

_ o O O
o O = O
S = O O
o O O =
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We then compute Ao and Ass:

000O0O0O0OT1PO0

000O0O0O0OO0T1

001 0O0O0O0T®O
0001O0O0O0®O0

000O01O0O0®O0

000O0O0OT1O0®O0

1 0000O0O00O0
01 00O0O0O0O0
0001O00O0®O0
01 00O0O00O0O0
001 0O0O0O0®O0
100 00O0O0QO

000O0O0O0GO0OT1

000O0O0OT1TQO0O®O0

000O0O0O0OT1@O0

00001O0O0O

A12:A®[

Ay =1T® A=

It is straightforward to check that the bYBE is satisfied:

f1231412f423

1 00000O0O00O

000O01O0O0O0

001 0O0O0O0O®O

0000O0O0OT1O®O

01000O0O0®O0

000O0O0OT1TQO0O®O0

0001O0O0O0®O0

000O0O0O0OO0T1

/412f4231412
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It’s interesting to note that:

BI2B23B12 = = 323312323

O O O O O o O
SO R O O O O o O
SO O = O O O O O
— O O O O O O O

O O O O O O O
O O O O o = O O
S O O O o o = O
O O O O = O O O

]

Theorem 7.0.14. Up to the symmetries in proposition there are exactly 2
solutions to the bYBE that can be written as a product of two transpositions. These

solutions have the representations:

{1,2,2,1,1,3,3,1} (7.58)

{1,2,2,3,2,1,3,2} (7.59)

Up to the symmetries in proposition there are exactly 11 solutions to the
bYBE that can be written as a product of three transpositions. These solutions have

the representations:

{1,1,1,2,1,1,2,1,1,1,1,2}
{1,1,1,2,1,1,2,1,2,1,2,2}
{1,1,1,2,1,1,2,2,1,2,2,2}
{1,1,2,2,1,3,3,1,2,3,3,2}

{1,1,2,2,1,3,3,2,2,3,3,1}

91



{1,1,2,3,1,2,3,3,2,2,3,1}
{1,2,2,1,1,3,3,1,2,3,3,2}
{1,2,2,1,1,3,3,2,2,3,3,1}
{1,2,2,1,1,3,3,1,1,4,4,1}
{1,2,2,1,1,3,4,1,1,4,3,1}

{1,2,2,3,2,1,4,2,2,4,3,2}

Proof. One can generate all 4140 possible representations in the case of two transposi-
tions, and 4213597 possible representations in the case of three. These representations

can then easily be checked if they satisfy the bYBE on all relevant basis vectors. [

Theorem 7.0.15. Up to the symmetries in proposition there are only 2 solutions
to the aYBE that can be written as a single transposition. These have the following

representations:

1,2,2,1} (7.60)

{1,2,3,2} (7.61)

Up to the symmetries in proposition there are only 9 solutions to the aYBE
that can be written as a product of two transpositions. These have the following

representations:

{1,1,1,2,2,1,2,2} (7.62)
{1,1,2,2,1,2,2,1} (7.63)
{1,2,1,3,1,2,1,4} (7.64)
{1,2,1,3,1,4,1,5} (7.65)
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{1,2,1,3,2,1,3,1} (7.66)

{1,2,1,3,2,4,3,4} (7.67)
{1,2,1,3,4,1,5,1} (7.68)
{1,2,1,3,4,2,4,3} (7.69)
{1,2,3,4,1,4,3,2} (7.70)

Up to the symmetries in proposition there are only 27 solutions to the aYBE
that can be written as a product of three transpositions. These have the following

representations:

{1,1,1,2,1,3,2,3,2,1,2,2} (7.71)
{1,1,1,2,2,1,2,2,3,1,3,2} (7.72)
{1,1,2,2,1,2,2,1,1,3,2,3} (7.73)
{1,1,2,3,1,2,2,1,1,3,2,2} (7.74)
{1,2,1,3,2,1,2,3,3,1,3,2} (7.75)
{1,2,1,3,2,1,3,1,2,3,3,2} (7.76)
{1,2,2,1,1,3,3,1,2,3,3,2} (7.77)
{1,2,1,3,1,4,4,1,2,4,3,4} (7.78)
{1,2,1,3,1,4,4,1,4,2,4,3} (7.79)
{1,2,1,3,2,1,3,1,1,4,4,1} (7.80)
{1,2,1,3,2,1,3,1,2,4,3,4} (7.81)
{1,2,1,3,1,2,1,4,1,2,1,5} (7.82)
{1,2,1,3,1,4,1,5,2,1,3,1} (7.83)
{1,2,1,3,1,4,5,4,5,2,5,3} (7.84)
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{1,2,1,3,2,4,2,5,3,4,3,5} (7.85)

