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Supplementary information

S1 The width-averaged sediment concentration
equation

Conservation of mass for the sediment is given by

∂c
∂ t

+
−→
∇ ·−→F = 0 (S.1)

here c is the 3D concentration,
−→
F is the total sediment flux

which consists of an advective
−→
F a, settling

−→
F s and diffusive−→

F d fluxes. They are given by

−→
F a = c−→u + cw−→e z,
−→
F s =−cws

−→e z,

−→
F d =−Kh

−→
∇ c−Kv

∂c
∂ z
−→e z.

where −→u is the horizontal velocity field, w the vertical ve-
locity component, −→e z the unit vector in z direction. Kh and
Kv the horizontal and vertical eddy diffusivity coefficient,
respectively.

Eq. (S.1) results in the sediment concentration equation

ct +(uc)x +(vc)y +(c(w−ws))z =(Khcx)x+ (S.2)

(Khcy)y +(Kvcz)z.

The width-integrated sediment concentration equation is ob-
tained by integrating Eq. (S.2) over the width and using the
Leibniz integral rule. It yields

∂
∂ t

B1∫

B2

cdy+
∂
∂x

B1∫

B2

ucdy+
∂
∂ z

B1∫

B2

c(w−ws)dy− ∂
∂x

B1∫

B2

Khcxdy

− ∂
∂ z

B1∫

B2

Kvczdy− [ucB1x− vc−KhcxB1x +Khcy]y=B1︸ ︷︷ ︸
1

(S.3)

+[ucB2x− vc−KhcxB2x +Khcy]y=B2︸ ︷︷ ︸
2

= 0.

Next we use the boundary conditions at the transver-
sal sides of the estuary. The estuary is sketched in Fig. S.1.
There is no flux through the side boundaries, i.e.

−→n ·
(

c−→u −Kh
−→
∇ c

)
= 0 at y = B1(x) and B2(x), (S.4)

where −→n 1 is a normal outward pointing vector at y = B1−→n 1 = 〈−B1x,1〉, and −→n 2 = −〈−B2x,1〉 the normal vector
at y = B2.
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Fig. S.1 Sketch of the top view of the model geometry. A Cartesian co-
ordinate system is used, the x axis is along-channel coordinate directed
landwards and y axis is transverse coordinate points upwards.

Using the boundary condition (S.4), terms 1 and 2 in Eq.
(S.3) drop out and the equation reduces to

∂
∂ t

B1∫

B2

cdy+
∂
∂x

B1∫

B2

ucdy+
∂
∂ z

B1∫

B2

c(w−ws)dy− (S.5)

∂
∂x

B1∫

B2

Khcxdy− ∂
∂ z

B1∫

B2

Kvczdy = 0.

Next write the concentration c = ĉ+c′, with ĉ the width-
averaged concentration, defined as

ĉ =
1

B(x)

B1∫

B2

cdy,

and c′ fluctuations in the y-direction, defined as c′ = c−
ĉ. Here B(x) = B1(x)− B2(x) is the width of the estuary.
Similarly write u = û + u′. Using the Leibniz integral rule,
the width-integrated sediment concentration equation (S.5)
reads

(Bĉ)t +(Bûĉ)x +(Bĉ(ŵ−ws))z− (KhBĉx)x− (S.6)

(KvBĉz)z = 0,

where we assumed that the sediment concentration at the
transversal boundaries equals the width-averaged concentra-
tion, i.e. c

∣∣
y=B1

= c
∣∣
y=B2

= ĉ. Moreover, we assume that cor-

relations
∂
∂x

B1∫

B2

u′c′dy can be modeled as a dispersive contri-

bution.
Finally, using continuity equation (2a) and assuming that

the width of the estuary is exponentially converging (B(x) =
B0e−x/Lb ), the width-averaged concentration equation (S.6)
reduces to

ĉt + ûĉx + ĉz(ŵ−ws) = (Khĉx)x +(Kvĉz)z− 1
Lb

Khĉx. (S.7)
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This is expression (8) in the main text, where the hats (∧)
have been dropped for simplicity.

S2 Morphodynamic equilibrium condition

The time evolution equation for the bed (Van Rijn, 1993)
reads

ρs(1− p)
∂ zb

∂ t
= D−Es, (S.8)

with ρs the density and p the porosity of the sediment. The
depositional sediment flux D normal to the bottom is given
by

D = BD̂≡ B(wsĉnz) at z =−H, (S.9)

and the 3D erosional sediment flux reads Es = −Kh
−→
∇ c−

Kv
∂c
∂ z
−→n z. By integrating this equation over the width, ne-

glecting the transversal bottom variations and assuming that
the concentration at the transversal boundaries equals the
width-averaged concentration, i.e. c

∣∣
y=B1

= c
∣∣
y=B2

= ĉ, we
obtain the width-averaged erosional sediment flux

Ês =−Khĉxnx−Kvĉznz at z =−H. (S.10)

with nx = Hx/|−→n | and nz = 1/|−→n | the components of the
unit normal vector −→n at the bottom.