{1,2,1,3,2,4,3,4,2,5,3,5} (7.86)
{1,2,1,3,2,4,3,5,2,5,3,4} (7.87)
{1,2,1,3,4,2,4,3,5,2,5,3} (7.88)
{1,2,1,3,4,2,5,3,4,3,5,2} (7.89)
{1,2,1,3,1,2,1,4,1,5,1,6} (7.90)
{1,2,1,3,1,2,1,4,5,1,6,1} (7.91)
{1,2,1,3,1,4,1,5,2,6,3,6} (7.92)
{1,2,1,3,1,4,1,5,6,2,6,3} (7.93)
{1,2,1,3,2,4,3,4,4,5,4,6} (7.94)
{1,2,1,3,4,1,5,1,4,6,5,6} (7.95)
{1,2,1,3,1,4,1,5,1,6,1,7} (7.96)
{1,2,1,3,1,4,1,5,6,1,7,1} (7.97)

Proof. There are 15 possible single transposition representations:

{1,1,1,1} {1,1,1,2} {1,1,2,1}
{1,1,2,2} {1,1,2,3} {1,2,1,1}
{1,2,1,2} {1,2,1,3} {1,2,2,1}
{1,2,2,2} {1,2,2,3} {1,2,3,1}
{1,2,3,2} {1,2,3,3} {1,2,3,4}

One can also generate all 4140 possible representations in the case of two transposi-

tions, and 4213597 possible representations in the case of three. These representations
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can then easily be checked if they satisfy the aYBE on all relevant basis vectors, and

the redundant ones removed according to proposition . [

This method generalizes to longer products of transpositions. Let s be the num-
ber of transpositions in the product. Then 4s variables are required to represent
the product’s action on each basis vector. The number of possible representation
assumptions is the 4s Bell number, B[4s]. The number of inputs to consider for each
assumption is (4s+1)3. Therefore the total number of cases to consider for a product
of s transpositions is: Bl4s](4s + 1)3. It’s well known that any permutation can be
factored into a product of transpositions, and that every permutation of d elements
can be written using d — 1 transpositions or less. Therefore this method can produce
all permutation solutions in dimension d by considering all B[4(d*—1)](4(d* —1)+1)3
possible combinations of assumptions. This is greater than the brute force method of
checking all d?! permutation matrices. Finding which representations are solutions of
the bYBE amounts to checking whether if R15Ro3R15 agrees with Ro3R15Re3 on each
basis vector of V@V ® V. For a given representation we only need to check the basis
vectors with indices ranging from 1 to ¢, where ¢ is the number of matching variables

in the original representation.

Theorem 7.0.16. This theorem allows us to compose certain types of transposition
solutions that have some overlapping indices. Let B be the transposition representa-

tion:
{a,b,a,c} (7.98)

This represents a solution to the d-dimensional aYBE, where d > 2, by theorem

, where the form in theorem is equal to B after conjugating by swap and
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@ ® Q). Consider the following related representations:

B = {a,b,a,c} (7.99)

PBP = {b,a,c,a} (7.100)

QeQ)BQ Q™) ={l,mln} (7.101)
(Q®Q)PBP(Q'®@Q ") ={m,l,n,1} (7.102)

Notice that two indices appear once and one index always appears twice. These
representations can be composed to form new solutions as follows. Let By, B, ..., B,
be transpositions that can be represented by one of the above forms such that if
t € Bj appears twice in B; then it appears twice in any of the other transpositions
that it appears, and if ¢, j € By, such that ¢ # j then ¢ € B, if and only if j € B,, and
1,7 only appear once in each transposition that they appear, we will call these paired
indices. Denote the paired indices by single letters ¢ and it’s pairing 2. Further assume
that if R(e; ® e;) # e; @ e; then e; ® e; is only transformed by a single transposition,

By. For example we can write the forms above as:

{a,b,a,b} (7.103)

{b,a,ba} (7.104)

{l,m,l,m} (7.105)

{m,l,m, 1} (7.106)
The following composition
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is a solution to the D-dimensional aYBE where D > ¢, and c is the number of unique

indices appearing in the representation of R.

Example 7.0.17. The following representation represents a solution to the d-

dimensional aYBE where d > 9.

{1,2,1,3,
1,4,1,5,
1,6,1,7,
2,1,3,1,
9,2,9,3,

9,6,9,7}

Proof of Theorem . Let R = B1B;y ... By be a permutation with a representa-
tion that follows the assumptions of theorem . Let ¢ be the number of unique

indices appearing in the representation of R. We need to show that
Ri3R13Ro3(e; ® e; ® e),) = RogRi3Ria(e; ® e ® ey)

holds for all 4, j,k € {1,...,c}. There are four possible cases to consider:
1. R(e;®e;) #e; ®ej and R(e; @ ey) # e ® ey
2. Rle; ®ej) #e;®e; and R(e; @ ex) = ¢€; ® ey,
3. Rle;®e;j) =e;, ®ej and R(e; ®ey) # e; ® ey
4. R(e;®ej) =e; ®e; and R(e; @ ex) =e; D ey
In the first case we have two sub-cases:
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(a) R(e;®e;) =e; ®e; and R(e; ® ) = e; ® e, in which case we have:

RisR13Ry3(e; ® e; ® e) = RagRigRia(e; ® e ® ey)

RisRi3(e; ® e; ®e;) = RagRi3(e; ® e; @ ey)

It must be the case that R(e; ® e;) = (e; ® ¢;,) and R(e; ® ey,) = (e; ® ey) since

both indices ¢ and k are paired. We then have:

(e ®e®ep) = (6;Re; Dep,)

(b) R(e; ®e;) =e; ®e; and R(e; ® ) = e; ® ey in which case both ¢ and k are

repeated and we have:

R12R13R23(€i ®e; & ek) = R23R13R12(ei ®e;® ek)
R12R13<€i (29 €; X ek) = R23R13(€i X €; & ek)
R12<€i Xe; ek) = R23(ei ®e; ek)

(ei®e;jRer) = (e;Qe; ®ey)

In the second case we have two sub-cases: R(e;®¢;) = e;®e; or R(e;®¢;) = e;Re;.

(a) In the case that R(e; ® €;) = e; ® e; we have:

RisRi3Ry3(e; ® e; ® e)) = RagRigRia(e; ® e ® ey)

R12R13<€Z‘ X €; & ek) = R23R13(6i X €; & ek)

Then either R(e; ® k) =e; ® e, or R(e; ®ep) =e; @ep. If Rle; @ k) =e; Qe
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then

Ris(e; ® ej ®e;) = Ras(e; ®e; @ ep)

(ei®e;®e;) = (e, Qe; Rey)

If R(e; ® ex) = e; ® ey, then

ng(ei ®Ke; R €k) = Rgg(ei RKe;r ek)

(e;®e;®ey) = (6, ®e;® ey)

(b) In the case that R(e; ® ;) = e; ® e; we have:

R12R13R23(62‘ X 6]' X Gk) = R23R13R12(6i & €j X Gk)

RipRi3(e; ® e; ® ep) = RyzRiz(e; ® e @ eg)

If R(e; ® ex) = e; ® ex, then we get:

ng(ei ®Ke; R €k) = Rgg(ei ®Ke; & ek)

(e ®e;@er) = (6@ e; @ ey)

If R(e; ® eg) # e; ® e then it must be the case that R(e; ® ex) = €; ® e; and

R(e; ® ex) = (e; ® ey) giving us:

ng(eg Xe; R ek) = R23<€Z‘ ®Ke; & ek)

(ei®e;®ex) = (e;®e; @ ey)
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The third case can be handled almost identically to the second case. In the last

case we have three sub-cases:

(a) R(e; ® ex) = e; ® ey in which case we have:

R12R13R23<€i ® €; ® ek) = R23R13R12(6i ® €j ® ek)
RisR13(e; ® e; ® e)) = RogRi3(e; ® e @ ey,)
Ris(e; ® ej @ ey) = Rasz(e; @ ej ® ey,)

(ei®e;@er) = (e ®e; @ ey)

(b) R(e; ® ex) = €; ® ey, in which case 7 is paired and k is repeated.

Ri5R13Ro3(e; ® e; ® e),) = RogRi3Ria(e; ® e ® ey,)
RisRi3(e; ® e; ® e)) = RogRi3(e; ® e @ ey,)

Ris(e; ®e; ®ey) = Raz(e; @ e @ ey)

By the assumption R(e; ® ex) = e; ® e, Rog will act as the identity on the
right. By the assumption R(e; ® ;) = €; ® e, R(e; @ €j) = (&; ® €;), otherwise
it would imply that R(e; ® e;) # e; ® e, so Ry acts as the identity on the left.

Therefore the equality is satisfied in this case.
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(c) R(e; ® ex) = e; ® e, in which case i is repeated and k is paired.

RisR13Ra3(e; ® € @ ex) = RogRizRia(e; ® e @ ex,)
RisRy3(e; @ e; ® e) = RogRis(e; @ e; ® ey)

ng(ei ® €; & 6,;) = Rzg(ei ® €; ® 6,;)

By a similar logic to the previous case, both sides are equal.

101



Chapter 8

Upper triangular solutions

“It is my experience that proofs involving

matrices can be shortened by 50% if one
throws the matrices out.”

Emil Artin

8.1 Hietarinta’s method for dimension 3

The 9 x 9 invertible upper-triangular solutions to the 3-dimensional aYBE have been
classified fully by Hietarinta in [39]. The only unitary upper triangular matrices are
diagonal, however, the upper triangular solutions might be transformable into a non-
trivial unitary solution as described by H. A. Dye in [25]. What follows is a description
of the solving process used by [39]. In order to keep R upper triangular the matrix
(2 in proposition is restricted to be upper triangular. We can examine the effect

of the Q-transformation by organizing R into 3 x 3 blocks:

A B C
R=|0 E F
0 0 G
QAQ' B C’
(QeRQRQ®Q)™" = 0 QEQ' F
0 0 QGQR!
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Therefore the 3 x 3 diagonal blocks undergo a similarity transformation by Q.
Since () is upper triangular we cannot always diagonalize the blocks, however, they
can be brought to a Belitskii canonical form.[52] In the 3 x 3 invertible case there are

5 Belitskii forms:

a 0 a b
Ch = b Cy = a
0 0 ¢ 0 0 c
a 0 b a 00
03: c 0 C4: b ¢
0 0 a 0 0 b
a b 0
05: b
0 a

These were obtained by following Belitskiis algorithm. The diagonal elements
are left unchanged by the similarity transformation so initially there are 5 possible
cases (3 eigenvalues, 2 eigenvalues, or 1 eigenvalue and their possible arrangements).
A given element above the diagonal can be transformed to zero provided that the
eigenvalues in its row and column are different. If they are the same then the element

can be scaled to 1.