A relation between deposition and erosion is derived from
the sediment concentration equation (S.6) by integrating it
over the depth and using the Leibniz integral rule

∂
∂ t

ζ∫

−H

Bĉdz+
∂
∂x

ζ∫

−H

Bûĉdz− ∂
∂x

ζ∫

−H

KhBĉxdz =

−B(wsĉ+KhĉxHx +Kvĉz)z=−H︸ ︷︷ ︸
I

+Bĉ(ζt + û− ŵ)z=ζ︸ ︷︷ ︸
II

+

Bĉ(ûHx + ŵ)z=−H︸ ︷︷ ︸
III

+B(wsĉ−Khĉxζx +Kvĉz)z=ζ︸ ︷︷ ︸
IV

(S.11)

Terms II, III, IV are eliminated due to boundary condi-
tions (4), (5) and (9), i.e.,

ŵ = ζt + ûζx at z = ζ , (S.12a)

ŵ =−ûHx at z =−H, (S.12b)

−wsĉ−Kvĉz +Khĉxζx = 0 at z = ζ , (S.12c)

and term I, according to Eqs. (S.9) and (S.10), can be ex-
pressed as −B(D−Es). Therefore, Eq. (S.11) reduces to

∂
∂ t

ζ∫

−H

Bĉdz+
∂
∂x

ζ∫

−H

Bûĉdz− ∂
∂x

ζ∫

−H

BKhĉxdz = (S.13)

B(−D+Es).

Next, we average the result over a tidal period and re-
quire that the bed does not change over a tidal period. This
means that there is a tidally averaged balance between ero-
sion and deposition, i.e. 〈D〉− 〈Es〉 = 0. Using this in Eq.
(S.13) gives that

〈
∂
∂x

ζ∫

−H

Bûĉdz

〉
−

〈
∂
∂x

ζ∫

−H

BKhĉxdz

〉
= 0. (S.14)

The morphodynamic equilibrium condition is obtained
by integrating Eq. (S.14) with respect to x:

〈 ζ∫

−H

(ûĉ−Khĉx)dz

〉
= 0. (S.15)

The integration constant is set to zero as we require no mean
sediment flux at the weir.

Eq. (S.15) is expression (12) in the main text, where the
hats (∧) are dropped for simplicity.

S3 Perturbation analysis and solutions

This supplement is an extension of Section 3. As a first step,
the variables are scaled by their typical order, see Table S.1.
Note, contrary to the previous sections, u, w, ζ and c are the
width-averaged quantities. The hats (∧) are dropped for sim-
plicity. In Table S.1 dimensionless variables are denoted by
a tilde (∼). Apart from the velocity scale U = σAM2`/H0, a
second along-channel velocity scale in the model is the typ-
ical velocity scale for the density driven residual circulation
Ud = gH0βSx/σ .

Substituting the scaled variables into Eqs. (2a) and (2b)
yields the dimensionless shallow water equations

ũx̃ + w̃z̃− `

Lb
ũ = 0, (S.16a)

ũt̃ +
U
σ`

(ũũx̃ + w̃ũz̃)+λ−2ζ̃x̃− (S.16b)

Ud

U
<̃ s >x

(
z̃− AM2

H0
ζ̃
)

=
(

Av

σH2
0

ũz̃

)

z̃
,

where λ = `/Lw is the ratio of the convergence length or
embayment length (depending on which one is smaller) and
the frictionless tidal wavelength Lw. Eq. (3) has been used
to obtain Eq. (S.16b).

The dimensionless boundary condition at the entrance is
given by

ζ̃ = cos t̃ +
AM4

AM2

cos(2t̃−φ) at x̃ = 0,
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Table S.1 Scaling of physical variables.

Scaling
Physical
Quantity

Typical Scale Symbol Variable

Time M2 tidal frequency σ t = σ−1t̃
Sea surface
elevation

M2 tidal amplitude AM2 ζ = AM2 ζ̃

Vertical co-
ordinate

Water depth at the
entrance H0

z = H0 z̃

Local water
depth

H = H0H̃

Horizontal
coordinate

Minimum of the estu-
ary length or conver-
gence length

` x = `x̃

Horizontal
velocity

Follows from the inte-
gration of the continu-
ity equation (2a) over
depth and requiring an
approximate balance be-
tween the resulting con-
tributions

U =
σAM2`

H0
u = Uũ

Vertical ve-
locity

Obtained from the
width-averaged conti-
nuity equation (2a) by
requiring an approximate
balance between the first
and second term

W =
H0

`
U w = Ww̃

Sediment
concentra-
tion

Typical magnitude of the
quantity under
consideration

C =
ρsAvUa∗
H0g′ds

c = Cc̃

Salinity gra-
dient

Sx < s >x=
Sx<̃ s >x

Erosion co-
efficient

a∗ a = a∗ã

where AM4 is the amplitude of the M4 tidal constituent. At
the riverine side we find that

εζ̃∫

−H̃

ũdz̃ =
Q

UH0B
at x̃ = 1,

with Q being the river discharge.
At the free surface z̃ = εζ̃ the boundary conditions read

Avũz̃ = 0 and w̃ = ζ̃t̃ +
AM2

H0
ũζ̃x̃,

at the bottom z̃ =−H̃ they are given by

w̃ =−ũH̃x̃ and ũz̃ =
sH0

Av
ũ.

The dimensionless sediment mass balance equation, ob-
tained from Eq. (S.7), reads

c̃t̃ +
U
σ`

(ũc̃x̃ + w̃c̃z̃)− ws

σH0
c̃z̃− Kh

σ`2 c̃x̃x̃− (S.17)

Kv

σH2
0

c̃z̃z̃− Kh

σ`Lb
c̃x̃ = 0.