Example 8.1.1. For example when there are 3 eigenvalues:

1 0 0 a;p Qa1 Qi3 1 0 0
QAQ™ = 0 1 o 0 amn as; 0 1 — -t
0 0 1 0 0 oass 00 1
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! /
ai; Gy Gyg

= 0 an 0 | =4
0 0 as
ai2 a al Cl/ 1 a1
al1—ag2 11 11 13 P e——
QAQ ' = | o 1 0 0 ay O 0 1 0
0 0 1 0 0 as 0 0 1
a;; 0 aly
- 0 ax 0 = A"
0 0 as
Lo allai:;?’?’ a1 0 &/13 10 _a11ai3()133
QA//Qf]' = 0 1 O 0 a99 0 O 1 O
00 1 0 0 ass 00 1
aip; 0 0
- 0 ax O
0 0 ass

For the case where there is only one eigenvalue and the upper-diagonal entries are
the same but nonzero (if there were then this is a special case of a different canonical

form) we can use

11 0
_ aijgtai
0 0 1

to transform the upper right element to 0.

Belitskii algorithm is more general than this and it works by going through the

off-diagonal elements one by one to make them either 0 or 1 while taking care to not
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change a previously transformed entry. The algorithm and the canonical forms for
up to the 5 x 5 case are described in [H2].

Hietarinta’s solution method can then be described as follows:

1. Assume that the upper left block of R takes one of the canonical forms

2. Since R is invertible and the diagonal elements must be nonzero the most com-

mon eigenvalue in that block can be scaled to 1.

3. A repeated off-diagonal element in the canonical forms can also be transformed

to 1 using the @) transformation

Some cases can be eliminated using the fact that two solutions are considered
identical if they are equivalent under the symmetries listed above. For each case
Hietarinta manually factored the simpler equations into sub-cases and solved using a

computer algebra system.

8.2 The 4 dimensional upper triangular Belitskii canonical forms under

upper triangular similarity

Two matrices A and B are considered t-similar if there exists a 4 x 4 upper triangular
invertible matrix @ such that A = QBQ~!. We find a generating set for the set of
invertible 4 x 4 upper triangular matrices over C under t-similarity. These matrices
can be used to split the problem of finding the 16 x 16 upper triangular invertible
matrices satisfying aYBE into sub-cases. Belitskiis algorithm results in the following

generating set of 48 matrices after considering all possible cases:
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1 distinct eigenvalue

o o o 3
o o 38 O
o 8 o O

S © O©O O

g

o o - 3
S S O
e} S O O

S O O O

g

— O O 3
o S O
o S O O

8 © © O

o o O 3
[ S O
e} S O O

S O O O

|
|

o o 3
— O g O
— S O O

S O O O

g

o - O =]
o O 3 O
(@] S O O

8 © O© O

g

2 distinct eigenvalues

o o 3
o O 3 O
e} S O O

S O O O

oS O O 0
o O 0 O
=} S O O

S O O O

|

ClO

o O —~ O
[ =)
e} I O O

g O O O

Cll =

[ )
o o o O
— S O O

8 © o O

o O = o
S O 0 O
—\ 3 O O

S O O O

Cy

o O O 0
o O 3 O
[ =)

S O O©O O

Crp =
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o H O =0

o o 38 O

o o o O

S © O O

Cis =

o O O 0

— o 3 O

o o O O

S O o O

C(14 =

o —H O 0

— O 3 O

o 0 O O

S O O O

Cis =

o o O 3
o O o O
o o O O

S © O O

Cle =

o o o 3
oS = D O
[ I =)

S O O O

C119 =

— O O 3
[ =)
o o O O

8 © O© O

C(18 =

—\ O O 3
o = 0 O
o 0o O O

S O O O

Cir =

o o o o
[ - e =)
[ =)
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a 0 0 0 a 01 0
06 00 0 b 00
Cy = Cy =
00 ¢ O 0 0 a O
00 0 a 00 0 ¢
b 0 00 b 0 0 O
0 a 00 0 a 01
Cip = Cy3 =
0 0 ¢ O 0 0 ¢c O
0 00 a 0 0 0 a
b 0 0 0 b 0 0 0
0 ¢c 00 0 0 0
Cu = Cus =
0 a 0 0 a 1
0 0 0 a 0 0 a
b 0 0 0 b 0 0 0
0 00 0 a 10
Cus = Cur =
0 a 0 0 a 0
0 0 0 ¢ 0 0 c
4 distinct eigenvalues
a 0 0 0
0 b 00
Cug =
00 ¢ O
00 0 d