The dimensionless boundary conditions for the suspended
sediment concentration are given by

ws

σH0
c̃+

Kv

σH2
0

c̃z̃− KhAM2

σ`2H0
c̃x̃ζ̃x̃ at z̃ = εζ̃ ,

and

− Kv

σH2
0

c̃z̃− Kh

σ`2 c̃x̃H̃x̃ =
ws

σH0
|ũz̃|ã at z̃ =−H̃.

The dimensionless morphodynamic equilibrium condi-
tion (12) and integral condition (14) read

〈 εζ̃∫

−H̃

(ũc̃− Kh

`U
c̃x̃)dz̃

〉
= 0, (S.18)

and

1∫

0

ãe−
`

Lb
x̃dx̃

1∫

0

e−
`

Lb
x̃dx̃

= 1.

From observations, it usually follows that the ratio of the
M2 tidal amplitude AM2 and undisturbed water depth H0 is a
small parameter, i.e. ε = AM2/H0 ¿ 1. In order to construct
a solution of the system of equations as a perturbation se-
ries, we have to relate the order of magnitude of most non
dimensional coefficients in the equations above to ε . These
parameters, their order and actual magnitude are provided in
Table S.2.

Table S.2 Order of magnitude of dimensionless parameters and their
actual value

Nondimentional parameter Order Value
1980 2005

ε ≡ AM2/H O(ε) 0.14 0.13
U/σ` O(ε) 0.14 0.13
`/Lb O(1) 1
Ud/U O(ε) 0.27 0.29
Av/σH2

0 = Kv/σH2
0 O(1) 1.57 0.86

ws/σH0 O(1) 0.14−3.57
Kh/σ`2 O(ε3) 7.9×10−4

Kh/σ`Lb O(ε3) 7.9×10−4

AM4/AM2 O(ε) 0.17 0.14
Kh/`U O(ε2) 0.006
AM2 Kh/σ`2H0 O(ε4) 1.1×10−4

The dimensionless slip parameter sH0/Av is allowed to
vary from zero (no slip) to a large value (full slip) in the
model, its actual value is derived from observations. More-
over, we assume that Q/UH0B is at most of order ε .



S4

We approximate the solution of the dimensionless Eqs.
(S.16), (S.17) and (S.18) together with the appropriate bound-
ary conditions by expanding the physical variables in power
series of the small parameter ε

ũ = ũ0 + ε1ũ1 + ε2ũ2 + . . .

w̃ = w̃0 + ε1w̃1 + ε2w̃2 + . . .

ζ̃ = ζ̃ 0 + ε1ζ̃ 1 + ε2ζ̃ 2 + . . .

c̃ = c̃0 + ε1c̃1 + ε2c̃2 + . . .

where superscripts denote the order of ε . After substitution
of these expansions in the equations and boundary condi-
tions and collecting terms of equal powers of ε , one can
investigate the dynamics of the system at different orders.
The resulting reduced systems of the water motion and con-
centration equations and the morphodynamic equilibrium
condition are given in Sections S3.1, S3.2 and S3.3, respec-
tively.

S3.1 Leading order system of equations

In leading order, i.e. O(ε0), the dimensional system of equa-
tions describing the water motion reads

u02
x +w02

z − u02

Lb
= 0, (S.19a)

u02
t +gζ 02

x − (Avu02
z )z = 0, (S.19b)

where the first superscript denotes the order of ε . The sec-
ond superscript indicates the frequency of the constituent
under consideration, by using the index of the lunar fre-
quency.

The boundary conditions at the riverine side requires the
depth-averaged velocity to be zero at the weir and at the
entrance the system is forced by the externally prescribed
semi-diurnal tide. These conditions read

ζ 02 = AM2 cos(σt) at x = 0, (S.20a)
0∫

−H

u02dz = 0 at x = L. (S.20b)

At the free surface z = 0 the boundary conditions are
given by

w02 = ζ 02
t , (S.21a)

Avu02
z = 0. (S.21b)

At the bottom z =−H(x) the boundary conditions read

w02 =−u02 ∂H
∂x

, (S.22a)

Avu02
z = su02. (S.22b)

The dynamics of the sediment concentration in leading
order is given by

c0
t −wsc0

z = (Kvc0
z )z. (S.23)

Hence in leading order the evolution of the sediment con-
centration is governed by local inertia, settling and vertical
mixing of sediments.

The boundary condition at the free surface z = 0 imposes
a no flux condition through the boundary,

wsc0 +Kvc0
z = 0. (S.24)

At the bottom, z =−H(x), the boundary condition reads

−Kvc0
z = wsρs

s|u02(t,x)|
g′ds

a(x). (S.25)

Since the water motion only consists of an M2 tidal sig-
nal in leading order, it follows that the concentration has
a residual component and all constituents with frequencies
that are an even multiple of the M2 tidal frequency, hence

c0 = c00 + c04 + . . . . (S.26)

The sediment concentration c0 still depends on the unknown
erosion coefficient a(x).

Solution. The leading order equations for the water motion
(S.19) and sediment concentration (S.23) allow solutions of
the following form:

(u02,w02,ζ 02) =

ℜ
{(

û02(x,z), ŵ02(x,z), ζ̂ 02(x)
)

eiσ t
}

, (S.27)

c0 = c00(x,z)+ℜ
{

ĉ04(x,z)e2iσt + . . .
}

, (S.28)

where ℜ{.} denotes the real part of the expression in braces
and i is the imaginary unit.

To solve for the water motion, substitute (S.27) in Eqs.
(S.19). This results in a system of ordinary differential equa-
tions for the spatial variables û02(x,z), ŵ02(x,z) and ζ̂ 02(x)

û02
x + ŵ02

z − û02

Lb
= 0, (S.29a)

iσ û02 +gζ̂ 02
x − (Avû02

z )z = 0. (S.29b)

First, momentum equation (S.29b) is solved using the
corresponding boundary conditions for û02 at z = 0 and z =
−H(x). The resulting expression for û02 still depends on the
unknown sea surface elevation ζ̂ 02 and reads

û02 =−gζ̂ 02
x

iσ
(1−α(x)cosh(β (x)z)) , (S.30)

here α = s/(Avβ sinh(βH)+ scosh(βH)) and β =
√

iσ/Av.
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Next, the continuity equation (S.29a) is used to solve for
ŵ02. The boundary condition for ŵ02 at z = 0 is satisfied
using the integration constant. This results in

w02 =
g
iσ

(
ζ 02

x

Lb
−ζ 02

xx

)(
z− α

β
sinh(β z)

)
+

gsinh(β z)ζ 02
x

iσβ

(
αx +αβx

(
zcoth(β z)− 1

β

))
− iσζ 02,

To satisfy the other boundary condition (S.22a), an ordi-
nary differential equation for ζ̂ 02 has to be solved, usually
numerically. This equation reads

T1ζ̂ 02
xx −T2ζ̂ 02

x −T3ζ̂ 02 = 0,

with

T1 =
α sinh(βH)

β
−H,

T2 =
T1

Lb
− αx sinh(βH)

β
+Hx(1−α cosh(βH))+

αβx(sinh(βH)−βH cosh(βH)
β 2 ,

T3 =
σ 2

g
.

By back-substituting ζ̂ 02, we obtain the spatial velocities û02

and ŵ02.
Next, we solve the sediment concentration equation (S.23)

using substitution (S.28). Because Eq. (S.28) is linear, we
can construct and solve an ordinary differential equation with
respect to each spatial component (i.e. c00, ĉ04, etc) of the
leading order concentration c0 separately. As follows from
Section S3.3, we only require the spatial variables c00 and
ĉ04 to calculate the equilibrium sediment distribution. The
solution for these components reads

c00 =
a(x)ρssa0

g′ds
e
−ws(H+z)

Kv ,

ĉ04 = a(x)
(

A1e
(λ−ws)z

2Kv +A2e
−(λ+ws)z

2Kv

)
, (S.31)

with λ =
√

w2
s +8iσKv, A1 and A2 are the integration con-

stants, obtained from boundary conditions (S.24) and (S.25)

A2 =
−2wsρss(a2− ib2)(ws +λ )

g′ds

(
(λ −ws)2e

(ws−λ )H
2Kv − (ws +λ )2e

(ws+λ )H
2Kv

) ,

A1 =−A2(ws−λ )
ws +λ

.

and a0, a2 and b2 are coefficients of the Fourier series of the
absolute value of the M2 tidal velocity at the bed

|û02(x,−H)|= a0+a1 cos(σt)+b1 sin(σt)+

a2 cos(2σt)+b2 sin(2σt)+ · · ·

S3.2 First order system of equations

In this section the first order system of equations is given.
The water motion is discussed in subsection S3.2.1 and sed-
iment dynamics in S3.2.2.

S3.2.1 Water motion

The first order dimensional hydrodynamic equations, i.e. O(ε1)
is given by

u1
x +w1

z −
u1

Lb
= 0, (S.32a)

u1
t +u02u02

x +w02u02
x +gζ 1

x −gβ 〈s〉x z = (Avu1
z )z. (S.32b)

At this order the advective contributions enter the momen-
tum equation (S.32b).

At the free surface z = 0 the boundary conditions read

w1 = ζ 1
t −ζ 02w02

z +u02ζ 02
x , (S.33a)

Avu1
z +Avζ 02u02

zz = 0, (S.33b)

and at the bottom z =−H(x)

w1 =−u1 ∂H
∂x

, (S.34a)

Avu1
z = su1. (S.34b)

The boundary conditions at the riverine side and entrance
are given by

ζ 1 = AM4 cos(2σ t−φ) at x = 0, (S.35)
0∫

−H

u1dz+
H0

AM2

u02
∣∣∣∣
z=0

ζ 02 =
Q
B

at x = L. (S.36)

From Eq. (S.30) and boundary condition (S.20b) we can
conclude that u02 = 0 at x = L. Therefore, boundary con-
dition (S.36) reduces to

0∫

−H

u1dz =
Q
B

at x = L.

Careful inspection of the higher-order system of equa-
tions and the boundary conditions shows that the order ε ve-
locity fields u1,w1 and the sea surface elevation ζ 1 consist of
the residual contributions (u10,w10,ζ 10) and contributions
(u14,w14,ζ 14) with twice the frequency of the semi-diurnal
tide. Hence, the solution of the first order water motion can
be expressed as, e.g. u1 = u10 +u14.