These canonical forms were obtained through the following procedure. Recall we
are assuming the matrix is invertible therefore all eigenvalues are nonzero. After
picking the number of distinct eigenvalues and their arrangement on the diagonal,
any element above the diagonal can be brought to 0 (by a similarity transformation)

if the eigenvalues in it’s row and column are distinct.
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Let E;j(a) be the elementary matrix with ones on the diagonal and with the ele-
ment in row ¢ and column j equal to a and zero everywhere else. Then multiplication
on the left represents the row operation of adding a times row j to row 7. Multipli-
cation on the right represents the column operation of adding a times column 7 to
column j. Therefore E;(a)BE;"(a) results in element (4, ) being transformed to:

Bi; + aB;; — aB;;. Choosing a = BF_’%__ allows us to transform element (i, j) to 0.
ii—Djj

So after making elements in the row and column of distinct eigenvalues 0 we are
left with sub matrix blocks that all have the a single eigenvalue. It’s left to consider
what canonical forms these can be brought to under an upper triangular similarity
transformation. Each of these blocks is of the form A + N where N is nilpotent.

These cases are covered in [52].

0000 0001 0000
0010 0010 0010
0000 0000 0001
0000 0000 0000
0000 0000 0110
0000 0001 0000
0001 0000 0001
0000 0000 0000

Classifying all invertible upper triangular solutions to the 4-dimensional aYBE
amounts to classifying all solutions with the upper left block given by one of the 48
Canonical forms above. The upper triangular ansatz results in a polynomial system
of 163 = 4,096 equations in 256 variables. We consider the case when the upper left
block has the same form as C34 above. This reduces the number of equations to 1974

and the number of variables to 136. The system contains many equations that factor
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and can be simultaneously solved quickly using a computer algebra system. Using
algorithm @ we were able to compute all 21 solutions in this case. In many cases
two of the solutions differ by only a single entry in the lower right. We first define
the following auxiliary variables which allow the matrices to stay within the margins

of the page:

1
bl = —1—1&3 (8&1 + (a3 — 1) ag)

1
b2:1—§a3(a3+3)

1
bg = 5@3 (Clg + 1)

by = iaz& (3as (as +1) = 2) —a
bs = %ag (a3 + 2)

bg = ay —}L(ag— 1) as (3az — 2)
by = (a3 — 1) (2a3 — 1)

by = iag (3az (az +1) —2) — ay
by = iag (8as + az (5 — a3 (6ag + 7)))
bio = as — Zag (a3 + as — 2)

by = —}Lag (8ag + (a3 — 1) as)
b1 = —%laﬁ (8ag + (ag — 1) ag)
bis = as — i (as3l) as (3az — 2)
biy = ia(; (3ag (ag +1) —2) — a3

b15 = ay0 (CL%CL%O — (0,4 + as (0,5 + 1)) aig + as + ag — ag)

1
blﬁ = ag — Z (a(; — 1) Qg (3&6 — 2)
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ag — az

az

—as

-1

1

0

b2 b3
1-— 2(1,3

—ay
0

as (2(13 — 1)

0
1

-1

0

000
000

b1z
a3 — 2(1%

172@3

—bs
—ag

% ((lg — 1) as

ag

ag

0

0

0

by
2a3 -1

2(13 —1

1

0

0

00

-1 -1
-1

0

0

0

0

0

0

0

00

(8.5)

114



ay

b1y
1a3 (3as (as +1) —2) —ap

az — az

1

as

—ag

-1

1

0

bs

ba
1-— 2(13

—ag

0

0

0

as (2@3 — ].)

0

0

-1

000

0

% ((13 — 1) as (3@3 — 2)

az —

—bs
—ag

%((lg - 1) as

as

az — 2a3
1-— 2(13

as

0

0

0

0

0

0

0

0

0

bz
2(1,3 -1

2(1371

1

0

0
-1
-1

0

0

0

00

-1

-1

0

(8.6)

0

bl?

ag — as
a6 (ag + 1)

as

—ag

-1

1100

b14
ag (2(16 — 1)

0

1 — ag (ag + 3)

—ag

172(16

as(as—as)
2a4

as

0
1
0
0
0
0
0
0
0
0
0
0
0

00 0 ag

000 O

bis
ag — 2a

172“6

-1 —lag(ag+1)

%(aﬁ—l)aﬁ 0

ag

ag —ag

000 0

000 0

as

Gy

000 0

(ag — 1) (2a6 — 1)

2a6 — 1

000 O

2a — 1

000 0

000 0

Q4

000 0

0

aras(as+as)
201?1

aias
as

ay

000 0

a4

ajas
ay

000 O

000 0

a2

000 0

(8.7)

115



(8.8)

ag ary 0 ag ap as

Qs

110 O

asg a
0 0 as

as Gg

0

1

0
0 by

as

0 Qg

0

0 0 0 0 0 bis

0000,10
000 O

ag Ay 0

Qs

1

1
0
0
0
0
0
0
0
0
0
0
0

as Qg

0

000 O

000 O

0

0 0 0 by

0 ayp

0

000 O
000 O

000 O

000 O

0

0

0

0 Q1o

0

000 O

000 O

000 O

0

000 O

000 O

~~
N
o0
N~—
—
o o o S O O 0 o0 o o o o o o
o o o O oo o oo oo § &-fo
o o o O oo o oo oo §&-fo o
o o o o 0o oo oo oo -fo o o
[=2] [«
S © 00 0 o0 S SO oo o o oo
g 3 % & & § oo - 4 o o o o o
F oo & oo 4 o0 o o o o o
F o oo o oo o0 o0 o0 o0 o0 o O
0 ()
S © 0 O O S O O o o o o o o
S & oo 4 4 0 0 O O o o o o O
F o o 4 4 OO0 O O O O O o O O
Y o oo 4 o0 0 o0 o o0 O o o O
[
S ©C 0 gO O S o o0 oo o o o o0
O - 4 O 0 0O 0O 0O o0 o0 o o0 o o o O
- H O O O O O 0O 0O O O o o O o O
- 0O O O O O O O 0O O O o o O o o

116



a2

aq

a1+ as

110 0 -1 -1 as
0110 0 -1

ay + as

—1

a1+a5

az

bi7

—aza? 0

0

0

0 0 0 asg
000 0

a; + as — ag

-1

1
0
0
0
0
0
0
0

000 0

000 0

0

0

0

—a3a§

as

0000

000 0

000 0

000 0

as

000 0

0
0
0
0

000 0

000 0

000 0

000 0

(8.10)

a2

0 a; + as ay

as

-1 -1
0 -1

0
0

110 0
0110

Ge

a1+a5

-1

ay; + as

0

001 0

az

bi7

—aza? 0

0

000 as
000 0

a; + as — ag

-1

1
0
0
0
0
0
0
0
0

000 0

000 0

0

—aza3

as

000 0

000 0

000 0

000 0

as

000 0

000 0

0
0
0

000 0

000 0

000 0

(8.11)

117



(8.12)

g a1 G2

0
0

a7 Qg

Qg

110 O

a1

aio

ag Q7

0

1

0 0 0 aiq
g a7y Qg

0 0 0 a13

0000,12
000 O

1

1
0
0
0
0
0
0
0
0
0
0
0

a7

Qg

000 O

000 O

0

a13 0 0 0

0

0

0 a2

0

000 O
000 O

000 O

000 O

000 O

0
0

a3 aq

Qs

000 O

as

as

000 O

0

000 O

as

000 O

118



a2

ay

0 ai+as

—1 ag

—1

110 0

ar

a1 + ag

0

0

CL1—|—CL6

0
1
0
0
0
0
0
0
0
0
0
0

00 0 ag
000 O

0 0

0

a; + ag — ay

-1

000 O

000 0

Q9

000 O

000 O

000 0

000 0

000 O

a3

Q4

000 0

000 0

000 O

a5

0

000 O

(8.13)

(¢5)

-1 -1 ay 0 ay + ay ay
-1 -1 0

0

1

ag

ay +ay

0

a10

as

00 0 — oo

0

a; + a7 —asg

-1

0

asai0
az

0

asaio
as

0
0

as a3 Qg4

0

as ag

Qe

(8.14)

119



—
0O
—
o0
N—
F o oo oo oo o0 o0 o0 O o O o
— i
S O 0O 0 o0 o0 o o0 o o o o o o
— —
S O 00 o0 o0 o0 o0 o o oo | oo
—
S O 00 o0 o0 o0 o0 o0 o oo oo o
I~ <t —
S oo o oo % ooo ] oo oo
_ _
g 3§ S o §§ ¥ J oo+~ 4 o o o o o
S § oo oo~ - o0 o o o o o
oo o J oo o~ o0 o o o o o o
5 —

o o o _a © oo | © 0o o o o o o
F & J oo 4 4 OO0 0 o0 o0 o o o o
F J oo 4 4 OO0 o0 o o o o o O
J ©O O 0 4 O 0 0 o0 O O o o o o O

—

S O o ] OO0 o0 o0 o0 o0 o o o o o O

O H H O O O O O 0O o0 0O o0 o o o O

B =T = S R e B = B e B e B o B e S o B e S o B e S e

- O O O O O O 0O 0O O O o o O o O

as

ag 0 ary ap ag

as

Qg

110 O

0 a; a

a4 Qs

0

1

as

—ay 0 0 0 —ary

0 0 O
1
0
0
0
0
0
0
0
0
0

0
0

-1

000
000 O

as Qg

Qy

a4 Qs
0 O
0

000 O

1 0 ay
—1

0

000 O
000 O

0 0

000 O

000 O

000 O

000 O

-1 -1 as 0
0 -1

0
0

000 O

-1

0

0

0

000 O

000 O

000 O

120
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Conjecture 8.2.1. The only invertible upper-triangular solutions to the d-dimensional

bYBE are scalar multiples of the identity matrix.

Lemma 8.2.1. The diagonal elements of an invertible upper-triangular solution to

the d-dimensional bYBE are all equal.