Residual flow. By averaging over a tidal period, a forced
linear system that describe the residual flow is obtained

u10
x +w10

z − u10

Lb
= 0, (S.37a)

〈
u02u02

x +w02u02
x

〉
+gζ 10

x −gβ 〈s〉x z = (Avu10
z )z, (S.37b)
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where the angular brackets < . > denote a tidal average.
At the free surface z = 0 the boundary conditions are

given by

w10 =−〈
ζ 02w02

z −u02ζ 02
x

〉
, (S.38a)

Avu10
z +

〈
Avζ 02u02

zz
〉

= 0. (S.38b)

At the bottom z =−H(x) the boundary conditions read

w10 =−u10 ∂H
∂x

, (S.39a)

Avu10
z = su10. (S.39b)

The boundary condition at the riverine side is that the
depth- and tidally-averaged velocity is related to the river
discharge at the weir by

0∫

−H

u10dzdt =
Q
B

at x = L. (S.40)

Furthermore, the residual sea surface elevation is zero at the
entrance

ζ 10 = 0 at x = 0. (S.41)

First overtide (M4) flow. The M4 constituent of the wa-
ter motion is described by the following system of forced
equations

u14
x +w14

z − u14

Lb
= 0, (S.42a)

u14
t +

[
u02u02

x +w02u02
x

]
+gζ 14

x = (Avu14
z )z, (S.42b)

where braces [.] denote the M4 contribution.
At the free surface z = 0 the boundary conditions are given
by

w14 = ζ 14
t +[u02ζ 02

x −ζ 02w02
z ], (S.43a)

Avu14
z +Av[ζ 02u02

zz ] = 0. (S.43b)

At the bottom z =−H(x) the boundary conditions read

w14 =−u14 ∂H
∂x

, (S.44a)

Avu14
z = su14. (S.44b)

The first overtide boundary conditions at the entrance
and riverine side are identical to those of the leading order
conditions, but at the entrance the system is forced by the
externally prescribed M4 tide. These conditions are

ζ 14 = AM4 cos(2σt−φ) at x = 0, (S.45a)
0∫

−H

u14dz = 0 at x = L. (S.45b)

The first order system of equations for the water mo-
tion consists of residual contributions, given by Eqs. (S.37)-
(S.41), and M4 contributions (Eqs. (S.42)-(S.45)). The resid-
ual and M4 water motion is forced by various contributions,
see the main text for a detailed description of these forcing
terms.

Since the Eqs. (S.37) and boundary conditions (S.38)-
(S.41) are linear, we can solve the equations for each forcing
term separately. The solution method for each forcing term
is similar to the method described in Section S3.1.

Similar to (S.27), the M4 water motion equations (S.42)
allow the solution of the following form

(
u14,w14,ζ 14) = ℜ

{(
ũ14(x,z), w̃14(x,z), ζ̃ 14(x)

)
e2iσt

}
,

(S.46)

here ℜ{.} stands for the real part of an expression in braces
and i the imaginary unit. Substitution (S.46) in Eqs. (S.42)
results in a system of ODEs with respect to the spatial vari-
ables ũ14(x,z), w̃14(x,z) and ζ̃ 14(x). The resulting system
of equations is linear. Analogous to the method which was
employed for the residual water motion, we decompose the
system and boundary conditions into three systems of ODEs
with appropriate boundary conditions each induced by the
individual forcing. Next, we obtain the solution for each
system and construct the final solution as a superposition

(ũ14, w̃14, ζ̃ 14) =
3

∑
i=1

(ũ14
i , w̃14

i , ζ̃ 14
i ).

S3.2.2 Sediment dynamics

In deriving the sediment equation at first order, we assume
that the nonlinear terms in Eq. (S.17) are negligible in the
dynamics of the suspended sediment concentration, even though
they give an order epsilon contribution according to the scal-
ing. The motivation for this choice is that treating these non-
linear terms as order ε quantities will result in additional
mean and overtide components of the first order. Solving
these components will be straightforward, but will also com-
plicate the analysis. Since our goal is to gain understanding
of sediment transport, these nonlinear terms are neglected at
a first step. Hence, the dynamics of the sediment concentra-
tion is governed by

c1
t −wsc1

z = (Kvc1
z )z. (S.47)

The first order boundary conditions for the sediment con-
centration are equivalent to those in leading order, with the
first order component of the absolute value of the bed shear
stress

|τ1
b |= ρ0su1 u02

|u02| at z =−H. (S.48)
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The boundary conditions read

wsc1 +Kvc1
z = 0 at z = 0, (S.49)

−Kvc1
z = wsρssu1 u02

|u02|g′ds
a(x) at z =−H. (S.50)

Hence, the first-order sediment concentration is a result of
the leading order and the first order tidal flow interaction.
Applying the Fourier analysis to bottom boundary condition
(S.50), it can be deducted that the first order concentration
consist of all tidal components

c1 = c10 + c12 + . . . . (S.51)

The semi-diurnal component of the first order sediment
concentration c12 is obtained by substituting

c12 = ℜ
{

ĉ12(x,z)eiσt} (S.52)

in concentration equation (S.47). This results in an ordinary
differential equation for the spatial coefficient ĉ12(x,z). Us-
ing the appropriate boundary conditions (S.49) and (S.50)
the solution to this equation reads

ĉ12 = a(x)
(

B1e
(λ−ws)z

2Kv +B2e
−(λ+ws)z

2Kv

)
, (S.53)

with λ =
√

w2
s +4iσKv, B1 and B2 are the integration con-

stants, obtained from boundary conditions (S.24) and (S.25)

B2 =
−2wsρss(p1− id1)(ws +λ )

g′ds

(
(λ −ws)2e

(ws−λ )H
2Kv − (ws +λ )2e

(ws+λ )H
2Kv

) ,

B1 =−B2(ws−λ )
ws +λ

.

and p1 and d1 are coefficients of the Fourier series of the
absolute value of the bed shear stress given by Eq. (S.48)

û1(x,−H)
û02(x,−H)
|û02(x,−H)| =p0 + p1 cos(σt)+d1 sin(σ t)+

p2 cos(2σ t)+d2 sin(2σt)+ · · ·

S3.3 Morphodynamic equilibrium condition

From the scaled morphodynamic equilibrium condition (S.18)
and the fact that in leading order the concentration consists
of a residual component and a component with a frequency
that is multiple of M4 (S.26) and velocity only of an M2, it is
evident that there is no residual sediment transport in order
ε . Only in order ε2 a residual sediment transport is found,
due to the interaction of the residual and M4 O(1) sediment
concentration with the residual and M4 O(ε) velocity com-
ponents, and the M2 O(ε) sediment concentration with the

M2 O(1) velocity component. The morphodynamic equilib-
rium condition reads

0∫

−H

(u10c00 +
〈
u02c12〉+

〈
u14c04〉−Kh

〈
c00

x
〉
)dz+ (S.54)

〈
ζ 0[u0c0]z=0

〉
︸ ︷︷ ︸

E

= 0.

Note that in Eq. (S.54) the last contribution (E) is a result
of Taylor expansion the upper integration boundary in Eq.
(S.18) around z = 0.

The spatial and temporal structure of the width-averaged
sediment concentration c is known but it still depends on
the unknown erosion coefficient a(x), i.e. c00 = a(x)c00a,
c04 = a(x)c04a and c12 = a(x)c12a The spatial and tempo-
ral structure of the width-averaged velocity fields is known.
Substituting these expressions in the morphodynamic equi-
librium condition (S.54) results in a linear first order ODE
with respect to the unknown erosion coefficient a(x)

F
da
dx

+Ta = 0, (S.55)

where

F =

〈 0∫

−H

−Khc00adz

〉
,

T =
0∫

−H

(
u10c00a+

〈
u02c12a〉+

〈
u14c04a〉−

Kh
〈
c00a

x
〉)

dz+
〈

ζ 0 [
u02c0a]

z=0

〉
.

Eq. (S.55) is solved by the method of separation of vari-
ables. The solution reads

a(x) = a0exp
(∫

−T/Fdx
)
≡ a0I(x), (S.56)

The integration constant is denoted by a0 and determined
from condition (14) as

a0 =

a∗

L∫

0

B(x)dx

L∫

0

B(x)I(x)dx

. (S.57)

S4 Parameter sensitivity

This supplement is an extension of Section 5.1. In the sup-
plement we investigate the physical mechanisms which are
responsible for the amplification of the semi-diurnal tidal
amplitude between 1980 and 2005. The M2 tidal amplitude
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and relative phase between the horizontal velocity and wa-
ter level are shown in Fig. S.2 by the solid blue and green
lines, respectively. Comparison of these lines suggests that
the tidal motion is more resonant in 2005 than 1980: in 1980
the dimensionless M2 sea surface elevation amplitude at the
weir (the ratio of the M2 sea surface elevation amplitude over
its value at the entrance) was approximately 0.74, in 2005
1.12. Moreover, the relative phase (see Fig. S.2(b)) suggests
more of a standing wave character in 2005 than in 1980.
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Fig. S.2 The semi-diurnal tidal amplitude and phase difference be-
tween the semi-diurnal horizontal velocity and water level. The left
panels represent tidal amplitude along the estuary and the right ones
depict relative phase shift between the free surface elevation and along-
channel velocity component.

The two main differences in the model input between
1980 and 2005 are the depth of the embayment and the change
of the vertical eddy viscosity parameter Av and stress pa-
rameter s. As a first step, we want to understand whether
these changes result from a combination of those two factors
or are primarily caused by one of the factors, for example,
deepening. Therefore, we consider deepening and change of
parameters Av and s separately and compare these results
with those which are obtained for the 1980 and 2005 exper-
iments. As a first experiment, we take the model setup for
1980 with a deepened bathymetry, but keeping the param-
eters of Av and s unchanged. The resulting M2 amplitude
is shown by the black solid line in Fig. S.2(a), in Fig. S.2(b)
the relative phase is shown. It is clear that the system has be-
came more resonant as both the amplitude increases towards
the end of the embayment and the relative phase has became
closer to 90◦. Next, we use the 1980 model setup with re-
duced values of Av and s, but keeping the 1980 bathymetry.
The M2 amplitude is depicted by the black dashed line in
Fig. S.2(a) and the relative phase is shown in Fig. S.2(b).
This model input makes the M2 amplitude increase even
faster and gives higher value of the relative phase, compared
to the previous model setup. Hence makes the system more
resonant than by only deepening itself. However, we can
conclude that it is the combination of deepening and reduced
vertical eddy viscosity and stress parameter that makes the
M2 tide amplify towards the end of the estuary.

The M4 tidal amplitude significantly amplifies towards
the end of the embayment in 2005, the dimensionless M2
sea surface elevation amplitude at the weir is 2.39, whereas
in 1980 it’s only 0.98 (the green and blue solid lines in
Fig. S.3(a), respectively). The relative phase, shown in Fig.
S.3(b), suggests more of a standing wave character in 2005.
Repeating the above experiments, it turns out that for the
M4 tidal motion, it is mainly the reduction of the vertical
viscosity and stress parameter (by the black dashed line in
Fig. S.3(a)) that results in the amplification of the M4 tidal
amplitude. For the M4 relative phase both the deepening and
the reduction of the vertical viscosity and stress parameter
are essential to reproduce the 2005 model results.