Proof. Let R be an invertible upper triangular matrix. The upper triangular assump-
tion corresponds to the condition that R% = 0 whenever ab < cd, where < denotes
lexicographic ordering. Since R is invertible the diagonal elements must be nonzero,
the diagonal elements are indexed by R% # 0. The bYBE can be written in Einstein
notation as (see appendix @)

kik2 plik lal koks pki1l 11
Rik2 ik plals  — phaks plla phls. (8.22)

J2J1 ~ Vjska 73732 ~ "k3j1
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Consider two of the diagonal elements of R given by R% and R%. We will show that

R® = R by showing that each of the following are satisfied:
Ry = Reg = Rag = Reg (8.23)

Consider the polynomial appearing in the bYBE indexed by j; = b, j» = a, j3 = ¢,

llzc, 12:&, lgzbi
Rey R Ry, = R Ry Ry, (8.24)

For the left hand side of equation not to vanish we need each term to be nonzero.
In order for Rsll)kQ not to vanish we need kiky < ab, meaning k; < a. In order for
Ri’,f;f not to vanish we need cks < cki, meaning k3 < ki. In order for R, not to
vanish we need ab < ksks, meaning a < k3. Therefore we need a < k3 < k1 < a, so

ki = ks = a. The left hand side then becomes:

Ry Rig R (8.25)

ako
This will only be nonzero if b < ko < b so ko = b, making the left hand side equal to:
Roy e Ry (8.26)

For the right hand side of equation not to vanish we need each term of
ng’%Rﬁ;z ca, . to be nonzero. In order for RF*s not to vanish we need koks < ca,
meaning ks < c. In order for Ri;g not to vanish we need kb < k3b, meaning k3 < k;.

In order for Rj2, not to vanish we need ca < kpk;, meaning ¢ < ky. Therefore ky = ¢
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which forces a < ky < k3 < a. So the right hand side becomes:

Re Ry Re, (8.27)

The full equation is therefore:

R RE iy — R Rig R = 0 (8.28)

Which only has the nonzero solution R% = R. The above argument can be repeated

to show

Ry = Réq = Ri; = Rej (8.29)
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Chapter 9

Future directions

“The future ain’t what it used to be.”

Yogi Berra

What follows are some questions for further research that build off of the results

in this dissertation.

1. Any solution to the d-dimensional bYBE gives rise to a knot and link invariant

[81], what invariants arise from the solutions we found?

2. In section B only some of the solutions were classified into unitary solutions,

which of the others can be made unitary?

3. In section B many of the solutions have quite complicated parametrizations, is
there a simpler way to represent these? Is there a generating function for the

X-shaped solutions in a given dimension?

4. Can the proof that there are no X-shaped solutions to the d-dimensional bYBE
when d is odd be extended to prove conjecture , that there are also no

X-shaped solutions to the odd dimensional gYBEs?

5. In section H the underlying vector space is assumed to be finite, can the results

be extended to the infinite setting?
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10.

11.

12.

What kind of algebraic structures arise from the permutation solutions found
in section H? For example, which skew braces (defined in section @) give rise to

the solutions in section B?
Can the techniques used in section H be extended to the gYBEs?

Can the techniques used in section H be adapted to find square-free, degenerate,

or involutive solutions?

Is there a basis free approach to our conjecture that there are only diagonal

invertible upper triangular solutions to the d-dimensional bYBE.

The X-shaped and upper triangular ansatzes produce rich sets of solutions,
are there other ansatzes that can be classified using algorithm m and produce

unitary solutions?

With the impending implementation of quantum computing technologies can
a quantum algorithm be developed to compute X-shaped or upper triangular
solutions in higher dimensions? As a short term goal is there a NISQ (Noisy
intermediate-scale quantum) algorithm that can be implemented with current

quantum technology?

There is a generalization of the aYBEs, referred to as Zamolodchikov’s Tetra-
hedron Equations [36], do any of the methods in this dissertation apply to these

equations?
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Appendix A

Selected additional proofs

“Your appendix needs to be removed”

Dr. Rippey to the author in 2011

A.1 Proof of symmetries

What follows is a proof of the symmetries listed in proposition .

Proof. Let R be a solution to the (d,m,[)-gYBE and let A be a nonzero scalar, and

@ a non-singular d x d matrix.

1.
AR ® IZY(IZ @ AR)AR @ IZ) = (IZ' @ AR)(AR @ IZ))(I¥' @ AR)
MR IEHIE @ R)(ReIE) = PIF @ R) (R IEHIZ ® R)
(RRIEHIZ @ R)(RIZ) = (I @ R)(R® I (IS @ R)
2.

(R eI oRT)RT )= o R R e (I @R
(Re ) N F'@R) (R =@ R) (R ) (I @ R)™
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(R IFHIP @ R)(ROIF)) ™ = (1§ @ R)(R® IP) (I ® R)) ™"

(R® ]\Q/?l)(l\(?l X R)(R X ]‘Q?l) = (I‘Q?l X R)(R ® ]‘Q/?l)(]gl ® R)

3. The same as 2 with R~! replaced by R*
4. The same as 2 with R~! replaced by R’
5. To limit the need for parenthesis, denote Q@ = Q! and consider the left hand

side of the gYBE:

(Q¥"RQ®™ @ I} (I} ® Q“"RQ®™)(Q"RQ®™ ® I}") (A1)
=(Q*"R@ I) Q" @ IP)(IY' ® Q")(IY' ® RQ®™)(Q*"RQ™™ & I})
(A.2)