0 10 20 30 40 50 60
0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

Distance from entrance, [km]

ζ M
4, [

m
]

M
4
 tidal amplitude

 

 

K
n

o
ck

T
er

b
o

rg

L
ee

ro
rt

W
ee

n
er

P
ap

en
b

u
rg

H
er

b
ru

m

1980
2005
1980 deepened
1980 reduced

(a)

0 10 20 30 40 50 60
−20

0

20

40

60

80

100

120

Distance from entrance, [km]

φ ζ M
4−

φ u M
4, [

de
gr

ee
s]

M
4
 relative phase

 

 

K
n

o
ck

T
er

b
o

rg

L
ee

ro
rt

W
ee

n
er

P
ap

en
b

u
rg

H
er

b
ru

m

1980
2005
1980 deepened
1980 reduced

(b)

Fig. S.3 The M4 tidal amplitude and phase difference between the M4
horizontal and vertical tide. The left panels represent tidal amplitude
along the estuary and the right ones depict relative phase shift between
the free surface elevation and along-channel velocity component.

Because we use an analytical approach, we can split the
M4 tidal signal into a part generated due to nonlinear inter-
actions in the model and a contribution due to the external
overtide forcing. The amplitude and relative phase of the in-
ternally generated M4 tide is shown in Fig. S.4 and for the
externally forced M4 tide in Fig. S.5. Based on Fig. S.4(a),
we observe that the amplification of the internally generated
M4 tide is mainly achieved by a reduction of the bottom fric-
tion and vertical eddy viscosity parameters. The externally
forced M4 tide exhibits similar behavior as the M2 tide.

To get more insight in the effect of the bottom friction
and deepening on the resonance characteristics of the tidal
embayment, we develop a simple analytical model of an es-
tuary with a flat bed constrained by a weir. To this end we
choose a representative water depth (7.7m, 8.7m) for 1980
and 2005, respectively, such that the tidal character for the
M2 water motion is well-reproduced in the simplified model
(compare Figs. S.2(a) and S.6(a)). We see that in both mod-
els the M2 tide shows similar behavior. Therefore, we can
assume that the flat bed resonance characteristics are similar
to model with varying bathymetry.

The dimensionless M2 tidal amplitude at the weir is plot-
ted as a function of the embayment length scaled with a
quarter wavelength of the frictionless tidal wave Lg =

√
gH/σ
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Fig. S.4 The M4 internally generated tidal amplitude and phase differ-
ence between the M4 horizontal and vertical tide internally generated.
The left panels represent tidal amplitude along the estuary and the right
ones depict relative phase shift between the free surface elevation and
along-channel velocity component.
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Fig. S.5 The M4 externally forced tidal amplitude and phase difference
between the M4 horizontal and vertical tide externally forced. The left
panels represent tidal amplitude along the estuary and the right ones
depict relative phase shift between the free surface elevation and along-
channel velocity component.
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Fig. S.6 Flat bed model output. The left panel represent the M2 tidal
amplitude along the estuary and the right one depict the effect of bot-
tom friction and deepening on the resonance characteristics.

in Fig. S.6(b). The vertical red dashed line represents the
length of the embayment of L = 63.7 km, which is the length
of the Ems estuary, with depth 8.7m and the cyan dashed
line 7.7m. In 1980 the estuary is far from resonance, by ei-
ther deepening or reducing the bottom friction and vertical
eddy viscosity the embayment becomes more resonant. De-
creasing the vertical eddy viscosity and friction parameter
is slightly more efficient in pushing the embayment towards
resonance than deepening. But, as it was already shown above,
both deepening and decrease of the vertical eddy viscosity
and stress parameter are necessary to reproduce the 2005

amplification. Hence, the combination of these factors en-
hances the resonance so that the M2 tide, as well as M4, am-
plifies even further towards the end of the estuary.

S5 Transport function components

This chapter is an extension of Section 5.2.1. In the next
paragraphs we provide a detailed analysis of the transport
function components Tres, TM2 and TM4 .

TM2 transport function. The TM2 contribution plays an
important role in the changes of the sediment trapping loca-
tion in the Ems estuary between 1980 and 2005. To under-
stand which mechanism is responsible for this significant
change of TM2 , TM2 will be decomposed into different com-
ponents. The M2 concentration (see Section 3.2.2), is forced
by the M2 component of the bed shear stress. From Eq. (36)
it follows that the M2 component of the bed shear stress is
a result of the interaction of both the residual and the M4
velocities with the M2 velocity. Using Section 3.2.1, we can
distinguish 5 contributions to the M2 concentration due to
the residual flow (see Eq. (32)) and 4 due to the M4 flow
(see Eq. (37)), each resulting in a contribution to TM2 , that
can be studied separately.

The residual contribution to TM2 driven by the gravita-
tional circulation is denoted by T GC

M2
, for river discharge by

T RI
M2

, T SD
M2

denotes the contribution due to Stokes drift, T SC
M2

due to surface contribution and T TS
M2

due to tidal stresses. The
M4 velocity components that contribute to TM2 are advective
contributions, denoted by T AC

M2
, free surface contribution, de-

noted by T FS
M2

, no-stress contribution, denoted by T NS
M2

, and
the M4 external forcing, denoted by T EF

M2
(see Section 3.2.2).

The sum of the residual and M4 contributions is denoted by
T res

M2
and T M4

M2
, respectively. Hence

TM2 = T GC
M2

+T RI
M2

+T SD
M2

+T SC
M2

+T TS
M2︸ ︷︷ ︸

T res
M2

+

T AC
M2

+T FS
M2

+T NS
M2

+T EF
M2︸ ︷︷ ︸

T
M4
M2

.

In Fig. S.7 TM2 and its components T res
M2

, T M4
M2

are shown
by the dashed green, solid red and solid blue lines, respec-
tively. For fine silt we can observe no significant change of
the T res

M2
contribution between 1980 and 2005. Therefore, the

change in TM2 is determined by the T M4
M2

contribution. The

T M4
M2

flux starts to decrease at approximately km 20 in 1980,
whereas in 2005 it stays constant up to approximately km 50
and only then starts to decrease. For coarse silt we observe
a similar behavior of the T M4

M2
flux: a smooth decrease from

the entrance in 1980 and in 2005 the decrease starts at 50
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Fig. S.7 Dimensionless transport function TM2 and its components.

km. For coarse silt, the magnitude of the T res
M2

flux has de-
creased between 1980 and 2005. However, the general be-
havior did not change. Hence, the change of TM2 is again
mainly caused by the change of its M4 contribution. There-
fore, further decomposition is needed to find the dominant
difference between 1980 and 2005.
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Fig. S.8 Dimensionless transport function T M4
M2

and its components.

The M4 components of the transport function TM2 are
shown in Fig. S.8. For both fine silt (Figs. S.8(a) and S.8(b))
and coarse silt (Figs. S.8(c) and S.8(d)), we see that the be-
havior of T M4

M2
(the dashed blue line) is primarily determined

by the contribution which results from the externally forced
M4 tide (the solid magenta line). The other three contribu-

tions are much smaller. It follows that for both years and
grain sizes the main contribution to T M4

M2
is the externally

prescribed M4 overtide. In 1980 this contribution decreases
from the entrance, whereas in 2005 an abrupt decrease starts
only at approximately km 40. Hence the main change be-
tween 1980 and 2005 is due to the difference in residual
sediment transport by tidal asymmetry: there was less im-
port of sediment in 1980 compared to 2005. This is true for
both fine and coarser silt.
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Fig. S.9 Dimensionless transport function T res
M2

and its components.

In Fig. S.9 a decomposition of T res
M2

(the dashed red line)
is shown. Three residual constituents (T GC

M2
, the solid blue

line, T RI
M2

, the solid green line and T SD
M2

, the solid black line,
respectively) are shown. The two remaining contributions
(T SC

M2
,T TS

M2
) are insignificant and therefore not shown. For

fine silt (Figs. S.9(a) and S.9(b)) we observe that a decrease
of the T SD

M2
contribution between 1980 and 2005. Close in-

spection of Figs. S.9(c) and S.9(d) shows that, for coarse silt,
the T res

M2
flux has changed due to the increase of the T GC

M2
con-

tribution and the decrease of the T SD
M2

contribution between
1980 and 2005. This is caused by an increase of the gravi-
tational circulation and weakening of the tidal return flow in
2005 (see discussion in Section 5.1).

TM4 transport function. The TM4 flux is the result of the
M4 velocity and M4 concentration interaction. The M4 ve-
locity consists of four constituents (see Eq. (37)) and hence,
the TM4 flux has four different contributions, i.e.

TM4 = T AC
M4

+T FS
M4

+T NS
M4

+T EF
M4

.

The TM4 flux (the dashed black line) and its components
are shown in Fig. S.10. For fine and coarse silt (Figs.S.10(a),
S.10(b) and Figs.S.10(c), S.10(d), respectively) the main bal-
ance is between the T NS

M4
contribution (the solid blue line)
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and the T EF
M4

transport (the solid magenta line). For fine silt,
none of the components shows more than a 5 % change of
behavior between 1980 and 2005. For coarse silt we see that
changes of the TM4 flux are primarily caused by changes in
the advective contribution T AC

M4
(the solid green line) and the

T EF
M4

transport functions.
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Fig. S.10 Dimensionless M4 transport function in components.

Tres transport function. The Tres flux is a result of in-
teractions of the residual velocity and residual concentra-
tion. The residual velocity consists of 5 constituents (see Eq.
(32)). Hence, similar to the TM2 transport function, the Tres
flux can be decomposed in contributions forced by: the grav-
itational circulation T GC

res , river inflow T RI
res , tidal return flow

T SD
res , surface contribution T SC

res , tidal stresses T TS
res and con-

tribution T ζ uc
res resulting from a correlation between the tidal

return flow and concentration

Tres = T GC
res +T RI

res +T SD
res +T SC

res +T TS
res +T ζ uc

res .

Fig. S.11 shows the Tres flux (the dashed red line) and
its 4 components: T GC

res (the solid blue line), T RI
res (the solid

green line), T SD
res (the solid black line), T ζ uc

res (the solid ma-
genta line). The other two contributions are not shown as
they are negligible.

We can see that for both fine (Figs. S.11(a) and S.11(b))
and coarse silt (Figs. S.11(c) and S.11(d)) T SD

res is approxi-
mately balanced by the T ζ uc

res flux. Therefore, the behavior
of the Tres flux is mainly determined by the river inflow flux
T RI

res everywhere in the estuary, except in a region at the en-
trance. In this region we see the influence of the gravitation
circulation flux T GC

res .
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Fig. S.11 Dimensionless Tres transport function and its components.
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