(A.3)

To simplify further, we look at the term (Q®™ @ I")(I$' ® Q®™) there are
then two cases to consider. In the first case m > [ and in the second case

m < [. In the first case we can write:

Q" @ IPH (I @ Q*™) = (Q¥ @ I ® Q)

And in the second case, we can write:

Q" & IP) I ® Q™) = (@™ & I ™ @ Q™)
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Substituting the first case into equation @ above we get:

(Q*"R® I} (Q% & Iy @ Q¥) (I} ® RQ*™)(Q*"RQ*™ ® I}}')
=(Q""R® I}) Q™ ® (Iy"™' @ Q®)RQ®™)(Q*" @ I}')(RQ™™ & I}}")
=(Q*"R @ I}")(IJ' @ (I7™ "' @ Q*)RQ®™Q*™ ' & I}"))(RQ*™ © I}}")
=(Q*"R & I}) (I ® (I @ Q*)R(I{™ " © Q%)) (RQ™™ @ I}}")
=(Q*"Re I} I} ® I @ Q*) (I} ® R)(Iy' ® Iy @ Q%) (RQ™™ ® I}Y")
=(Q""R® I})(Iy™ ® Q) (I} ® R)(Iy™ © Q%) (RQ®™ & I}Y")
=(Q“"R® Q")(I}' ® R)(RQ"™ © Q%)
=@ ®Q*)(R® I}')(I' ® R)(R® I}7)(Q"" © Q)

QRS I (' @ R)(R® Q™

By a similar argument, the right hand side of the gYBE can be simplified to:

QI © R)(R @ IP)(Iy' @ R)Q™™™

Conjugating by Q®™, we get the gYBE. We can similarly handle the second

case, when m < [, by substituting into equation @:

Q"R e IF)(Q" @ I @ Q"I @ RQ™)(Q°" RQ™ & I
~(QT"R® IP)Q™ © IF'" © QT RQ)(Q" @ IF) (RQ®™ @ IY)

:<Q®mR ® I‘@l)(I{?m ® I‘?l—m ® Q®mRQ®m)(RQ®m ® [‘Q/Z}l)
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=@ Re I (1" @ I~ © Q°™)(IF" © I§™R)
(]S?m ® ]{Q;)l—m ® Q®m)(RQ®m ® I‘Q/@l)
:<Q®mR ® I‘Q/bl—m ® Q@m)(]‘é/bl ® R) (RQ®m ® ]{Q/Z)l—m ® Q®m)

~(Q" @ IF " 9 QTR @ I & B(R® [F)(Q" © 17" © Q")

And the right hand side of the gYBE can be manipulated to:

Q" ® I[P @ Q*)(IY ® R)(R® I (1Y ® R)(Q™ & I © Q™)

Therefore, if R is a solution to the gYBE so is Q" RQ®™.

6. Suppose R is a solution to the bYBE. Since R~! is also a solution to the bYBE
we have that R~ P is a solution to the aYBE. It follows that (R™!P)~! = PR

is a solution to the aYBE and therefore PRP is a solution to the bYBE.

A.2 Forms of the aYBE and bYBE

Here we show how to obtain the form of the aYBE in equation from equation
. In equation , R, acts on the factors a and b, and does not affect the third

factor. For example R;3 does not affect the middle factor:
Ris(e;®e;@e) = > Ripea @ ¢; @ ep)
ab
The left hand side of equation acts on (ej, ® e;, ® ej,) as follows:
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R12R13R23(€j1 ® ej, ® ej3) = Ri2R3 Z R?;jk; (ejl ® e, & €k3)

ka,ks

= ng Z RI?QkSRI.ﬂlS (ekl (059 €Ly & 613)

j273 ~ “j1ks
ko,k3,k1,l3

§ : koks pkils plil
= RIS RYY 3Rk11]§2(6l1 X €y (%9 €l3)

J2J3 ~ “jiks
ka,ks,k1,l3,l1,l2

The action of the right hand side of equation can similarly be written:

R23R13R12<€jl ® €y ® 6j3) = R23R13 Z Rflljkj (€k1 ® €ko ® 6j3)
k1,k2

j2j2 ~ “k1js
k1,k2,l1,k3

k1k2 plik lal
= E . REZRIGRZ (e, ® e, ® eyy)

j1j2 T Vk1j3
k1,k2,l1,ks3,l2,l3

Using the Einstein notation convention of summing over repeated indices we can

write equation as:

kike pliks plals  _ pkoks pkils plile
Ritk Rliks ploly . phaks phils plilz (A.4)

Jij2 ~ Vkijs j2J3 ~ Vj1ks

Similarly the bYBE in equation can be converted into Einstein summation
notation by using the fact that RP must solve the bYBE if R solves the aYBE. We

then have
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RP(e;®e;) = R(e;@e;) =Y Ril(e,®e)
k,l

Therefore the bYBE can be written be exchanging the bottom two indicies in the

equation for the aYBE:

kike pliks plals  __ pkoks pkils plile
Ritk Rlaks plly . phaks phils plilz (A.5)

J2J1 " Vjska Jzj2 ~ “k3ji
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